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Set Up An Integral That Represents The Area Of The Surface Obtained By
Rotating The Given Curve About a specified axis is a fundamental concept in calculus,
particularly within the realm of surface area calculations. Understanding how to formulate
these integrals is essential for solving a variety of problems in mathematics, physics,
engineering, and related fields. This article provides a comprehensive guide to setting up
such integrals, exploring methods, formulas, and practical examples to enhance your
grasp of the subject.

Introduction to Surface Area of Revolved Curves

Before diving into the process of setting up integrals, it’s important to understand what it
means to rotate a curve and the resulting surface area.

What Is a Surface of Revolution?
A surface of revolution is generated when a plane curve is rotated about a straight line
(called the axis of rotation). The resulting surface is often familiar, resembling objects like
vases, bottles, or toruses, depending on the shape of the original curve and the axis of
rotation.

Why Calculate the Surface Area?
Calculating the surface area of such a surface has applications in engineering design,
manufacturing, and physical sciences, such as determining the amount of material needed
to create a hollow object or analyzing heat transfer characteristics.

Mathematical Foundations of Surface Area of
Revolution

The core principle involves integrating the circumference of infinitesimal rings formed by
the rotation over the interval of the original curve.

General Formula for Surface Area

For a function \( y = f(x) \), rotated about the x-axis, the surface area \( S \) between \( x =



a \) and \( x = b \) can be expressed as:

\[
S = 2\pi \int_{a}^{b} f(x) \sqrt{1 + [f'(x)]^2} \, dx
\]

Similarly, if the curve is rotated about the y-axis, or about a different line, the formula
adjusts accordingly.

Understanding the Components of the Formula
- \( 2\pi \): Circumference factor, representing the circle created by the rotation at each
infinitesimal segment.
- \( f(x) \): Radius of the infinitesimal ring at point \( x \).
- \( \sqrt{1 + [f'(x)]^2} \): Arc length element, accounting for the slope of the curve.

Setting Up the Integral Based on the Axis of
Rotation

The key step in solving surface area problems involves identifying the axis about which the
curve is rotated and then formulating the corresponding integral.

Rotation About the x-Axis
When the curve \( y = f(x) \) is rotated about the x-axis:

\[
S = 2\pi \int_{a}^{b} y \sqrt{1 + \left( \frac{dy}{dx} \right)^2 } \, dx
\]

Example: For the curve \( y = x^2 \) between \( x=0 \) and \( x=1 \), the surface area is:

\[
S = 2\pi \int_{0}^{1} x^2 \sqrt{1 + (2x)^2} \, dx
\]

Rotation About the y-Axis
If the curve is expressed as \( x = g(y) \) and rotated about the y-axis:

\[
S = 2\pi \int_{c}^{d} x \sqrt{1 + \left( \frac{dx}{dy} \right)^2 } \, dy
\]

Example: For \( x = \sqrt{y} \) from \( y=0 \) to \( y=1 \):



\[
S = 2\pi \int_{0}^{1} \sqrt{y} \sqrt{1 + \left( \frac{1}{2 \sqrt{y}} \right)^2 } \, dy
\]

Rotation About a Vertical or Horizontal Line
When the axis of rotation is a line other than the coordinate axes, the setup involves
adjusting the radius:

- Vertical line \( x = k \): Radius is \( |x - k| \).
- Horizontal line \( y = k \): Radius is \( |y - k| \).

The integral then becomes:

\[
S = 2\pi \int_{a}^{b} \text{(radius)} \times \text{(arc length element)} \, dx \quad
\text{or} \quad dy
\]

Step-by-Step Process to Set Up the Surface Area
Integral

To correctly formulate the integral, follow these steps:

Identify the curve and the interval: Determine the function \( y = f(x) \) or \( x =1.
g(y) \), and the bounds \( a \) and \( b \).

Determine the axis of rotation: Is the curve rotating about the x-axis, y-axis, or2.
another line?

Express the radius of revolution: Find the distance from the point on the curve to3.
the axis of rotation.

Calculate the differential arc length: Compute \( ds = \sqrt{1 + [f'(x)]^2} \, dx \)4.
or \( ds = \sqrt{1 + [g'(y)]^2} \, dy \) as appropriate.

Formulate the integral: Combine the components into the surface area integral,5.
ensuring the radius and arc length elements are correctly incorporated.

Practical Examples of Setting Up Surface Area



Integrals

Working through examples solidifies understanding. Below are detailed steps for typical
problems.

Example 1: Surface Area of a Parabola Rotated About
the x-Axis

Suppose the curve is \( y = x^2 \) from \( x=0 \) to \( x=1 \), rotated about the x-axis.

Step 1: Identify the curve and interval:

- \( y = x^2 \), \( a=0 \), \( b=1 \).

Step 2: Axis of rotation:

- x-axis.

Step 3: Radius:

- \( y = x^2 \).

Step 4: Derivative:

- \( dy/dx = 2x \).

Step 5: Surface area integral:

\[
S = 2\pi \int_{0}^{1} y \sqrt{1 + (dy/dx)^2} \, dx = 2\pi \int_{0}^{1} x^2 \sqrt{1 +
(2x)^2} \, dx
\]

This integral can then be evaluated using substitution techniques.

Example 2: Surface Area of a Semi-Circular Arc Rotated
About the y-Axis

Let the semi-circle \( y = \sqrt{1 - x^2} \) from \( x=0 \) to \( x=1 \), rotated about the y-
axis.

Step 1: Express as \( x = \sqrt{1 - y^2} \), bounds \( y=0 \) to \( y=1 \).

Step 2: Axis of rotation:



- y-axis.

Step 3: Radius:

- \( x = \sqrt{1 - y^2} \).

Step 4: Derivative:

- \( dx/dy = - y / \sqrt{1 - y^2} \).

Step 5: Surface area integral:

\[
S = 2\pi \int_{0}^{1} x \sqrt{1 + (dx/dy)^2} \, dy
\]

which simplifies to:

\[
S = 2\pi \int_{0}^{1} \sqrt{1 - y^2} \times \sqrt{1 + \left( \frac{- y}{\sqrt{1 - y^2}}
\right)^2 } \, dy
\]

Further simplification leads to an integral that can be evaluated with trigonometric
substitution.

Special Cases and Considerations

While the above formulas cover most situations, some special cases require adjustments.

When the Curve Has Multiple Segments
If the curve is composed of multiple parts, the total surface area integral is the sum of the
integrals over each segment.

When the Axis of Rotation Is a Line Other Than the
Coordinate Axes
Shift the coordinate system or adjust the radius accordingly to account for the new line.
For example, rotating about \( x = k \) involves replacing the radius \( r \) with \( |x - k| \).

Limitations and Constraints
- The function should be continuous and differentiable over the interval.
- The radius should be positive; if the curve crosses the axis of rotation, consider absolute
value or split the integral.



- Ensure that the domain of the function aligns with the physical interpretation of the
problem.

Summary of Key Steps for Setting Up Surface
Area Integrals

- Identify the function and interval.
- Determine the axis of rotation.
- Express the radius of revolution.
- Calculate the derivative(s) for arc length.
-

Frequently Asked Questions

How do I set up an integral to find the surface area of a
curve rotated about the x-axis?
To find the surface area of a curve y = f(x) rotated about the x-axis, set up the integral as
S = 2π ∫_a^b f(x) √(1 + [f'(x)]²) dx, where [a, b] is the interval of interest.

What is the general formula for the surface area of a
curve revolved around the y-axis?
For a function x = g(y) rotated about the y-axis, the surface area is given by S = 2π ∫_c^d
g(y) √(1 + [g'(y)]²) dy, where [c, d] is the interval of y-values.

How do I determine the limits of integration when
setting up a surface area integral?
The limits of integration are the x- or y-values that define the segment of the curve you are
rotating. Identify the interval over which the curve is being revolved, typically given or
determined from the problem context.

Can I set up an integral for surface area if the curve is
rotated about the line y = k or x = k?
Yes. When rotating about lines other than the axes, modify the radius term accordingly.
For rotation about y = k, the radius is |f(x) - k|; for x = k, use |x - k| in the integral. The
formula becomes S = 2π ∫ radius × arc length element.



What is the role of the derivative in setting up the
surface area integral?
The derivative, f'(x) or g'(y), appears in the arc length element √(1 + [f'(x)]²) dx or √(1 +
[g'(y)]²) dy, accounting for the slope of the curve when calculating the surface area.

How do I choose between setting up an integral about
the x-axis or y-axis?
Choose the axis of rotation based on the problem statement. If the curve is rotated about
the x-axis, set up the integral with respect to x; if about the y-axis, with respect to y. The
choice affects the form of the integral.

What are common mistakes to avoid when setting up
surface area integrals?
Common mistakes include incorrect limits of integration, forgetting to include 2π, using
the wrong radius (distance from axis of rotation), or neglecting the derivative in the arc
length element. Carefully identify all components before integrating.

Can I use the surface area formula for parametric
curves?
Yes. For parametric curves x = x(t), y = y(t), the surface area when rotated about an axis
can be set up using the parametric form, incorporating the derivatives dx/dt and dy/dt into
the arc length element.

How does the shape of the curve affect the setup of the
integral for surface area?
The shape determines the radius function and the limits of integration. Curves with more
complex shapes may require breaking the integral into parts or using different
parametrizations to accurately compute the surface area.

Are there specific methods or tools to help set up these
integrals more easily?
Yes. Graphing the curve helps visualize the rotation; parametrization can simplify complex
curves; and calculus tools like derivatives and arc length formulas assist in accurately
forming the integral. Using software or graphing calculators can also aid in setup.

Additional Resources
Set Up An Integral That Represents The Area Of The Surface Obtained By Rotating The
Given Curve About is a fundamental problem in calculus, particularly in the study of



surface areas generated by rotating curves around axes. This process, known as surface of
revolution, provides a powerful way to model and analyze physical objects, natural
formations, and engineering components. Whether you're working on a math problem,
designing a mechanical part, or exploring geometric concepts, understanding how to set
up the integral for the surface area is essential.

In this comprehensive guide, we'll walk through the step-by-step process of setting up
such an integral, clarify the key concepts involved, and illustrate the methodology with
examples. By the end, you'll have a solid framework for tackling problems involving the
rotation of curves about various axes.

---

Understanding the Surface of Revolution

Before diving into the integral setup, it's important to grasp what a surface of revolution
actually is.

What Is a Surface of Revolution?

A surface of revolution is a three-dimensional surface obtained when a planar curve is
rotated about a straight line (called the axis of rotation). Imagine spinning a curve around
an axis, much like how a potter’s wheel shapes clay or how a glassblower forms a vessel.
The resulting surface has a certain surface area, which can be computed using calculus.

Why Calculate Surface Area?

Calculating the surface area of such a surface is useful in numerous contexts:

- Engineering Design: Estimating the surface area of a component for material or coating
purposes.
- Physics: Calculating the surface area of objects like tanks, pipes, or biological structures.
- Mathematics: Understanding properties of curves and surfaces, and solving related
optimization problems.

---

Basic Concepts and Notation

Before setting up the integral, familiarize yourself with key concepts:

- Curve: Typically described by a function \( y = f(x) \) or \( x = g(y) \).
- Axis of Rotation: The line about which the curve is rotated. Common axes include the x-
axis and y-axis.
- Limits of Integration: Values in the domain where the curve is defined, denoted as \( a \)
and \( b \).
- Differential Element: The small segment of the curve used to approximate the surface
area.

---



General Approach to Setting Up the Surface Area Integral

The process involves several steps that depend on the orientation of the curve and the axis
of rotation.

1. Identify the Curve and Axis of Rotation

Determine the function describing the curve and specify whether you’re rotating about the
x-axis, y-axis, or an arbitrary line.

2. Decide on the Method: Disk/Washer or Shell

- Disk/Washer Method: Used when rotating around the x-axis or y-axis, especially when the
region can be expressed as functions of a single variable.
- Shell Method: More suitable when the region is easier to describe as a set of shells,
especially when rotating around vertical or horizontal lines other than the axes.

3. Express the Surface Area Differential

The differential surface area element depends on the method:

- Disk/Washer Method:
\( dS = 2\pi \times (\text{radius}) \times (\text{arc length element}) \)

- Shell Method:
\( dS = 2\pi \times (\text{radius}) \times (\text{height}) \times dx \) or similar.

4. Set Up the Integral

Integrate the differential surface area over the interval of interest to get the total surface
area.

---

Surface Area of Revolution About the x-Axis

Let's consider a common scenario: rotating the curve \( y = f(x) \) about the x-axis over the
interval \( [a, b] \).

Deriving the Formula

For the x-axis, the surface area element using the disk/washer method is:

\[
dS = 2\pi y \, ds
\]

where:

- \( y = f(x) \)
- \( ds = \sqrt{1 + [f'(x)]^2} \, dx \) (arc length element)



Thus, the surface area \( S \) is:

\[
S = \int_a^b 2\pi y \sqrt{1 + [f'(x)]^2} \, dx
\]

Key Points

- The radius is \( y = f(x) \), since the distance from the x-axis to the curve at \( x \) is \( y \).
- The integral limits are the interval \( [a, b] \) over which the curve is defined.
- The derivative \( f'(x) \) accounts for the slope of the curve, affecting the differential arc
length.

---

Surface Area of Revolution About the y-Axis

Similarly, if rotating \( y = f(x) \) about the y-axis, the setup changes.

Using the Shell Method

The shell method involves integrating over shells with:

- Radius: \( x \)
- Height: \( y = f(x) \)

The differential surface area is:

\[
dS = 2\pi x \times y \, dx
\]

Thus, the total surface area:

\[
S = \int_a^b 2\pi x f(x) \, dx
\]

When to Use Shell Method

- When the function is given as \( y = f(x) \) and rotation is about the y-axis.
- When the region is bounded by curves more naturally described as functions of x.

---

Rotating About Other Axes or Lines

When the axis of rotation is not the x- or y-axis, or is an arbitrary line, the setup becomes
more nuanced.

Rotating About a Horizontal or Vertical Line \( x = c \) or \( y = c \)



- Adjust the radius as the distance from the curve to the line \( x = c \) or \( y = c \).
- Use the shell method when it simplifies the integral.

Rotating About an Oblique or Arbitrary Line

- Coordinate transformation: Shift or rotate axes to simplify the problem.
- Parametric equations: Express the curve parametrically to describe the surface more
generally.
- Distance formula: Use the general distance from the curve point to the axis line.

---

Step-by-Step Example: Rotating a Curve About the x-Axis

Suppose you are given \( y = \sqrt{x} \) over the interval \( [0, 4] \). You want to find the
surface area of the surface generated when this curve is revolved about the x-axis.

Step 1: Identify the elements

- \( y = \sqrt{x} \)
- \( f'(x) = \frac{1}{2\sqrt{x}} \)
- Interval: \( [0, 4] \)

Step 2: Write the surface area integral

\[
S = \int_0^4 2\pi y \sqrt{1 + [f'(x)]^2} \, dx
\]

Step 3: Plug in \( y \) and \( f'(x) \)

\[
S = \int_0^4 2\pi \sqrt{x} \sqrt{1 + \left(\frac{1}{2\sqrt{x}}\right)^2} \, dx
\]

Simplify inside the radical:

\[
1 + \frac{1}{4x} = \frac{4x + 1}{4x}
\]

Thus,

\[
S = \int_0^4 2\pi \sqrt{x} \times \sqrt{\frac{4x + 1}{4x}} \, dx
\]

Express as:

\[
S = \int_0^4 2\pi \sqrt{x} \times \frac{\sqrt{4x + 1}}{2\sqrt{x}} \, dx



\]

Cancel \( \sqrt{x} \):

\[
S = \int_0^4 \pi \times \sqrt{4x + 1} \, dx
\]

Step 4: Final integral

\[
S = \pi \int_0^4 \sqrt{4x + 1} \, dx
\]

This integral can now be computed using substitution.

---

Tips for Setting Up Surface Area Integrals

- Always identify the region and the axis of rotation first.
- Choose the method (disk/washer or shell) that simplifies the integral.
- Express the radius and height (or differential arc length) clearly.
- Simplify the integrand as much as possible before integration.
- Check the limits carefully, especially if the region is bounded by multiple curves.

---

Summary

Setting up an integral that represents the surface area of a surface obtained by rotating a
curve involves understanding the geometry of the problem and selecting the appropriate
method. The key steps are:

- Determine the curve and the axis of rotation.
- Decide whether the disk/washer or shell method is more straightforward.
- Express the differential element of surface area, incorporating the radius and differential
arc length or height.
- Write the integral with correct limits and simplified integrand.

Mastering these steps enables you to solve a wide range of problems involving surfaces of
revolution, deepening your understanding of calculus and geometric analysis.

---

Final Thoughts

The process of setting up integrals for surface areas of revolution is both an art and a
science—requiring attention to detail, geometric intuition, and algebraic skill. With
practice, you'll be
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