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Introduction to Bernoulli's Equation in Compressible Flows

Bernoulli's equation is a fundamental principle in fluid mechanics that relates the pressure, velocity,

and elevation in a flowing fluid. While it is most commonly associated with incompressible and steady

flows, its application extends to compressible fluids under specific conditions. One such condition is

isothermal flow, where the temperature of the fluid remains constant throughout the flow field.

Understanding how Bernoulli's equation applies to compressible, isothermal flows involves deriving the

relation by integrating the fundamental equations of motion and thermodynamics. This derivation helps

engineers and scientists analyze complex flow phenomena like gas pipelines, high-speed

aerodynamics, and refrigeration cycles.

Fundamental Concepts and Assumptions

Before delving into the derivation, it is essential to clarify the key assumptions and concepts involved:

- Steady Flow: The flow parameters do not change with time at a given point.

- Isothermal Process: The temperature remains constant, implying no heat transfer occurs that would

change the internal energy.



- Compressible Fluid: The density of the fluid varies with pressure and temperature.

- Inviscid Flow: Viscous effects are neglected to simplify the analysis.

- One-dimensional Flow: Variations in flow parameters occur primarily along the flow direction.

These assumptions set the stage for deriving a Bernoulli-like equation suitable for isothermal,

compressible fluid flows.

Governing Equations for Compressible, Isothermal Flow

The derivation hinges on the conservation laws:

Continuity Equation

\[

\frac{d}{dx}(\rho A V) = 0

\]

which simplifies to:

\[

\rho A V = \text{constant}

\]

for a steady flow, where:

- \(\rho\) = fluid density

- \(A\) = cross-sectional area

- \(V\) = flow velocity



Momentum Equation (Euler's Equation)

In the absence of viscosity, the momentum equation along the flow direction is:

\[

\rho V \frac{dV}{dx} + \frac{dp}{dx} = 0

\]

which can be rearranged to:

\[

\frac{dp}{dx} = - \rho V \frac{dV}{dx}

\]

Equation of State for an Ideal Gas

Since the flow is isothermal, the relation between pressure and density is given by the ideal gas law:

\[

p = \rho R T

\]

where:

- \(p\) = pressure

- \(R\) = specific gas constant

- \(T\) = absolute temperature (constant in isothermal process)

Rearranged as:



\[

\rho = \frac{p}{RT}

\]

This relation is crucial for integrating the equations under isothermal conditions.

Derivation of Bernoulli's Equation for Isothermal, Compressible

Flow

The goal is to derive an energy relation that connects pressure, velocity, and elevation, taking into

account the compressibility and isothermal nature of the flow.

Step 1: Express the Differential of Pressure in Terms of Density and

Velocity

Starting from the momentum equation:

\[

\frac{dp}{dx} = - \rho V \frac{dV}{dx}

\]

Substituting \(\rho = p / RT\):

\[

\frac{dp}{dx} = - \frac{p}{RT} V \frac{dV}{dx}

\]



Rearranged as:

\[

\frac{dp}{p} = - \frac{V}{RT} dV

\]

Step 2: Integrate the Differential Equation

Integrate both sides along the flow from point 1 to point 2:

\[

\int_{p_1}^{p_2} \frac{dp}{p} = - \frac{1}{RT} \int_{V_1}^{V_2} V dV

\]

which yields:

\[

\ln \left( \frac{p_2}{p_1} \right) = - \frac{1}{2RT} (V_2^2 - V_1^2)

\]

or equivalently:

\[

\ln p_2 - \ln p_1 = - \frac{V_2^2 - V_1^2}{2RT}

\]

Rearranged as:

\[

\ln \left( \frac{p_2}{p_1} \right) + \frac{V_2^2 - V_1^2}{2RT} = 0



\]

Step 3: Expressing the Bernoulli Equation

Using the ideal gas law, \(p = \rho RT\), and the fact that the flow is steady, we relate pressure and

velocity at different points.

The isothermal Bernoulli equation takes the form:

\[

\frac{p}{\rho} + \frac{V^2}{2} + gz = \text{constant}

\]

where:

- \(g\) = acceleration due to gravity

- \(z\) = elevation head

Substituting \(\rho = p / RT\), we get:

\[

\frac{RT}{p} p + \frac{V^2}{2} + gz = RT + \frac{V^2}{2} + gz

\]

which simplifies to

\[

RT \ln p + \frac{V^2}{2} + gz = \text{constant}

\]



or, more precisely, considering the integration steps, the Bernoulli equation for an isothermal,

compressible flow becomes:

\[

\boxed{

\frac{p_1}{\rho_1} + \frac{V_1^2}{2} + g z_1 = \frac{p_2}{\rho_2} + \frac{V_2^2}{2} + g z_2

}

\]

Noting that \(\frac{p}{\rho} = RT\), the relation further simplifies to:

\[

RT \ln p_1 + \frac{V_1^2}{2} + gz_1 = RT \ln p_2 + \frac{V_2^2}{2} + gz_2

\]

This form emphasizes the role of pressure and velocity variations in an isothermal, compressible flow.

Final Form of the Bernoulli Equation for Isothermal

Compressible Flow

Combining the derivations and assumptions, the Bernoulli equation for an isothermal, compressible

fluid can be expressed as:

\[

\boxed{

\frac{p}{\rho} + \frac{V^2}{2} + gz = \text{constant}

}

\]



or, in terms of pressure:

\[

RT \ln p + \frac{V^2}{2} + gz = \text{constant}

\]

which must be satisfied along a streamline in steady, isothermal flow.

Applications and Significance of the Derived Bernoulli Equation

Understanding and applying this derived form has significant implications:

- Flow analysis in pipelines: Predicting pressure drops and velocity changes in gas pipelines where

temperature remains constant.

- Aerodynamics at high speeds: Analyzing flow over aircraft surfaces where temperature effects are

negligible.

- Refrigeration and HVAC systems: Ensuring proper pressure and flow rates in systems operating

under isothermal conditions.

- Flow measurement devices: Designing devices like Pitot tubes for compressible flows.

Summary and Conclusions

In this article, we have shown that Bernoulli's equation for an isothermal flow of a compressible fluid

can be derived by integrating the fundamental conservation equations under specific assumptions. The

key steps involved expressing the momentum equation in terms of pressure and velocity, integrating

considering the ideal gas law, and applying the assumptions of steady, inviscid, and isothermal flow.

The resulting Bernoulli relation emphasizes the interplay between pressure, velocity, and elevation,



with the added consideration of compressibility effects captured through the equation of state. This

derivation is essential for engineers and scientists working in fields where high-speed gas flows are

common, enabling accurate analysis and design of systems involving compressible, isothermal

conditions.
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This comprehensive explanation provides a detailed understanding of deriving Bernoulli's equation for

an isothermal, compressible fluid flow, highlighting the theoretical foundation, assumptions, and

practical significance.

Frequently Asked Questions

What is Bernoulli's equation for an isothermal flow of a compressible

fluid?

Bernoulli's equation for an isothermal flow of a compressible fluid relates the pressure, velocity, and

height of the fluid, incorporating the effects of compressibility under constant temperature conditions. It

is derived by integrating the steady-flow Euler equations considering the ideal gas law and is

expressed as: P/ρ + v²/2 + gz = constant.



How is Bernoulli's equation derived for an isothermal compressible

fluid by integration?

The derivation involves integrating the steady, inviscid flow Euler equations along a streamline,

substituting the ideal gas law (P = ρRT), and assuming temperature remains constant. This integration

leads to a Bernoulli-like relation where the pressure and velocity are linked through the integral of the

momentum equation, resulting in the isothermal form.

What assumptions are made when deriving Bernoulli's equation for an

isothermal flow?

Key assumptions include steady, inviscid, non-heat-conducting flow, along a streamline, with constant

temperature (isothermal process), and the fluid behaving as an ideal gas. These simplify the Navier-

Stokes equations, allowing integration to obtain Bernoulli's equation.

Why is the isothermal condition important in deriving Bernoulli's

equation for compressible fluids?

The isothermal condition ensures that the temperature remains constant during flow, simplifying the

thermodynamic relations and allowing the pressure and density to be related via the ideal gas law.

This constancy enables straightforward integration of the energy equation to derive Bernoulli's

equation.

What is the significance of integrating the momentum equation in

deriving Bernoulli's equation for compressible flow?

Integrating the momentum equation along a streamline accounts for the changes in pressure, velocity,

and potential energy, considering the fluid's compressibility. This process yields a conserved quantity

(Bernoulli's equation) that relates these variables under isothermal conditions.



How does the compressibility of the fluid affect the form of Bernoulli's

equation for isothermal flow?

Compressibility introduces variable density, which affects the relation between pressure and velocity.

The resulting Bernoulli's equation incorporates terms accounting for density variations, leading to a

modified relation that differs from the incompressible case and is derived through integration

considering the ideal gas law.

Can Bernoulli's equation for an isothermal compressible fluid be used

for high-speed flows?

Yes, but with caution. Since the derivation assumes steady, inviscid flow and isothermal conditions, it

is most accurate for moderate speeds where compressibility and temperature effects are well

managed. For very high speeds approaching Mach 1 or above, additional compressibility effects and

shock phenomena need to be considered.

What practical applications utilize Bernoulli's equation for isothermal

flow of compressible fluids?

Applications include analyzing gas flow in pipelines, nozzles, and diffusers where temperature is

maintained constant, such as in certain chemical processing, HVAC systems, and aerodynamics of

low-speed aircraft or rockets operating under controlled thermal conditions.

Additional Resources
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Introduction

Bernoulli's equation is one of the fundamental principles in fluid dynamics, traditionally derived for

incompressible and non-viscous flows. However, in many real-world applications such as gas flow in

pipelines, aerodynamics at high speeds, and thermodynamic processes involving gases, the fluid is

compressible. When dealing with compressible fluids, especially under isothermal conditions (constant

temperature), the derivation of Bernoulli's equation becomes more nuanced, requiring careful

integration of the governing equations.

This review explores the derivation of Bernoulli's equation for isothermal flow of a compressible fluid by

integrating the basic conservation laws. We will dissect the assumptions, mathematical framework, and

physical interpretations involved in this derivation, providing clarity on how the classical Bernoulli's

equation extends to thermally insulated, compressible systems.

---

Fundamental Concepts and Assumptions

Before diving into the derivation, it’s essential to clarify the key assumptions and principles:

- Steady Flow: The fluid properties at any point do not change with time.

- Isothermal Process: The temperature \( T \) remains constant throughout the flow, implying

thermodynamic equilibrium where heat transfer keeps \( T \) uniform.

- Compressibility: The fluid density \( \rho \) is variable and depends on pressure \( p \), unlike

incompressible fluids where \( \rho \) is constant.

- Inviscid and Non-viscous Fluid: Viscous effects are neglected, simplifying the momentum equations.

- Non-Heat Conductive (Adiabatic) with External Heat Transfer: For isothermal flow, heat exchange

with surroundings maintains constant temperature.

- One-dimensional Flow: The flow is considered along a streamline, with properties varying primarily in

the flow direction.



---

Governing Equations

The derivation hinges on two core conservation laws:

1. Continuity Equation (Mass Conservation):

For steady, one-dimensional flow:

\[

\frac{d}{dx} (\rho A v) = 0

\]

which simplifies to:

\[

\rho v A = \text{constant}

\]

where:

- \( \rho \) = fluid density

- \( v \) = flow velocity

- \( A \) = cross-sectional area

2. Momentum Equation (Euler's Equation for Inviscid Flow):

Along a streamline:

\[

\rho v \frac{dv}{dx} = -\frac{dp}{dx} - \rho g \frac{dz}{dx}

\]

where:

- \( p \) = pressure

- \( g \) = acceleration due to gravity

- \( z \) = elevation



3. Equation of State for Ideal Gas (since the flow is isothermal):

\[

p = \rho R T

\]

where:

- \( R \) = specific gas constant

- \( T \) = absolute temperature (constant in isothermal process)

---

Deriving Bernoulli’s Equation for Isothermal, Compressible Flow

Step 1: Expressing \(\rho\) in terms of \( p \)

Given the ideal gas law:

\[

\rho = \frac{p}{RT}

\]

Since \( T \) is constant, \( R T \) is constant, and hence:

\[

\rho \propto p

\]

Step 2: Rewrite the Momentum Equation

Starting from Euler's equation:

\[

\rho v \frac{dv}{dx} = -\frac{dp}{dx} - \rho g \frac{dz}{dx}

\]

Divide through by \( \rho \):



\[

v \frac{dv}{dx} = - \frac{1}{\rho} \frac{dp}{dx} - g \frac{dz}{dx}

\]

Express \( 1/\rho \) in terms of \( p \):

\[

\frac{1}{\rho} = \frac{RT}{p}

\]

Thus:

\[

v \frac{dv}{dx} = - \frac{RT}{p} \frac{dp}{dx} - g \frac{dz}{dx}

\]

Step 3: Integrate Spatially

Rearranged as:

\[

v \frac{dv}{dx} + g \frac{dz}{dx} = - \frac{RT}{p} \frac{dp}{dx}

\]

Multiply through by \( dx \):

\[

v dv + g dz = - \frac{RT}{p} dp

\]

This expression links the differential changes in velocity, elevation, and pressure along the streamline.

---

Integration to Obtain Bernoulli’s Equation

Integrate each term along the streamline between points 1 and 2:



\[

\int_{v_1}^{v_2} v dv + \int_{z_1}^{z_2} g dz = - RT \int_{p_1}^{p_2} \frac{1}{p} dp

\]

- The first integral:

\[

\int_{v_1}^{v_2} v dv = \frac{1}{2} (v_2^2 - v_1^2)

\]

- The second integral:

\[

g \int_{z_1}^{z_2} dz = g (z_2 - z_1)

\]

- The third integral:

\[

- RT \int_{p_1}^{p_2} \frac{1}{p} dp = - RT \ln \left( \frac{p_2}{p_1} \right)

\]

Putting these together:

\[

\frac{1}{2} (v_2^2 - v_1^2) + g (z_2 - z_1) = - RT \ln \left( \frac{p_2}{p_1} \right)

\]

Rearranged:

\[

\boxed{

\frac{v_2^2}{2} + g z_2 + RT \ln p_2 = \frac{v_1^2}{2} + g z_1 + RT \ln p_1

}

\]



This is the Bernoulli’s equation for isothermal flow of a compressible ideal gas, considering

gravitational potential energy and the thermodynamic correction due to pressure variation.

---

Physical Interpretation

- The term \( \frac{v^2}{2} \) represents kinetic energy per unit mass.

- \( g z \) is potential energy per unit mass.

- The term \( RT \ln p \) acts as a thermodynamic energy component, reflecting the work associated

with pressure changes during an isothermal process.

Special Cases and Consistency Checks

- Incompressible Limit: When \( p \) is nearly constant, the \( RT \ln p \) term simplifies, and the

equation reduces to the classical Bernoulli’s equation:

\[

\frac{v_2^2}{2} + g z_2 = \frac{v_1^2}{2} + g z_1

\]

- No Gravity: Setting \( g = 0 \), the relation simplifies further to:

\[

\frac{v_2^2}{2} + RT \ln p_2 = \frac{v_1^2}{2} + RT \ln p_1

\]

which captures the interplay between pressure and velocity in an isothermal, compressible flow.

---

Additional Considerations

Effect of Viscosity and Heat Transfer



While the derivation assumes inviscid and perfectly thermally conductive conditions, real systems

involve viscosity and heat transfer effects that modify the energy balance. These factors can be

incorporated via more advanced thermodynamic and fluid dynamic models, but the core derivation

provides a fundamental baseline.

Mach Number and Compressibility Effects

In high-speed flows, where the Mach number approaches or exceeds unity, compressibility effects

become significant, and the derived Bernoulli’s relation is useful for analyzing flow behavior in ducts,

nozzles, and diffusers.

---

Practical Applications

- Gas Pipelines: Understanding pressure and velocity variations in isothermal conditions.

- Nozzle and Diffuser Design: Predicting flow accelerations and pressure drops.

- Aerospace Engineering: Analyzing subsonic and supersonic flows where compressibility is critical.

- HVAC Systems: Modeling airflow in duct networks where temperature control maintains isothermal

conditions.

---

Summary

The derivation of Bernoulli’s equation for an isothermal, compressible fluid involves integrating the

momentum equation along a streamline, incorporating the ideal gas law, and recognizing the

thermodynamic contribution of pressure variations under constant temperature. The final form elegantly

combines kinetic energy, gravitational potential energy, and a pressure-related thermodynamic term,

providing a comprehensive energy balance for such systems.



This form of Bernoulli’s equation is instrumental in analyzing real-world flows involving gases,

especially in engineering applications where temperature is maintained constant and compressibility

cannot be neglected. Its derivation underscores the importance of integrating fundamental conservation

laws and thermodynamic principles to extend classical fluid dynamics into more complex, thermally

active regimes.

---

In conclusion, understanding the derivation of Bernoulli’s
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