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Ln[e(p, U )1/ Ln(pi ), Where is a fundamental concept in consumer theory and
economic analysis. This relationship provides a powerful tool for
understanding how consumers allocate their income across different goods and
how changes in prices and utility influence these expenditure shares. In this
article, we will explore the derivation, significance, and applications of
this measure, demonstrating that the share of income spent on a particular
good, Xi, can indeed be expressed as the ratio of the natural logarithm of
the expenditure function to the natural logarithm of the price of that good.

Understanding Consumer Behavior and Expenditure
Shares

Consumer Utility and Budget Constraints

Consumers aim to maximize their utility, a measure of satisfaction derived
from consuming various goods and services. The typical consumer problem
involves choosing quantities of goods that maximize utility subject to a
budget constraint:

e Maximize U(x1, X2, ..., Xn)

e Subject to the budget constraint: pixi + p2Xz2 + ... + pnXn =1

where pi is the price of good i, xi is the quantity consumed, and I is the
consumer's income.

Expenditure Function and Its Role

The expenditure function, e(p, U), represents the minimum income needed to
achieve a certain utility level U at prices p. It can be viewed as:

e e(p, U) = min I such that U(x) = U, given prices p



This function is central to analyzing consumer choices because it
encapsulates how much income a consumer must allocate to reach a certain
utility at given prices.

The Relationship Between Income Share and the
Expenditure Function

Deriving the Income Share Formula

The core idea is to relate the proportion of income spent on good Xi to the
properties of the expenditure function. The key steps include:

1. Recognize that the expenditure on good Xi at the optimal choice is xi(p,
U) pi.

2. Express the total expenditure as e(p, U), which is the minimum income
required to reach utility U at prices p.

3. Note that the income share on good Xi, si, is:

si = (pi xi(p, U)) / e(p, U)

4. Using the properties of the expenditure function, particularly its
homogeneity and differentiability, we can relate the partial derivatives
of e(p, U) to consumer demand.

Connecting to Demand Elasticities

The demand for good Xi can be expressed as:

e Xxi(p, U) = oe(p, U) / api

which follows from Shephard's lemma. This derivative indicates how
expenditure changes with price, holding utility constant.



Proving That the Income Share Can Be Expressed
as Ln[e(p, U)] / Ln(pi)

Step-by-Step Derivation

The derivation hinges on the properties of the expenditure function and
logarithmic transformations:

1. Starting with the income share of good Xi:

si = (pi Xi(p, U)) / e(p, U)

Note:

Since xi(p, U) = oe(p, U) / opi, we can write:

si = (pi - oe(p, U) / opi) / e(p, U)

2. Rearranging, the share becomes:

Si = ( pi / e ( P, U ) ) + oe ( p, u ) / E)F) i

Recognizing that the ratio involves the derivatives of the expenditure function with respect to prices.
3. Taking the natural logarithm of e(p, U):

1n e(p, U)

and differentiating with respect to ln pi:

o In e(p, U) /o lnpi=(ps/ e(p, U)) - o e(p, U /o p:

which, as shown earlier, is exactly s:.

4. Therefore, the income share si can be expressed as:

si =9 Lln e(p, U) /3 ln p:



which indicates that the share of income spent on good Xi is the partial
derivative of the logarithm of the expenditure function with respect to
the logarithm of the good’s price.

Expressing the Share as a Ratio of Logarithms

While the derivation above involves derivatives, under certain assumptions or
in specific models, we can approximate or interpret the income share as a
ratio involving logarithms directly:

Share on Xi = Ln[e(p, U)] / Ln(pi)

This ratio emphasizes how expenditure and prices scale logarithmically,
capturing elasticity and substitution effects in a compact form.

Implications and Applications of the
Logarithmic Measure

Measuring Price and Income Elasticities

The relationship provides insights into how demand responds to changes in
prices and income:

e Elasticity of demand with respect to price can be derived from the
derivative of the expenditure function.

e Understanding the share helps in policy analysis, such as taxation
effects or welfare assessments.

Practical Uses in Economic Modeling

Economists and policymakers use this measure to:

e Estimate consumer preferences based on observed expenditure patterns.

e Predict how changes in prices or income levels will affect consumption
behavior.

e Assess the burden of taxes or subsidies on particular goods.



Conclusion

The expression of the share of income spent on good Xi as Ln[e(p, U)] /
Ln(pi) encapsulates a fundamental link between consumer preferences,
expenditure, and prices. By understanding and applying this relationship,
economists can better analyze consumer behavior, demand elasticities, and the
effects of economic policies. The derivation rooted in the properties of the
expenditure function and the use of logarithmic transformations provides a
robust framework for both theoretical exploration and practical application
in economic analysis. Whether in microeconomic research or policy
formulation, this measure remains a vital tool for understanding expenditure
shares and consumer decision-making processes.

Frequently Asked Questions

What is the significance of expressing the share of
income spent on good Xi as ln[e(p, U)] / ln(pi)?

This expression provides a logarithmic measure of how the expenditure share
on good Xi responds to changes in its price, capturing elasticity and
allowing for easier comparison across different price levels within consumer
utility frameworks.

Under what conditions can the share of income spent
on good Xi be accurately measured using the ratio
ln[e(p, U)] / ln(pi)?

The measure holds when the consumer's utility function is homogeneous of
degree zero, and the expenditure function e(p, U) is differentiable, ensuring
the ratio reflects proportional changes in expenditure relative to price
changes.

How does the logarithmic ratio relate to the price
elasticity of demand for good Xi?

The ratio ln[e(p, U)] / In(pi) effectively approximates the price elasticity
of demand for good Xi, indicating the percentage change in expenditure share
resulting from a percentage change in its price.

Can this measurement be applied to all types of
utility functions? Why or why not?

No, it primarily applies to utility functions with certain properties like



homogeneity and differentiability; for non-standard utility functions, the
ratio may not accurately reflect expenditure shares or elasticities.

What role does the expenditure function e(p, U) play
in deriving the share of income spent on good Xi?

The expenditure function e(p, U) represents the minimum income needed to
achieve utility U at given prices p, and its logarithm's ratio to ln(pi)
helps quantify the proportion of income allocated to good Xi as prices
change.

Why is using natural logarithms essential in
expressing the share of income spent on good Xi in
this way?

Natural logarithms linearize multiplicative relationships, making it easier
to interpret percentage changes and elasticities in demand, thus providing a
more tractable and meaningful measure of expenditure share variations.

Additional Resources

Show That The Share 0f Income Spent On Good Xi Can Always Be Measured By
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In the realm of consumer theory and economic analysis, understanding how
individuals allocate their income across different goods is fundamental. A
particularly insightful measure is the share of income spent on a specific
good, denoted as \( s i \). This share reflects not only consumer preferences
but also the underlying economic constraints and the nature of the good
itself. An intriguing and elegant way to quantify this share involves the use
of the demand function and its properties, specifically through the
relationship:

\ [
s_i = \frac{\ln[e(p, U)I}{\ln(p_1i)}
\]

where \( e(p, U) \) is the consumer's expenditure function at prices \( p \)
and utility level \( U \), and \( p_i \) is the price of good \( i \). This
formula encapsulates a profound connection between the expenditure function
and the income share, revealing how the elasticity of expenditure with

respect to prices and utility can serve as a measure of consumption shares.

In this guide, we will explore, in-depth, why and how this relationship
holds, starting from the foundations of consumer theory, progressing through
the mathematical derivations, and ultimately illustrating its applications
and limitations.



Understanding the Key Concepts
Consumer Preferences and Utility

Consumers aim to maximize their utility \( U \) subject to their budget
constraint:

\ [
\sum {i=1}"n p i x i \leq I
\1]

where \( x i \) is the quantity of good \( i \), \( p i \) is its price, and
\( I \) is income.

The utility function \( U = U(x 1, x 2, ..., x n) \) encapsulates

preferences, and the demand functions \( x i(p, I) \) specify the optimal
consumption bundle at given prices and income.

The Expenditure Function

The expenditure function \( e(p, U) \) gives the minimum income needed to
achieve utility level \( U \) at prices \( p \):

\ [
e(p, U) = \min {x} \left\{ \sum {i=1}"n p i x i : U(x) \geq U \right\}
\1

This function is convex and homogeneous of degree one in prices, and it is
fundamental for deriving consumer demand properties.

The Income Share \( s i \)
The income share of good \( i \) is:

\ [
s 1 = \frac{p 1 x i}{I}
\1]

It measures the proportion of total income spent on good \( i \).

The Relationship Between Income Share and the Expenditure Function
The key idea behind the formula:

\ [
s_ i = \frac{\ln[e(p, U)I}{\ln(p_1i)}
\]



is that it connects the elasticity of expenditure with respect to price to
the share of income spent on the good. To understand this, we need to delve
into the properties of demand functions, expenditure functions, and their
derivatives.

Deriving the Relationship
Step 1: Recognize the Budget Constraint and Demand

Given the demand functions \( x i(p, I) \), the expenditure function can be
expressed as:

\ [
e(p, U) = p \cdot x(p, U) = \sum_{i=1}"n p_i x_i(p, U)
\]

and the indirect utility function \( v(p, I) \) satisfies:

\ [
v(p, I) = U \quad \text{when} \quad I = e(p, U)
\1]

Step 2: Expressing the Share
The share of income spent on good \( i \):

\ [
s i = \frac{p i x i(p, I)}{I}
\1]

At the utility-maximizing bundle, when income is just enough to reach utility
\( U\), the expenditure is:

\ [
s i = \frac{p_i x_i(p, e(p, U))}{e(p, U)}
\1]

Step 3: Logarithmic Transformation
Taking the natural logarithm of \( e(p, U) \):

\ [
\ln e(p, U)
\1



and noting that the demand \( x i(p, e(p, U)) \) can be related to
derivatives of the expenditure function, particularly via Shephard's lemma,
which states:

\ [
\frac{\partial e(p, U)}{\partial p i} = x i(p, U)
\1]

Therefore:

\ [
x i(p, U) = \frac{\partial e(p, U)}{\partial p i}
\1]

Substituting back into the share:

\ [
s i = \frac{p_i \frac{\partial e(p, U)}{\partial p i}}{e(p, U)}
\1]

which simplifies to:

\ [
s 1 = \frac{p i}{e(p, U)} \frac{\partial e(p, U)}{\partial p i}
\1]

Connecting to Elasticities
Price Elasticity of the Expenditure Function
The price elasticity of the expenditure function with respect to \( p i \):

\ [

\varepsilon {p i} = \frac{\partial e(p, U)}{\partial p i} \cdot
\frac{p_i}{e(p, U)}

\1]

which, from above, is precisely the income share:

\ [
s i = \varepsilon {p i}
\]

This is a critical insight: the share of income spent on good \( i \) can be
viewed as the elasticity of the expenditure function with respect to its

price.

Logarithmic Form



Expressing the elasticity in logarithmic terms:

\ [
\varepsilon {p i} = \frac{\partial \ln e(p, U)}{\partial \ln p i}
\1

which, for small changes, approximates:

\ [
s i \approx \frac{\partial \ln e(p, U)}{\partial \ln p i}
\1]

or, more generally, considering the total differential:

\ [
s i \approx \frac{\ln e(p, U)}{\ln p i}
\1

under certain assumptions or approximations, especially when the elasticity
is constant or when the demand functions are homothetic.

Hence, the key result:

\ [

\boxed{

s i = \frac{\ln e(p, U)}{\ln p i}
}

\1

This shows that the share of income spent on good \( i \) can be measured by
the ratio of the logarithm of the expenditure function to the logarithm of
the price of that good.

Conditions and Assumptions for Validity

While the derivation appears straightforward, several assumptions underpin
this relationship:

1. Homothetic Preferences

- The demand functions are homothetic, meaning that demand scales
proportionally with income.

- This implies the expenditure function is homogeneous of degree one in
income and prices.

2. Constant Elasticities

- Elasticities of substitution and expenditure are constant or approximately
So.



- The demand functions exhibit properties that allow the logarithmic
relationships to hold accurately.

3. Differentiability and Convexity

- The expenditure function \( e(p, U) \) must be continuously differentiable.
- Consumer preferences should be convex, ensuring well-behaved demand
functions.

4. Utility Level Fixity

- The utility level \( U \) is fixed, and the expenditure function is
evaluated at this level.

5. Use of Logarithms

- The use of logs assumes positive prices and expenditure, which is standard
in microeconomic modeling.

Practical Implications and Applications

1. Measuring Consumption Shares

The formula provides a straightforward way to measure the share of income
spent on a good based solely on the expenditure function and its derivatives,
without directly observing individual consumption bundles.

2. Elasticity Estimation

It links the share to price elasticities, enabling economists to infer
consumption patterns from elasticity estimates.

3. Cost-of-Living and Price Indexes

Understanding how expenditure functions relate to consumption shares informs
the construction of price indexes and measures of cost of living adjustments.

4. Policy Analysis

Policymakers can leverage this relationship to predict how changes in prices
affect consumer welfare and spending patterns.

Limitations and Caveats
Despite its elegance, this approach has limitations:

- Approximation Nature: The formula is most accurate under the assumptions of



homothetic preferences and constant elasticities.

- Complex Consumer Preferences: Real-world preferences are often more complex
and may not satisfy the assumptions needed.

- Data Requirements: Precise estimation of \( e(p, U) \) and its derivatives
can be challenging, especially for large datasets or complex goods.

- Non-Homothetic Demand: When preferences are non-homothetic, the
relationship may not hold exactly.

Summary and Final Remarks
In conclusion, the relationship:

\ [

\boxed{

\text{Share of Income on Good } i = \frac{\ln e(p, U)}{\ln p i}
}

\1

stems from fundamental consumer theory principles, connecting the expenditure
function's properties to consumer expenditure shares. This expression
underscores the profound link between how consumers allocate their income and
the mathematical characteristics of their demand functions. When the
assumptions hold, this formula offers a powerful and elegant
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