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In the realm of structural mechanics and finite element analysis (FEA),
understanding how to accurately derive the stiffness matrix is fundamental.
The stiffness matrix encapsulates the relationship between nodal
displacements and applied forces within a structure, serving as a cornerstone
for analyzing complex systems efficiently. Among various methods to derive
this matrix, Galerkin's method stands out due to its systematic approach
rooted in weighted residuals and variational principles.

However, it is crucial to emphasize that copying solutions from existing
sources without understanding can lead to inaccuracies and misconceptions.
This article aims to guide you through the detailed derivation of the
stiffness matrix using Galerkin's method, ensuring clarity and correctness.
We will explore the theoretical foundations, step-by-step derivations, and
practical considerations involved in applying Galerkin's method for stiffness
matrix formulation.

Understanding the Fundamentals of Galerkin's
Method

What Is Galerkin's Method?

Galerkin’s method is a weighted residual approach used to convert a
differential equation into a finite set of algebraic equations suitable for
numerical solution. It involves selecting an approximation (trial functions)
for the unknown field variables and applying weighting functions (which are
often chosen to be the same as the trial functions) to minimize the residual
of the governing equations.

In the context of structural analysis, Galerkin's method helps derive the
stiffness matrix by projecting the governing differential equations onto
suitable basis functions, leading to a system of equations that relate nodal
displacements to forces.



Why Use Galerkin's Method for Deriving the Stiffness
Matrix?

- Systematic Framework: Provides a rigorous mathematical basis for deriving
element matrices.

- Flexibility: Can be applied to various types of elements and boundary
conditions.

- Accuracy: Ensures that the residuals are orthogonal to the space spanned by
the chosen basis functions.

Theoretical Foundations for Deriving the
Stiffness Matrix

Governing Differential Equations in Structural
Mechanics

For a typical linear elastic structure, the governing differential equations
can be expressed as:

\ [
\mathcal{L} u(x) = f(x)
\1

where:

- \( \mathcal{L} \) is a differential operator representing the physical laws
(e.g., elasticity).
- \( u(x) \) is the displacement field.

\( f(x) \) is the external force distribution.

The goal is to find an approximate solution \( u~h(x) \) that satisfies these
equations in a weighted residual sense.

Weighted Residual Formulation

The residual \( R(x) \) is the difference between the left and right sides of
the differential equation when using an approximate solution:

\ [
R(x) = \mathcal{L} u”~h(x) - f(x)
\]

Applying Galerkin's method involves choosing the weighting functions \(



w_j(x) \) (often equal to the approximation functions) and enforcing:

\ [
\int \Omega w_j(x) R(x) \, dx = 0, \quad \text{for all } j
\1]

This yields a set of algebraic equations in terms of the unknown
coefficients.

Step-by-Step Derivation of the Stiffness Matrix
Using Galerkin's Method

Step 1: Define the Approximate Displacement Field

Choose shape functions \( N i(x) \) for the element, and express the
approximate displacement as:

\ [
u~h(x) = \sum {i=1}"n N i(x) d i
\]

where:

) \) are the shape functions.

- \( N i(x
\( d i \) are the nodal displacement parameters.

For a simple 1D element, this might be linear or quadratic functions.

Step 2: Formulate the Variational Statement

The principle of virtual work or the minimum potential energy can be used.
For linear elasticity, the total potential energy \( \Pi \) can be written
as:

\ [

\Pi = \frac{1}{2} \int \Omega \sigma”T \varepsilon \, dx - \int \Omega u"T f
\, dx

\1]

where:

- \( \sigma \) is the stress vector.
- \( \varepsilon \) is the strain vector.



Using the constitutive relation \( \sigma = D \varepsilon \), with \( D \)
being the material stiffness matrix, the energy becomes:

\ [

\Pi = \frac{1}{2} \int \Omega \varepsilon”™T D \varepsilon \, dx - \int \Omega
u™T f \, dx

\1

Applying the Galerkin method involves taking the variation \( \delta \Pi \)
and setting it to zero.

Step 3: Express Strain in Terms of Displacements

The strain-displacement relation:

\ [
\varepsilon = B(x) d
\1]

where \( B(x) \) is the strain-displacement matrix derived from shape
functions:

\ [
B(x) = \frac{d N}{d x}
\1]

for 1D problems or appropriate derivatives in higher dimensions.

Step 4: Derive the Element Stiffness Matrix

Substituting into the energy functional and applying Galerkin's principle
yields:

\[
\delta \Pi = \int \Omega (B”"T D B) \, d x \, d
\]

The resulting element stiffness matrix \( K e \) is:

\ [
K e = \int \Omega B"T D B \, dx
\]

This integral involves the shape functions and their derivatives.



Step 5: Numerical Integration

Perform numerical integration (e.g., Gaussian quadrature) over the element
domain to evaluate the integral for \( K e \). The process involves:

- Selecting appropriate quadrature points.
- Computing \( B \) and \( D \) at each point.
- Summing contributions weighted by quadrature weights.

Practical Example: Deriving the Stiffness
Matrix for a 1D Bar Element

Assumptions and Set-Up

- Length of element: \( L \)

- Cross-sectional area: \( A \)
- Young's modulus: \( E \)

- Shape functions (linear):

\ [
N 1(x) =1 - \frac{x}{L}, \quad N 2(x) = \frac{x}{L}
\1]

- Displacement approximation:

\ [
uth(x) = N 1(x) d 1 + N 2(x) d 2
\1

Deriving \( B \) and \( K e \)

- Derivative of shape functions:

\ [
\frac{d N 1}{d x} = -\frac{1}{L}, \quad \frac{d N 2}{d x} = \frac{1}{L}
\1]

- Strain-displacement matrix:

\ [

B(x) = \begin{bmatrix}
-\frac{1}{L} & \frac{1}{L}
\end{bmatrix}

\1]



- Material matrix \( D = E \), since it's a uniaxial stress state.
- Element stiffness matrix:

\ [

K e = \int 0”L B"T D B \, dx = \int_0"L \begin{bmatrix}
-\frac{1}{L} \\ \frac{1}{L}

\end{bmatrix}

E

\begin{bmatrix}

-\frac{1}{L} & \frac{1}{L}

\end{bmatrix} dx

\1

Since \( B \) is constant over the element:

\ [

K e = E \times \left( \frac{1}{L"2} \right) \times \int O”L dx \times
\begin{bmatrix}

1& -1\\

-1&1

\end{bmatrix}

\1

\ [

K e = E \times \frac{1}{L"2} \times L \times
\begin{bmatrix}

1 & -11\\

-1&1

\end{bmatrix} = \frac{E}{L} \begin{bmatrix}
1 & -1\\

-1&1

\end{bmatrix}

\1

This is the classic stiffness matrix for a 1D bar element.

Additional Considerations and Advanced Topics

Higher-Order Elements

Using quadratic or cubic shape functions involves more complex \( B \)
matrices and integration schemes, but the principle remains the same.



Multidimensional Problems

In 2D and 3D, the derivation involves vector and tensor calculus, with shape
functions defined over elements like triangles, quadrilaterals, tetrahedra,
or hexahedra.

Boundary Conditions and Constraints

Applying boundary conditions affects the assembly process but does not alter
the fundamental derivation of the element stiffness matrix.

Summary and Best Practices

- Always select appropriate shape functions based on element type and
geometry.
- Derive the strain-displacement matrix \( B \) carefully, considering

Frequently Asked Questions

What is the primary purpose of deriving the
stiffness matrix using Galerkin's method?

The primary purpose is to formulate the finite element equations by
projecting the governing differential equations onto the chosen basis
functions, resulting in an accurate approximation of the system's stiffness
characteristics.

How does Galerkin's method ensure the accuracy of
the stiffness matrix in finite element analysis?

Galekrin's method ensures accuracy by selecting test functions that are the
same as the approximation functions, which minimizes the residual error and
guarantees a more precise representation of the system's behavior.

What are the key steps involved in deriving the
stiffness matrix using Galerkin's method?

The key steps include selecting appropriate basis functions, formulating the
weak form of the governing equations, multiplying by test functions,
integrating over the domain, and assembling the resulting matrix, which
constitutes the stiffness matrix.



Why is it important to avoid copying incorrect
solutions when deriving the stiffness matrix using
Galerkin's method?

Copying incorrect solutions can lead to erroneous finite element models,
resulting in inaccurate predictions of structural behavior. Correct
derivation ensures reliable and valid analysis results.

In what types of problems is Galerkin's method
particularly advantageous for deriving the stiffness
matrix?

Galerkin's method is especially advantageous in problems involving complex
geometries, non-uniform material properties, and higher-order differential
equations, where standard methods may be less effective.

What are common mistakes to avoid when deriving the
stiffness matrix via Galerkin's method?

Common mistakes include using incorrect basis functions, neglecting boundary
conditions, miscomputing integrals, and copying solutions without
understanding the derivation process. Ensuring proper formulation and
integration is crucial.

Additional Resources
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The process of deriving the stiffness matrix using Galerkin's method is a
fundamental aspect of the finite element analysis (FEA) framework. It
provides a systematic approach to convert the governing differential
equations of a physical system into a discrete algebraic form suitable for
numerical computation. This method is especially valuable in structural
mechanics, heat transfer, and other engineering disciplines where partial
differential equations describe the behavior of systems. In this article, we
explore the theoretical foundations, step-by-step derivation, advantages, and
potential pitfalls of employing Galerkin's method to derive the stiffness
matrix, ensuring clarity for students and practitioners alike.

Understanding the Concept of Stiffness Matrix



in Finite Element Analysis

Before diving into the derivation process, it is essential to grasp what the
stiffness matrix represents and its significance in FEA.

Definition and Significance

- The stiffness matrix relates the nodal displacements to the applied forces
in a structural system.

- It encapsulates the material properties, geometric configuration, and
boundary conditions of the element or structure.

- Solving the matrix equation \( \mathbf{K} \mathbf{u} = \mathbf{f} \) yields
the displacements \( \mathbf{u} \) when forces \( \mathbf{f} \) are applied.

Role in Structural Analysis

- Serves as the core component in assembling the global system equations.

- Facilitates understanding how local element behaviors influence the overall
response.

- Critical for performing static, dynamic, and stability analyses.

Introduction to Galerkin's Method

Galerkin's method is a weighted residual technique used to convert
differential equations into a weak or variational form. It is especially
favored for its simplicity, flexibility, and robustness in finite element
formulations.

Fundamental Principles

- The residual (difference between the exact and approximate solution) is
minimized in a weighted integral sense.

- Test functions (also known as weighting functions) are chosen from the same
space as the trial (approximate solution) functions.

- The method ensures that the residual is orthogonal to the space spanned by
the test functions.

Why Use Galerkin's Method?

- It naturally incorporates boundary conditions.
- It leads to symmetric and positive-definite matrices in many cases,
ensuring numerical stability.



- It provides a systematic way to derive element stiffness matrices directly
from governing differential equations.

Step-by-Step Derivation of the Stiffness Matrix
Using Galerkin's Method

The derivation process involves transforming the governing differential
equations into a weak form, selecting appropriate shape functions, and
assembling the element matrices.

Step 1: Establish the Governing Differential
Equation

For example, consider the one-dimensional elasticity problem:

\ [

- \frac{d}{dx} \left( EA \frac{du}{dx} \right) = f(x) \quad \text{in} \quad
[0, L]

\1]

where:

- \( E\) = Young's modulus

- \( A \) = cross-sectional area
- \( u(x) \) = displacement

- \( f(x) \) = distributed load

Step 2: Derive the Weak (Variational) Form

Multiply both sides by a test function \( v(x) \) and integrate over the
domain:

\ [

\int O0”L v(x) \left( - \frac{d}{dx} \left( EA \frac{du}{dx} \right) \right)
dx = \int O”L v(x) f(x) dx

\1]

Apply integration by parts to transfer derivatives from \( u \) to \( v \):
\ [

\left[ v(x) EA \frac{du}{dx} \right] 0”L + \int O”L EA \frac{du}{dx}
\frac{dv}{dx} dx = \int O"L v(x) f(x) dx

\1]

Assuming boundary conditions are incorporated accordingly, the boundary term
simplifies or is specified, leading to the weak form:

\ [

\int 0”L EA \frac{du}{dx} \frac{dv}{dx} dx = \int 0”L v(x) f(x) dx

\1



Step 3: Approximate the Displacement and Test
Functions

Choose shape functions \( N i(x) \) for displacement approximation:

\ [

u(x) \approx \sum {i=1}"n N i(x) u i

\1]

Similarly, test functions \( v(x) \) are selected from the same space:
\

v(x) = N_j(x)

\1]

Step 4: Formulate the Element Stiffness Matrix

Substitute the approximations into the weak form:

\ [

\int 0~L EA \frac{d}{dx} \left( \sum {i=1}"n N i u i \right) \frac{d N j}{dx}
dx = \int O”L N_j f(x) dx

\1

which simplifies to:

\ [

\sum {i=1}"n u i \int O”L EA \frac{d N i}{dx} \frac{d N j}{dx} dx = \int O"L
N j f(x) dx

\1

The stiffness matrix entries are thus:

\ [

K {ij} = \int 0”L EA \frac{d N i}{dx} \frac{d N j}{dx} dx

\1

Step 5: Numerical Integration and Assembly

- Evaluate the integrals using numerical techniques such as Gaussian
quadrature.

- Assemble the local element stiffness matrix \( \mathbf{K} e \) from \(

K {ij} \).

- Incorporate boundary conditions and assemble the global stiffness matrix.

Application to Different Element Types

The above derivation process can be extended to various finite elements, such
as:



Linear Elements

- Use linear shape functions \( N 1(x) =1 - x/\ell \), \( N _2(x) = x/\ell
\), where \( \ell \) is the element length.
- Simplifies integrations and matrix assembly.

Quadratic and Higher-Order Elements

- Employ higher-order polynomial shape functions for increased accuracy.
- Result in more complex but more precise stiffness matrices.

2D and 3D Elements

- Extend the derivation to two or three dimensions.
- Shape functions become functions of multiple variables, and integrals are
evaluated over element volumes.

Features, Pros, and Cons of Deriving Stiffness
Matrix via Galerkin's Method

Features:

- Systematic derivation directly from governing equations.

- Ensures compatibility and equilibrium conditions are inherently satisfied.
- Suitable for complex geometries and boundary conditions.

Pros:

- Produces symmetric and positive-definite matrices, advantageous for
numerical stability.

- Flexible in choosing shape functions, accommodating various element types.
- Provides a rigorous theoretical foundation aligning with variational
principles.

Cons:

- Computationally intensive for higher-order elements and complex geometries.
- Requires careful selection of shape functions and numerical integration
schemes.

- Not always straightforward for non-linear or time-dependent problems,
necessitating modifications or additional techniques.



Practical Considerations and Tips

- Always verify the compatibility and completeness of chosen shape functions.
- Use appropriate numerical integration techniques to ensure accurate
evaluation of integrals.

- Incorporate boundary conditions early to simplify the derivation.

- For large systems, employ efficient assembly and sparse matrix techniques.
- Validate the derived stiffness matrix against known solutions or
benchmarks.

Conclusion

Deriving the stiffness matrix using Galerkin's method is a cornerstone of
finite element analysis, providing a robust pathway from differential
equations to solvable algebraic systems. Its foundation in variational
principles ensures mathematical rigor, while its flexibility enables
application across various engineering disciplines and problem types. While
it demands careful implementation and computational effort, the benefits of
stability, accuracy, and adaptability make it an indispensable tool for
engineers and researchers. Mastery of this derivation process not only
deepens understanding of the underlying physics but also enhances the ability
to develop customized finite element models tailored to specific problems.
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