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Set Up A Triple Integral Two Ways, One In Cylindrical Coordinates And One In Spherical
Coordinates To understand and evaluate complex volume integrals in multivariable calculus, it is
essential to familiarize yourself with different coordinate systems. Specifically, cylindrical and
spherical coordinates often simplify the process of setting up and computing triple integrals,
especially when dealing with regions exhibiting symmetry. This article provides a comprehensive
guide on how to establish triple integrals in both cylindrical and spherical coordinates, with detailed
explanations, step-by-step procedures, and practical examples to enhance your understanding and
application skills.

---

Understanding the Importance of Coordinate Systems
in Triple Integrals

Before diving into the setup procedures, it’s crucial to understand why different coordinate systems
are used. Triple integrals are used to compute volumes, masses, charge distributions, and other
quantities over three-dimensional regions. The shape and symmetry of the region often dictate the
most efficient coordinate system to use.

Why Use Cylindrical and Spherical Coordinates?

- Cylindrical Coordinates: Ideal for regions with circular symmetry around a central axis, such as
cylinders, cones, or regions bounded by circles and planes.

- Spherical Coordinates: Suitable for regions with spherical symmetry or when the boundaries are
spheres, portions of spheres, or radially symmetric regions.

Using the appropriate coordinate system simplifies the limits of integration and the integrand, making
the process less complex and more intuitive.

---

Basics of Coordinate Systems

Cylindrical Coordinates

- Variables: \((r, \theta, z)\)



- Relations to Cartesian Coordinates:
\[
x = r \cos \theta, \quad y = r \sin \theta, \quad z = z
\]

- Volume Element:
\[
dV = r \, dr \, d\theta \, dz
\]

- Range of Variables:
\[
r \geq 0, \quad 0 \leq \theta \leq 2\pi, \quad z \in \mathbb{R}
\]

Spherical Coordinates

- Variables: \((\rho, \phi, \theta)\)

- Relations to Cartesian Coordinates:
\[
x = \rho \sin \phi \cos \theta, \quad y = \rho \sin \phi \sin \theta, \quad z = \rho \cos \phi
\]

- Volume Element:
\[
dV = \rho^2 \sin \phi \, d\rho \, d\phi \, d\theta
\]

- Range of Variables:
\[
\rho \geq 0, \quad 0 \leq \phi \leq \pi, \quad 0 \leq \theta \leq 2\pi
\]

---

Step-by-Step Procedure for Setting Up Triple Integrals

Step 1: Understand the Region of Integration

- Sketch or visualize the region to identify its shape and symmetry.
- Determine the natural coordinate system that simplifies the boundaries.

Step 2: Identify the Appropriate Coordinate System

- Use cylindrical coordinates if the region has circular symmetry around an axis.
- Use spherical coordinates if the region is spherical or radially symmetric.



Step 3: Express the Region Boundaries in Chosen Coordinates

- Rewrite the boundary equations or inequalities in the coordinate system’s variables.
- Find the limits for each variable based on these boundaries.

Step 4: Write the Volume Element and the Integral

- Incorporate the Jacobian (volume element) for the coordinate system.
- Set up the triple integral with the limits obtained.

Step 5: Integrate the Function over the Region

- Proceed with integration in the order most convenient (often from innermost to outermost variable).

---

Example 1: Setting Up a Triple Integral in Cylindrical
Coordinates

Suppose we want to find the volume of the region inside the cylinder \(x^2 + y^2 \leq 4\) and
between the planes \(z = 0\) and \(z = 3\).

Step 1: Visualize and understand the region

- The base is a circle of radius 2 in the xy-plane.
- The height extends from \(z=0\) to \(z=3\).

Step 2: Choose the coordinate system

- Cylindrical coordinates are suitable because of the circular base.

Step 3: Boundary equations

- \(r\) varies from 0 to 2 (radius of the cylinder).
- \(\theta\) varies from 0 to \(2\pi\).
- \(z\) varies from 0 to 3.

Step 4: Write the integral

\[
V = \int_{z=0}^{3} \int_{\theta=0}^{2\pi} \int_{r=0}^{2} r \, dr \, d\theta \, dz
\]

Step 5: Setup

\[
V = \int_{z=0}^{3} \left( \int_{\theta=0}^{2\pi} \left( \int_{r=0}^{2} r \, dr \right) d\theta \right) dz
\]



---

Example 2: Setting Up a Triple Integral in Spherical
Coordinates

Suppose we seek the volume of a sphere of radius 3 centered at the origin.

Step 1: Recognize the region

- The entire sphere of radius 3.

Step 2: Choose the coordinate system

- Spherical coordinates are most natural due to symmetry.

Step 3: Boundary equations

- \(\rho\) varies from 0 to 3.
- \(\phi\) varies from 0 to \(\pi\).
- \(\theta\) varies from 0 to \(2\pi\).

Step 4: Write the integral

\[
V = \int_{0}^{2\pi} \int_{0}^{\pi} \int_{0}^{3} \rho^2 \sin \phi \, d\rho \, d\phi \, d\theta
\]

Step 5: Setup

\[
V = \int_{0}^{2\pi} \left( \int_{0}^{\pi} \left( \int_{0}^{3} \rho^2 \sin \phi \, d\rho \right) d\phi
\right) d\theta
\]

---

Practical Tips for Effective Setup

- Always visualize the region carefully before setting limits.
- Use symmetry properties to reduce the complexity; for example, integrate over one quadrant if the
region is symmetric.
- Pay attention to the order of integration; choose the order that simplifies the limits and integrand.
- Convert inequalities into coordinate bounds carefully, especially when dealing with curved surfaces.

---



Common Mistakes to Avoid

- Incorrect limits: Ensure that the bounds are consistent with the region’s boundaries.
- Misapplication of Jacobian: Remember to include the volume element corresponding to the
coordinate system.
- Overlooking symmetry: Not leveraging symmetry can complicate the integral unnecessarily.
- Ignoring the order of integration: Sometimes changing the order simplifies the integral greatly.

---

Conclusion

Setting up triple integrals in cylindrical and spherical coordinates is a fundamental skill in
multivariable calculus, enabling the efficient evaluation of volumes and other quantities over complex
regions. By understanding the geometry of the region, selecting the appropriate coordinate system,
and carefully expressing the boundaries, you can simplify the process significantly. Practice with
diverse problems to develop intuition and proficiency in establishing these integrals. Whether dealing
with cylinders, spheres, or other symmetric regions, mastering these techniques will enhance your
problem-solving capabilities and mathematical insight.

---
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Frequently Asked Questions

How do I set up a triple integral in cylindrical coordinates to
find the volume of a solid?
To set up a triple integral in cylindrical coordinates (r, θ, z), identify the bounds for r, θ, and z based
on the solid's shape, and write the volume element as r dr dθ dz. For example, for a cylinder of radius
R and height H, r varies from 0 to R, θ from 0 to 2π, and z from 0 to H.

What are the steps to convert a triple integral from Cartesian
to cylindrical coordinates?
First, express x, y, z in terms of r, θ, z: x = r cos θ, y = r sin θ. Then, rewrite the limits of integration in
cylindrical coordinates based on the solid's description. Finally, include the Jacobian determinant r
when transforming the differential volume element: dV = r dr dθ dz.



How do I set up a triple integral in spherical coordinates for a
region?
In spherical coordinates (ρ, φ, θ), set the bounds for ρ (radius), φ (polar angle), and θ (azimuthal
angle) based on the region. The volume element is ρ² sin φ dρ dφ dθ. Determine the limits for each
variable according to the shape of the solid.

What is the process to convert a triple integral from Cartesian
to spherical coordinates?
Express x, y, z in terms of ρ, φ, θ: x = ρ sin φ cos θ, y = ρ sin φ sin θ, z = ρ cos φ. Rewrite the limits
accordingly, and include the Jacobian ρ² sin φ in the integral: dV = ρ² sin φ dρ dφ dθ.

When should I choose cylindrical over spherical coordinates
for setting up a triple integral?
Choose cylindrical coordinates when the solid has symmetry around a vertical axis, such as cylinders
or regions with circular cross-sections parallel to the z-axis. Use spherical coordinates for regions with
spherical symmetry or where the shape is more naturally described by radius from the origin.

Can you provide an example of setting up a triple integral in
cylindrical coordinates for a cylinder?
Yes. For a cylinder of radius R and height H aligned with the z-axis, set r from 0 to R, θ from 0 to 2π,
and z from 0 to H. The volume integral is ∫₀^{2π} ∫₀^{R} ∫₀^{H} r dz dr dθ.

Can you give an example of setting up a triple integral in
spherical coordinates for a sphere?
Certainly. For a sphere of radius R centered at the origin, set ρ from 0 to R, φ from 0 to π, and θ from
0 to 2π. The volume integral is ∫₀^{2π} ∫₀^{π} ∫₀^{R} ρ² sin φ dρ dφ dθ.

What are common mistakes to avoid when setting up triple
integrals in cylindrical and spherical coordinates?
Common mistakes include incorrect bounds for variables, forgetting the Jacobian (r or ρ² sin φ), and
misinterpreting the symmetry or shape of the region. Always carefully analyze the region to
determine correct limits and include the volume element properly.

How do I determine the bounds for a region when setting up a
triple integral in cylindrical or spherical coordinates?
Analyze the geometric description of the region, sketch if necessary, and express the boundaries in
terms of the chosen coordinates. For cylindrical, consider r, θ, z limits; for spherical, consider ρ, φ, θ
limits. Use the shape's symmetry and boundary surfaces to define these limits precisely.



Why is it important to understand both cylindrical and
spherical coordinate setups for triple integrals?
Understanding both allows you to choose the most efficient coordinate system based on the
symmetry of the region, simplifying the integration process and reducing computational effort,
leading to easier and more accurate solutions.

Additional Resources

Set Up A Triple Integral Two Ways: One In Cylindrical
Coordinates And One In Spherical Coordinates

In the realm of multivariable calculus, triple integrals serve as a powerful tool for calculating volumes,
masses, and other quantities over three-dimensional regions. Choosing an appropriate coordinate
system simplifies the process significantly. Among the most common are cylindrical and spherical
coordinates, each tailored to particular symmetries and geometries. This article explores how to set
up a triple integral in both coordinate systems, providing a thorough, methodical approach for
students, educators, and practitioners seeking clarity on these foundational techniques.

---

Understanding the Purpose and Context

Triple integrals are used to compute quantities over three-dimensional regions, often with complex
boundaries. The key to evaluating these integrals efficiently is to select a coordinate system that
aligns with the symmetry of the region. For example:

- Cylindrical coordinates are ideal for regions with circular symmetry around an axis, such as
cylinders, cones, or regions revolving around a central axis.
- Spherical coordinates are suited for regions with spherical symmetry, such as spheres, spherical
shells, or regions bounded by spherical surfaces.

This strategic choice simplifies the limits of integration and often reduces the complexity of the
integral itself.

---

Prerequisites for Setting Up the Integrals

Before diving into specific examples, it’s essential to understand the foundational elements common
to both coordinate systems:



- Coordinate definitions:
- Cylindrical: \( (r, \theta, z) \)
- Spherical: \( (\rho, \phi, \theta) \)
- Conversions to Cartesian coordinates:
- Cylindrical:
\[
x = r \cos \theta,\quad y = r \sin \theta,\quad z = z
\]
- Spherical:
\[
x = \rho \sin \phi \cos \theta,\quad y = \rho \sin \phi \sin \theta,\quad z = \rho \cos \phi
\]
- Volume elements:
- Cylindrical: \( dV = r\, dr\, d\theta\, dz \)
- Spherical: \( dV = \rho^2 \sin \phi\, d\rho\, d\phi\, d\theta \)

Understanding these conversions and differential volume elements is crucial for correctly setting up
the integrals.

---

Example Problem: Computing the Volume of a Sphere
of Radius R

Suppose we want to find the volume of a sphere of radius \( R \). This straightforward problem serves
as an excellent example to demonstrate the setup of triple integrals in two different coordinate
systems.

The region:
\[
x^2 + y^2 + z^2 \leq R^2
\]

---

Setting Up the Integral in Spherical Coordinates

Because of the natural spherical symmetry, spherical coordinates are particularly convenient.

Step 1: Describe the region
- \( \rho \) varies from 0 to \( R \).
- \( \phi \) varies from 0 to \( \pi \).
- \( \theta \) varies from 0 to \( 2\pi \).

Step 2: Write the limits
\[



0 \leq \rho \leq R,\quad 0 \leq \phi \leq \pi,\quad 0 \leq \theta \leq 2\pi
\]

Step 3: Volume element
\[
dV = \rho^2 \sin \phi\, d\rho\, d\phi\, d\theta
\]

Step 4: Set up the integral
\[
V = \int_{0}^{2\pi} \int_{0}^{\pi} \int_{0}^{R} \rho^2 \sin \phi\, d\rho\, d\phi\, d\theta
\]

This integral is straightforward to evaluate, and it confirms the known volume of a sphere:

\[
V = \frac{4}{3}\pi R^3
\]

---

Setting Up the Integral in Cylindrical Coordinates

Although less natural, we can also set up the volume integral in cylindrical coordinates by describing
the sphere in terms of \( r, \theta, z \).

Step 1: Express the boundary
\[
x^2 + y^2 + z^2 \leq R^2
\]
or
\[
r^2 + z^2 \leq R^2
\]

Step 2: Find the limits

- For a fixed \( r \), the \( z \) coordinate varies between:
\[
z = -\sqrt{R^2 - r^2} \quad \text{to} \quad z = \sqrt{R^2 - r^2}
\]
- The radial coordinate \( r \) varies from 0 to \( R \), but only over the region where the cross-section
exists, so:
\[
0 \leq r \leq R
\]
- The angular coordinate:
\[
0 \leq \theta \leq 2\pi



\]

Step 3: Write the volume element
\[
dV = r\, dr\, d\theta\, dz
\]

Step 4: Set up the integral

\[
V = \int_{0}^{2\pi} \int_{0}^{R} \int_{-\sqrt{R^2 - r^2}}^{\sqrt{R^2 - r^2}} r\, dz\, dr\, d\theta
\]

This double integral over \( r \) and \( \theta \), with the inner integral over \( z \), will yield the same
volume.

---

Deep Dive: Detailed Steps for Setting Up and
Evaluating

1. Recognize Symmetry and Choose Coordinates

The key to efficient setup is recognizing the symmetry:

- For a sphere centered at the origin, spherical coordinates align naturally.
- For a cylinder or a region symmetric around an axis, cylindrical coordinates are preferable.

2. Define the Region Boundaries Precisely

- In spherical coordinates, the boundary is simply \( \rho = R \), making the limits straightforward.
- In cylindrical coordinates, the boundary involves the inequality \( r^2 + z^2 \leq R^2 \), requiring
careful limits for \( z \) depending on \( r \).

3. Write the Volume Element Correctly

- Cylindrical: \( dV = r\, dr\, d\theta\, dz \)
- Spherical: \( dV = \rho^2 \sin \phi\, d\rho\, d\phi\, d\theta \)

4. Set Up the Limits of Integration Carefully

- For spherical:
\[
0 \leq \rho \leq R,\quad 0 \leq \phi \leq \pi,\quad 0 \leq \theta \leq 2\pi
\]
- For cylindrical:
\[
0 \leq \theta \leq 2\pi,\quad 0 \leq r \leq R,\quad -\sqrt{R^2 - r^2} \leq z \leq \sqrt{R^2 - r^2}



\]

5. Evaluate the Integrals

- The spherical integral is straightforward:
\[
V = \int_{0}^{2\pi} d\theta \int_{0}^{\pi} \sin \phi\, d\phi \int_{0}^{R} \rho^2\, d\rho
\]
- The cylindrical integral involves integrating over \( z \) first:
\[
V = \int_{0}^{2\pi} d\theta \int_{0}^{R} r\, dr \left[ 2\sqrt{R^2 - r^2} \right]
\]

Both methods produce the same volume, but their setup reflects the natural symmetry of the region.

---

Additional Examples: Complex Regions

Beyond the sphere, more complex regions can be tackled similarly:

- Cylindrical coordinates are best suited for regions bounded by cylinders, circular cylinders, or
regions revolving around an axis.
- Spherical coordinates excel with regions bounded by spheres, spherical caps, or regions with
spherical symmetry.

Example: Set up the triple integral for the volume of a cone \( z = \sqrt{x^2 + y^2} \) truncated at \(
z = R \).

In cylindrical coordinates:

- The cone becomes \( z = r \).
- The limits:
\[
0 \leq \theta \leq 2\pi,\quad 0 \leq r \leq R,\quad z = r \leq R
\]
- The volume integral:
\[
V = \int_{0}^{2\pi} \int_{0}^{R} \int_{z=r}^{R} r\, dz\, dr\, d\theta
\]

In spherical coordinates, the setup is more involved but can be achieved by expressing the cone's
surface in spherical variables.

---



Conclusion: Choosing the Right Coordinate System

The method of setting up a triple integral hinges on understanding the symmetry and boundaries of
the region:

- Use spherical coordinates for regions with spherical
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