Q2 + Let S Be The Part Of The Hyperbolic
Paraboloid Z = X2-y Located Between The
Cylinders X + Y2 =1

Q2 + Let S Be The Part Of The Hyperbolic Paraboloid Z = X2 - Y Located Between The
Cylinders X + Y2 =1

Introduction to the Surface and Its Geometric Context

Understanding the geometric properties of surfaces in three-dimensional space is a fundamental
aspect of multivariable calculus and differential geometry. In this discussion, we analyze a specific
surface—the hyperbolic paraboloid given by the equation Z = X? - Y—and the region of interest is
bounded by a pair of cylinders described by X + Y2 = 1. This problem not only involves surface
analysis but also encompasses the study of bounded regions, intersection curves, and surface
integrals.

Defining the Surface and the Region

The Hyperbolic Paraboloid Z = X2 -Y

The surface in question is a classical hyperbolic paraboloid, characterized by its saddle shape. Its
defining equation:

exhibits a quadratic dependence on X and a linear dependence on Y. The surface opens upward in
the X-direction (since the X? term is positive) and downward or upward depending on the Y-value
due to the linear Y term.

The Cylindrical Boundary: X + Y2 =1

The boundary region is defined by the cylinders:
X+Y2=1

This is a parabolic cylinder aligned along the Z-axis. For each fixed X, the cross-section in the YZ-
plane is a parabola, and the entire cylinder extends infinitely along the Z-axis.

The geometric intersection between the surface and the cylinder creates a bounded region S on the
surface, which is the focus of our analysis.



Analyzing the Intersection Region

Finding the Boundary Curves

The region S is bounded on the sides by the cylinder, which imposes a constraint on X and Y:
X+Y2=1

Rearranged as:

X=1-Y2

Substituting this into the surface equation provides a parametric description of the boundary curve
on the surface.

Deriving the Boundary Curve

To find the boundary curve, substitute X = 1 - Y2 into the surface equation Z = X2 - Y:
Z=(1-Y2)2 - Y

Expanding:

Z=(1-2Y2 +Y4%) - Y =YY% -2Y2 - Y +1

This parametric curve in the (Y, Z) plane describes the boundary of S. The parametric representation
in terms of Y:

P
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=1-Y2
Z=Y4 -2Y2 - Y +1

with Y in an interval determined by the intersection conditions.

Parameterization of the Surface and Region

To analyze the surface integral or compute quantities like surface area or flux, a suitable
parameterization of the surface and the boundary curve is necessary.



Parameterization of the Surface

A common parameterization of the surface Z = X? - Y is:

rex, Y) = (X, Y, X2 -Y)

where (X, Y) vary over the region of interest.

Alternatively, for the boundary, parametrize in Y:

Y =1, \quad X =1 - t2, \quad Z = t4 - 2t%2 - t + 1

for t in an interval symmetric about the points where the boundary occurs.

Calculating Surface Area and Other Quantities

Surface Area of the Region S

The surface area element dS on Z = X2 - Y can be computed using the formula:

dS = V(1 + (3Z/9X)? + (9Z/3Y)?) dA

where dA is the projection area element in the XY-plane.

Calculating the partial derivatives:
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The integrand becomes:

V(1 + (2X)2 + (-1)2) = V(1 + 4X2 + 1) = V(2 + 4X?)

Thus, the surface area over the region R (bounded by the cylinder) is:

S = [ R V(2 + 4X2) dA

where R is the projection of S onto the XY-plane, bounded by X + Y2 =



Setting Up the Surface Integral

Expressed in terms of Y:

X=1-Y2

The domain D in the XY-plane corresponds to Y-values where X remains between the bounds
determined by the boundary:

Y € [-1, 1], since for Y in this interval, X = 1 - Y2 varies from 0 to 1.

The surface integral becomes:

S = J {Y=-1}™1} J {X=0}~{1 - Y2} V(2 + 4X2) dX dY

Calculating this integral involves integrating with respect to X first, then Y.

Applications and Significance of the Region

Understanding the region S bounded by the hyperbolic paraboloid and the cylinders has applications
across various fields:

e Surface Area Computations: Essential for design and manufacturing, especially in
architecture where saddle-shaped surfaces are popular for aesthetic and structural reasons.

e Surface Integrals: Used in physics for flux calculations, electromagnetic field analysis, and
heat transfer across complex surfaces.

e Optimization Problems: The region defines feasible areas for optimization problems in
engineering and physics.

e Mathematical Modeling: Demonstrates how different surfaces and boundaries interact,
providing insight into more complex geometrical modeling.

Further Mathematical Exploration

Surface Area Calculation Techniques

For the explicit integral, numerical methods or software tools like MATLAB, Wolfram Mathematica,
or Python's SciPy can be used to evaluate the integral, especially due to the non-trivial integrand
involving V(2 + 4X?).



Surface Properties and Curvature

By analyzing the first and second fundamental forms, one can determine the Gaussian curvature and
mean curvature of the surface within the bounded region. The saddle shape of the hyperbolic
paraboloid implies negative Gaussian curvature, and understanding how this curvature varies over
the bounded region can be valuable in physics and material science.

Extension to Surface Integrals of Vector Fields

The region S can serve as the domain for vector field flux computations. For example, calculating the
flux of a vector field across S involves integrating the dot product of the vector field with the
surface's normal vector over the boundary.

Conclusion

The intersection of the hyperbolic paraboloid Z = X? - Y with the cylinders X + Y? = 1 creates a rich
and complex region that exemplifies key concepts in multivariable calculus and differential
geometry. Through parameterization, derivative calculations, and integral setup, one can analyze
properties such as surface area, flux, and curvature. These analyses have practical applications in
engineering, physics, and mathematics, illustrating the importance of understanding surfaces
bounded by cylinders and paraboloids. The methods outlined here serve as foundational tools for
more advanced studies in surface analysis and three-dimensional modeling.
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Frequently Asked Questions

What is the equation of the hyperbolic paraboloid involved in
the problem?

The hyperbolic paraboloid is given by the equation Z = X~2 - Y.

What are the equations of the cylinders involved in the
problem?

The cylinders are defined by the equations X + Y*2 = 1.

How is the region S defined in the problem?

Region S is the part of the hyperbolic paraboloid Z = X*2 - Y that lies between the cylinders defined
by X +Y"2 =1.



What is the main goal when analyzing the region S in this
problem?

The main goal is typically to evaluate a surface integral, volume, or to analyze the geometry of the
region S bounded by the given surfaces.

How can the boundaries of region S be described
mathematically?

The boundaries are determined by the intersection of the hyperbolic paraboloid with the cylinders X
+ Y”2 =1, which restricts the domain of X and Y.

What method can be used to parameterize the region S for
integration?

One approach is to parameterize using Y within the bounds set by the cylinders, then express X in
terms of Y from the cylinder equation, and substitute into Z = X*2 - Y.

Can this region S be symmetric, and if so, about which axes?

Yes, the region S may exhibit symmetry about the Y-axis or the X-axis depending on the specific
bounds, especially considering the symmetry of the cylinders and the paraboloid.

What are potential applications of analyzing this region S?

Applications include calculating volumes, surface areas, or setting up integrals for physical
quantities like mass or electric flux over the region.

Are there any special challenges in integrating over region S?

Yes, because the boundary surfaces are nonlinear, and the region may have complex limits, making
the setup and evaluation of integrals more involved.

How does the shape of the hyperbolic paraboloid influence the
shape of the region S?

The saddle shape of the hyperbolic paraboloid causes the region S to have a complex, saddle-like
geometry confined between the cylindrical constraints, affecting the limits of integration and the
overall analysis.

Additional Resources
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The statement Q2 + Let S Be The Part Of The Hyperbolic Paraboloid Z = X2 - Y Located Between The



Cylinders X + Y2 = 1 presents an intriguing geometric scenario that combines the study of a
hyperbolic paraboloid with the constraints imposed by cylinders. This exploration offers insight into
the interplay between different quadratic surfaces and their intersections, which are fundamental in
multivariable calculus, differential geometry, and applications such as architectural design and
physics. In this review-oriented article, we will analyze the geometric properties of the surface,
understand the bounded region S, explore its mathematical features, and discuss its broader
implications.

Understanding the Hyperbolic Paraboloid Z = X2 - Y

Definition and Basic Properties

The surface described by Z = X? - Y is a classic example of a hyperbolic paraboloid, a doubly ruled
surface characterized by its saddle shape. Unlike elliptic paraboloids (which are convex) or
hyperboloids, the hyperbolic paraboloid exhibits a saddle point at the origin where the surface
curves upward in one direction and downward in the perpendicular direction.

Key features include:

- Saddle Shape: The surface curves upwards along the X-axis and downwards along the Y-axis.

- Ruled Surface: It can be generated by moving straight lines, which makes it versatile in
engineering and architecture.

- Open Surface: Extends infinitely in all directions unless bounded by other surfaces or constraints.

Mathematical features:
- The intersection with planes yields conic sections, typically hyperbolas or parabolas.
- The surface is symmetric with respect to the plane Z = 0, considering the negative Y term.

Graphical Representation and Visualization

Visualizing Z = X2 - Y is crucial for understanding the spatial relationships. The saddle shape can be
thought of as a "pringle" or a "horse saddle," with the surface dipping below the XY-plane in some
regions and rising above in others. The curve of intersection with the XY-plane (Z=0) occurs when X?
=Y, which forms a parabola.

The Region S Bounded By The Cylinders X + Y2 =1

Defining the Cylinder and Its Geometry

The cylinder X + Y2 = 1 is a quadratic surface extending infinitely along the Z-axis. Its cross-section
in the XY-plane is a parabola opening towards negative X, with the boundary described by the



equation:
\[ X + Y*2 =1 \quad \Rightarrow \quad X = 1 - Y"2\]

This indicates that for each fixed Y, X varies between certain limits, and the cylinder constrains the
surface S to a finite region.

Features of the cylinder:

- Parabolic Cylinder: It extends infinitely along the Z-axis, with the parabola defining the cross-
section in XY-plane.

- Bounded in X: For each Y, X ranges from \(-\infty\) to \(1 - Y~2\).

- Symmetry: Symmetric with respect to the Y-axis because \(Y”"2\) appears in the equation.

Region S: The Part of the Surface Between the Cylinders

Region S is the portion of the hyperbolic paraboloid Z = X? - Y that lies within the bounds of the
cylinder \(X + Y~2 = 1\). Specifically, the surface is truncated by this cylinder, creating a finite,
bounded region suitable for analysis.

The conditions for S are thus:

- Points (X, Y, Z) satisfying \(Z = X2 - Y\),

- Points where \(X + Y~2 \leq 1)),

- The surface is limited to the interior of this cylinder in the XY-plane.

Analyzing the Geometry of Region S

Boundary Curves and Intersection

The boundary of S in the XY-plane is given by the parabola \(X + Y~2 = 1\). To understand the shape
of S, we examine how the hyperbolic paraboloid intersects with this boundary.

- Substituting \(X = 1 - Y~2\) into the surface equation \(Z = X2 - Y\), we get:
\[

Z=01-Y"2)"2-Y=(1-2Y"2+Y"4)-Y

\]

which simplifies to:

\[

Z=1-2Y"2+Y"4-Y

\]

This gives the variation of Z along the boundary curve.



Implications:

- The boundary curve in 3D is parametrized by Y, with X and Z depending on Y.

- The maximum and minimum Z-values on this boundary can be found by analyzing the function
\(ZY)=1-2Y"2+Y"4-1).

Critical points for Z(Y):

- Derivative:

\[

Z'(Y) =-4Y +4Y"3-1
\]

- Setting \(Z'(Y) = 0\), one can find critical points to locate maxima and minima, which are important
for understanding the surface's extent and shape within S.

Shape and Extent of S

The region S is bounded above and below by the intersection of the hyperbolic paraboloid with the
cylinder. The saddle shape of the paraboloid means that within the bounded region, the surface
exhibits regions of both concavity and convexity, leading to an interesting topology.

- The boundary curves are smooth, with no sharp edges.
- The surface within the boundary is continuous and differentiable, making it suitable for calculus-
based analysis such as surface integrals or volume calculations.

Mathematical Features and Calculations

Surface Area and Volume

Calculating the surface area of S involves integrating over the bounded region in the XY-plane,
considering the surface's parameterization:

\[
\mathbf{r}(X,Y) = (X, Y, X*2-Y)
\]

orin terms of Y:

\[
X=X \quadY =Y, \quad Z = X*2-Y
\]

However, since the region is bounded by \(X + Y~ 2 \leq 1)), an efficient approach is to parameterize
the domain in Y and X:



- For each Y, \(X\) varies from \(-\infty\) to \(1 - Y~2\),
- But practically, the region is finite, so X varies within the parabola \(X = 1 - Y*2\).

Surface area element:

\[

dS = \sqrt{1 + \left(\frac{\partial Z} {\partial X}\right)~2 + \left(\frac{\partial Z} {\partial
YHright)~2}\, dA

\]

where

\[
\frac{\partial Z}{\partial X} = 2X, \qquad \frac{\partial Z}{\partial Y} = -1
\]

The total surface area involves integrating over the region S:

\[
\text{Area} = \iint S\sqrt{1 + (2X)"2 + 1} \, dA
\]

which simplifies to:

\[
\int S \sqrt{2 + 4X~2}\, dA
\]

This integral can be approached by changing variables or numerical methods, depending on the
exact shape of the domain.

Implications in Physics and Engineering

Understanding the bounded surface S has practical applications in areas like architecture (designing
saddle-shaped roofs), physics (modeling potential fields), and CAD (computational modeling). The
intersection of quadratic surfaces often models complex boundary conditions.

Broader Implications and Applications

Architectural Design and Structural Engineering

The hyperbolic paraboloid is a popular architectural element due to its aesthetic appeal and
structural efficiency. The bounded region S, created by intersecting with cylinders, models real-
world constraints such as supports or design boundaries.



Features:
- Enables the design of lightweight, curved structures.
- Demonstrates how mathematical surfaces can be practically realized.

Mathematical and Scientific Significance

Studying the intersection of different quadratic surfaces provides insight into the behavior of
complex systems:

- In calculus, it exemplifies multiple integrations and surface analysis.

- In physics, it models potential energy surfaces or fields.

- In topology, it contributes to understanding the properties of saddle surfaces and their bounded
regions.

Extensions and Further Study

Further exploration could involve:

- Calculating explicit volume enclosed by the surface S using triple integrals.
- Analyzing the curvature properties of the boundary and interior.

- Extending the problem to other bounding surfaces or higher dimensions.

Pros and Cons of the Geometric Configuration

Pros:

- Demonstrates the interaction of multiple quadratic surfaces, enriching understanding of 3D
geometry.

- Has practical applications
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