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UNDERSTANDING THE SHAPE AND BEHAVIOR OF A FUNCTION THROUGH ITS LEVEL CURVES IS A FUNDAMENTAL ASPECT OF
MULTIVARIABLE CALCULUS AND ANALYTICAL GEOMETRY. THE FUNCTION F(X, Y) =16 - %x2- Y2 |5 A CLASSIC EXAMPLE OF A
QUADRATIC SURFACE, SPECIFICALLY A PARABOLOID OPENING DOWNW ARD. TO ANALYZE THIS SURFACE, SKETCHING ITS LEVEL
CURVES—CURVES ALONG WHICH THE FUNCTION TAKES CONSTANT VALUES—PROVIDES VALUABLE INSIGHTS INTO ITS
STRUCTURE, SYMMETRY, AND GEOMETRIC PROPERTIES. THIS ARTICLE AIMS TO GUIDE YOU THROUGH THE PROCESS OF SKETCHING
THE LEVEL CURVES OF THIS FUNCTION FOR VARIOUS VALUES OF Z/ EXPLAINING THEIR FORMS, SIGNIFICANCE, AND HOW TO
VISUALIZE THEM EFFECTIVELY.

UNDERSTANDING THE FUNCTION F(X, ¥) = 16 - x2 - v2

BEFORE DELVING INTO THE LEVEL CURVES, IT'S ESSENTIAL TO GRASP THE NATURE OF THE FUNCTION ITSELF.

GENERAL CHARACTERISTICS

TYPE OF SURFACE: PARABOLOID (SPECIFICALLY, A DOWNW ARD-OPENING PARABOLOID).

SYMMETRY: SYMMETRIC ABOUT THE Z-AXIS (SINCE THE FUNCTION DEPENDS ON X2 + Y2).

VERTEX: THE HIGHEST POINT AT (O, O, 16), WHERE THE FUNCTION ATTAINS ITS MAXIMUM VALUE.

DoMAIN: ALL REAL X AND Y, SINCE THE QUADRATIC FORM IS DEFINED EVERYWHERE IN THE PLANE.

RANGE: Z VALUES FROM [} UP TO 16, INCLUSIVE, BECAUSE AS X AND Y GROW LARGE, THE VALUE of F(X, Y)
DECREASES WITHOUT BOUND.

GEOMETRIC INTERPRETATION

- THE SURFACE REPRESENTS A "BOWL-SHAPED” FIGURE INVERTED ALONG THE Z-AXIS WITH ITS PEAK AT THE ORIGIN IN THE XY~
PLANE AND Z = 16.
- THE LEVEL CURVES ARE HORIZONTAL SLICES OF THIS SURFACE AT DIFFERENT HEIGHTS (CONSTANT Z).

DeriVING THE LEVEL CURVES

THE LEVEL CURVES ARE OBTAINED BY SETTING THE FUNCTION EQUAL TO A CONSTANT Z:

\l



F(x,v)=16-x"2-vy"2=7
\]

REARRANGED:

\[
x"2+vy"2=16-17
\]

THIS IS A FAMILY OF CIRCLES IN THE XY-PLANE, WHERE THE RADIUS DEPENDS ON THE VALUE OF /.

ConpITIoNs For THE LEVEL CURVES

1. FOR EACH FIXED Z, THE LEVEL CURVE IS A CIRCLE CENTERED AT THE orIGIN (O, 0).

2. THe rADIUS \( R \) OF EACH CIRCLE IS GIVEN BY:

\[
R = \sQrT{16 - 7}
PROVIDED THAT \( 16 - Z\ceQq 0 \), 1.e., \( Z \Leq 16 \).

3. IF\(Z > 16\), THE LEVEL CURVE DOES NOT EXIST BECAUSE THE SQUARE ROOT BECOMES IMAGINARY.

RANGE oF Z For THE LEVEL CURVES

- SINCE THE MAXIMUM VALUE OF THE FUNCTION IS 16 AT (0,0), THE LEVEL CURVES EXIST FOR:

\[
-\INETY < Z \LEQ 16
\]

- AT Z = 16, THE LEVEL CURVE REDUCES TO A SINGLE POINT AT THE ORIGIN (RADIUS ZERO).

SKETCHING THE LEVEL CURVES FOR DIFFERENT V ALUES OF Z

THE SHAPE AND SIZE OF THE LEVEL CURVES CHANGE WITH THE VALUE OF Z, ILLUSTRATING THE SURFACE'S GEOMETRY IN THE XY~
PLANE.

Case 1: Z = 16 (MaxiMuM LEVEL)

- EQUATION:

\[
x*2+vy*2=16-16=0
\]

- THE LEVEL CURVE IS A SINGLE POINT AT (O, 0).



- GEOMETRICALLY, THIS CORRESPONDS TO THE APEX OF THE PARABOLOID.

Case2:0<Z< 16

- EQUATION:

\[

x2+vy"2=16-1

\]

- THE LEVEL CURVE IS A CIRCLE CENTERED AT THE ORIGIN WITH RADIUS:
\[

R =\sqrT{16 -7}

\]

- ASs Z DECREASES FROM 16 To O, THE RADIUS INCREASES FRoM O To 4.

- ExAMPLES:
-ForZ=29:

\[
x 2 +v"2=16-9 =7 \RicHTARROW R = \sQrT{7} \APPrOX 2.65

\]
-ForZ=0:

\[
x"2 +v*2 =16 \RIGHTARROW R = 4

VISUAL INTERPRETATION:

- THESE CIRCLES GROW LARGER AS THE Z VALUE DECREASES, REFLECTING THE PARABOLOID’S WIDENING SHAPE AWAY FROM THE
APEX.

Case 3:72<0

- EQUATION:

\[
x"2+vy"2=16-17
\]

- Since \( Z < 0'\), THE RIGHT SIDE EXCEEDS 16:

\[
16-2>16
\]

- THE RADIUS:

\[
R =\sqrT{16 -7}
\]

- INCREASES BEYOND 4, INDICATING LARGER CIRCLES AS Z BECOMES MORE NEGATIVE.



- EXAMPLE:
-For Z=-9:

\[
x"2+v"2=16-(-9) =25 \RIGHTARROW R = 5
\]

IMPLICATION:

- THESE CIRCLES EXTEND OUTWARD INDEFINITELY AS Z APPROACHES NEGATIVE INFINITY, CORRESPONDING TO THE PARABOLOID
EXTENDING DOWNW ARD INFINITELY.

VISUALIZING THE SURFACE THROUGH LEVEL CURVES

THE COLLECTION OF ALL LEVEL CURVES FOR VARIOUS Z VALUES OFFERS A CROSS-SECTIONAL VIEW OF THE PARABOLOID'S
SHAPE.

CREATING A 3D REPRESENTATION

- PLOT EACH CIRCLE IN THE XY-PLANE WITH THE CORRESPONDING Z VALUE.

- CONNECT THESE CIRCLES SMOOTHLY TO DEPICT THE PARABOLOID'S SURFACE.

- THE SMALLEST CIRCLE (A POINT) AT Z = 16 INDICATES THE APEX.

- LARGER CIRCLES AT DECREASING Z VALUES DEPICT THE PARABOLOID'S WIDENING SHAPE.

APPLICATION OF LEVEL CURVES IN GRAPHING

- UUSE CONCENTRIC CIRCLES CENTERED AT THE ORIGIN TO REPRESENT DIFFERENT Z LEVELS.
- EACH CIRCLE’S RADIUS CORRESPONDS TO THE SPECIFIC Z VALUE VIA \(r = \sqrT{16 - 7} \).
- THE COLLECTION OF THESE CIRCLES PROVIDES A CLEAR, LAYERED VIEW OF THE SURFACE.

PRACTICAL STEPS FOR SKETCHING LEVEL CURVES

TO EFFECTIVELY SKETCH THE LEVEL CURVES OF THE FUNCTION \( F(x, Y) = 16 - x"2 - Y2 \), FOLLOW THESE STEPS:

1. SELECT KEY Z VALUES: ForR ExAMPLE, Z = 16, 12,8,4,0,-4,-8,-12,-16.

2. CALCULATE THE CORRESPONDING RADII: FOR EACH Z, coMPUTE \( R = \sqrT{16 - 7} \).

3. DRAW CONCENTRIC CIRCLES: IN THE XY-PLANE, DRAW CIRCLES CENTERED AT THE ORIGIN WITH THE CALCULATED RADII.
4. LABEL EACH CIRCLE: INDICATE THE Z VALUE ASSOCIATED WITH EACH CIRCLE.

5. CONNECT THE CIRCLES SMOOTHLY: TO VISUALIZE THE 3D SURFACE, IMAGINE STACKING THESE CIRCLES AT THEIR
RESPECTIVE Z HEIGHTS, FORMING A PARABOLOID.



APPLICATIONS AND SIGNIFICANCE OF LEVEL CURVES

LEVEL CURVES ARE NOT JUST MATHEMATICAL ABSTRACTIONS BUT SERVE VARIOUS PRACTICAL AND THEORETICAL PURPOSES:

IN GEOGRAPHY AND T OPOGRAPHY

- CONTOUR LINES ON MAPS REPRESENT ELEVATION LEVELS.
- THEY HELP IN UNDERSTANDING TERRAIN FEATURES LIKE HILLS, VALLEYS, AND SLOPES.

IN PHYSICS AND ENGINEERING

- EQUIPOTENTIAL LINES DEPICT REGIONS OF EQUAL POTENTIAL.
- THEY ARE VITAL IN ANALYZING ELECTRIC AND MAGNETIC FIELDS.

IN DATA VISUALIZATION AND ANALYSIS

- LEVEL CURVES OR CONTOURS HELP VISUALIZE MULTIVARIABLE FUNCTIONS, HIGHLIGHTING REGIONS OF INTEREST AND BEHAVIOR.

IN MATHEMATICS AND CALCULUS

- THEY FACILITATE UNDERSTANDING FUNCTIONS' BEHAVIOR IN TWO VARIABLES.
- ENABLE THE VISUALIZATION OF SURFACES AND THEIR PROPERTIES.

SUMMARY AND KEY T AKEAWAYS

THe FUNCTION \( F(x, Y) = 16 - X2 - ¥"2 \) DESCRIBES A DOWNWARD-OPENING PARABOLOID WITH ITS VERTEX AT
(0, 0, 16).

o LEVEL CURVES ARE CIRCLES CENTERED AT THE ORIGIN WITH RADII \( R = \sQrT{16 - Z} ), exisTinG For aLL \( Z
\LEQ 16 \).

e THE MAXIMUM LEVEL CURVE OCCURS AT Z = 16, REDUCING TO A POINT AT THE APEX.

AsZ DECREASES, THE CIRCLES EXPAND OUT\W ARD, REPRESENTING THE PARABOLOID’S WIDENING SHAPE.

SKETCHING THESE LEVEL CURVES PROVIDES A VISUAL UNDERSTANDING OF THE SURFACE'S STRUCTURE AND AIDS IN
VARIOUS APPLICATIONS ACROSS SCIENCES AND ENGINEERING.

BY MASTERING THE PROCESS OF SKETCHING LEVEL CURVES FOR FUNCTIONS LIKE \( F



FREQUENTLY ASkeD QUESTIONS

\WHAT ARE THE LEVEL CURVES OF THE FUNCTION F(X, Y) = 16 - x2 - Y2 FOR A GIVEN
Z VALUE?

THE LEVEL CURVES ARE CIRCLES CENTERED AT THE ORIGIN WITH RADIUS [F] (16 - Z), REPRESENTING ALL POINTS (X, Y) WHERE
THE FUNCTION EQUALS Z.

How DO THE LEVEL CURVES CHANGE AS Z VARIES FROM O TO 16°?

As Z INCREASES FROM O TO 16, THE CIRCLES’ RADII DECREASE FROM 4 TO O, SHRINKING TOWARD THE ORIGIN; FOR Z > 16,
THERE ARE NO REAL LEVEL CURVES.

\WHAT IS THE GEOMETRIC INTERPRETATION OF THE LEVEL CURVE AT Z = Or

AT Z= O/ THE LEVEL CURVE IS THE CIRCLE X? + Y2 = 16 WITH RADIUS 4/ REPRESENTING THE OUTERMOST BOUNDARY WHERE
THE FUNCTION EQUALS ZERO.

ARE THE LEVEL CURVES OF F(X, Y) = 16 - X2 - Y2 ALWAYS CIRCLES? WHY?

YES, BECAUSE FOR EACH FIXED Z BETWEEN O AND 16, THE LEVEL CURVE SATISFIES X2 + Y2 = 16 - Z, WHICH IS A CIRCLE
CENTERED AT THE ORIGIN.

\WHAT IS THE SIGNIFICANCE OF THE MAXIMUM VALUE OF Z FOR THIS FUNCTION?

THE MAXIMUM Z VALUE IS 16, 0CCURRING AT THE POINT (0,0), WHERE X2 + Y2 = O; AT THIS POINT, THE LEVEL CURVE
REDUCES TO A SINGLE POINT.

How CAN YOU SKETCH THE LEVEL CURVES FOR DIFFERENT Z VALUES OF THIS FUNCTION?

PLOT CIRCLES CENTERED AT THE ORIGIN WITH RADII[}] (16 - Z), For Z IN[Q, 16], WITH THE RADIUS DECREASING AS Z
INCREASES, AND MARK THE POINT (0,0) For Z=16.

\WHAT SURFACE DOES THE FUNCTION F(X, ¥) = 16 - x2 - Y2 REPRESENT?

IT REPRESENTS A DOWNW ARD-OPENING PARABOLOID (A PARABOLOID OF REVOLUTION) CENTERED AT THE ORIGIN, WITH ITS
MaxIMUM AT (0,0) AND HEIGHT 16.

ADDITIONAL RESOURCES

UNDERSTANDING LEVEL CURVES oF THE FUNCTION \( F(X, ¥) = 16 - x"2 - ¥v*2 \): A COMPREHENSIVE ANALYSIS

INTRODUCTION TO LEVEL CURVES AND THEIR SIGNIFICANCE

LEVEL CURVES, ALSO KNOWN AS CONTOUR LINES, ARE FUNDAMENTAL TOOLS IN MULTIVARIABLE CALCULUS AND MATHEMATICAL
VISUALIZATION. THEY OFFER A VISUAL REPRESENTATION OF A FUNCTION \( F(x, Y) \) BY DEPICTING CURVES ALONG WHICH THE
FUNCTION MAINTAINS A CONSTANT VALUE \( Z \). THESE CURVES PROVIDE VALUABLE INSIGHTS INTO THE BEHAVIOR,
TOPOLOGY, AND GEOMETRIC NATURE OF THE FUNCTION'S GRAPH.



IN THIS DISCUSSION, WE FOCUS ON THE SPECIFIC FUNCTION:

\[
F(x,v)=16-x"2-v"2
\]

AND ANALYZE ITS LEVEL CURVES CORRESPONDING TO VARIOUS VALUES ofF \( Z \), 1.E., THE SETS oF POINTS \( (X, Y) \)
wHere \( F(x, v) =7 \).

MATHEMATICAL FORMULATION OF LEVEL CURVES

GENERAL EQUATION FORr LEVEL CURVES

For A GIVEN CONSTANT \( Z \), THE LEVEL CURVE IS DEFINED BY:

\[
F(x,v)=12Z
\]

WHICH, FOR OUR FUNCTION, BECOMES:

\[
16-x"2-vy"2=17
\]

REARRANGED AS:

\[
x 2 +vy"2=16-17
\]

THIS IS A CIRCLE CENTERED AT THE ORIGIN WITH RADIUS \( R \), WHERE:

\[
R = \srT{16 - 7}
\]

DoMaIN oF VALY For \( Z \)

SINCE \( R \) MUST BE REAL AND NON-NEGATIVE, THE RANGE OF \( Z \) THAT PRODUCES VALID LEVEL CURVES IS:

\[
16 - Z \Geq O \RiGHTARROW Z \LEQ 16

\]

ADDITIONALLY, BECAUSE \( X2 + ¥"*2 \ceQ 0 \), THE MAXIMUM \( Z \) OCCURS AT THE ORIGIN:

\[
F(0,0)=16



\]

AND THE MINIMUM VALUE oF \( F \) TENDS TowWARD NEGATIVE INFINITY AS \( x \) AND \( ¥ \) TEND TO INFINITY.
THEREFORE, THE SET OF ALL LEVEL CURVES IS CHARACTERIZED BY:

-For \(Z < 16 \): circLes oF rADIUS \( R = \sQrT{16 - 7} \).

-For \(Z=16\): A SINGLE POINT AT THE ORIGIN.
-For \(Z> 16 \): NO REAL LEVEL CURVES (SINCE THE SQUARE ROOT BECOMES IMAGINARY ).

GRAPHICAL INTERPRETATION OF LEVEL CURVES

GeoMeTRIC NATURE oF THE CURVES

THe LEVEL cURVES of \( F(x, Y) \) ARE CIRCLES CENTERED AT THE ORIGIN. As \( Z \) VARIES:
- WHen \( Z \) APPROACHES 16 FROM BELOW, THE RADIUS OF THE CIRCLE SHRINKS TO ZERO, CULMINATING IN THE POINT \( (O,
0.

- WHen \( Z \) DECREASES, THE RADIUS INCREASES, AND THE CIRCLES EXPAND OUTW ARD.
- WHEN \( Z \) TENDS TOWARD NEGATIVE INFINITY, THE CIRCLES GROW WITHOUT BOUND.

THIS PATTERN INDICATES THAT THE FUNCTION'S GRAPH IS A PARABOLOID OPENING DOWNWARD, WITH THE MAXIMUM AT THE
ORIGIN.

VISsUALIZING THE LEVEL CURVES

IMAGINE A TOPOGRAPHICAL MAP:
- THe HIGHEST POINT (PEAK) AT \( Z = 16 \) CORRESPONDS TO THE TIP AT THE ORIGIN.

- AS YOU MOVE AWAY FROM THE ORIGIN, THE VALUE OF \( F \) DECREASES, AND THE LEVEL CURVES BECOME LARGER CIRCLES.
- THE CONTOURS ARE CONCENTRIC CIRCLES CENTERED AT THE ORIGIN, EACH REPRESENTING A DIFFERENT CONSTANT VALUE.

ExpLICIT ExAMPLES OF LEVEL CURVES

|_ETIS EXAMINE SPECIFIC VALUES OF \( VA \) AND THEIR CORRESPONDING LEVEL CURVES:
1.AT\(Z=16\):

\[
x"2 +v*2 = 0 \RichTArRROW (X, Y) = (0, 0)

\]

= A SINGLE POINT AT THE ORIGIN.
- THIS IS THE MAXIMUM OF THE FUNCTION.

2.AT\(Z=12\):



\[
x"2+¥"2=16-12=4

\]

- A circLE wITH RADIUS \( R = \sqrT{4} = 2 \).
3.AT\(Z=8)\):

\[

x"2+y"2=16-8=8

\]

- Rabius \(r = \s@rT{8} \aPPrOX 2.83 \).
4. ATN(Z=0\):

\[

x"2+vy*2=16

\]

-Rabius \(r=41\).
5.AT\(Z=-4\)

\[

x"2 +v*2=20

\]

- Rabius \( r \apProx 4.47 \).
6. AT\N(Z=-16\):

\[

x"2 +vy*2 =232

\]

- Rabius \( r \aPProX 5.66 \).

THESE EXAMPLES SHOW HOW THE CIRCLES GROW LARGER AS \( Z \) DECREASES, ILLUSTRATING THE INCREASING “RADIUS” OF
THE LEVEL CURVES AS THE FUNCTION VALUE DROPS.

ANALYZING THE SHAPE AND PROPERTIES OF THE LEVEL CURVES

CoNceNTRIC CIRCLES AND SYMMETRY

- THE LEVEL CURVES ARE PERFECT CIRCLES, WHICH ARE HIGHLY SYMMETRIC.
- THE SYMMETRY IS RADIAL ABOUT THE ORIGIN, WHICH SIMPLIFIES ANALYSIS AND VISUALIZATION.
- Tre FuncTIioN \( F(X, Y) \) IS RADIALLY SYMMETRIC; IT DEPENDS ONLY ON \( R = \sQrT{x"2 + v*2} \).



IMPLICATIONS OF RADIAL SYMMETRY

- THE FUNCTION'S VALUE DECREASES UNIFORMLY AS WE MOVE AWAY FROM THE ORIGIN.
- THE CONTOURS ARE EQUIDISTANT FROM THE CENTER, EMPHASIZING THE UNIFORM RATE OF CHANGE IN ALL DIRECTIONS.

GRADIENT AND DIRECTION OF STEEPEST ASCENT

- THe GrRADIENT VECTOR oF \( F \) Is:

\[
\NABLA F(x, ¥) = \LerT( -2x%, -2Y \RIGHT)

\]

- AT ANy POINT \( (X, ¥) \), THE GRADIENT POINTS RADIALLY INWARD TOWARD THE ORIGIN, INDICATING THE DIRECTION OF THE
STEEPEST INCREASE.
- THE MAGNITUDE OF THE GRADIENT:

\[
\NnasLA F| = 2 \sQrT{x"2 + v"2} = 2r

\]

- THE GRADIENT IS PERPENDICULAR TO THE LEVEL CURVES, WHICH ALIGNS WITH THE GEOMETRIC INTERPRETATION THAT THE
GRADIENT IS NORMAL TO THE CONTOUR LINES.

VIsUALIZING THE 3D SUrRrACE AND ITs LeveL CURVES

GraPH of \(F(x, Y) \)

- THE SURFACE IS A PARABOLOID OPENING DOWNWARD, WITH A MAXIMUM AT THE ORIGIN.
- THE SURFACE CAN BE VISUALIZED AS A BOWL-SHAPED STRUCTURE WITH THE APEX AT \( (0, O, 16) \).

CoNToUr MAP AND ITS FEATURES

- THE LEVEL CURVES FORM A FAMILY OF CONCENTRIC CIRCLES.
- THE CONTOURS BECOME LARGER AS \( Z \) DECREASES, ILLUSTRATING THE “BASIN” SHAPE OF THE PARABOLOID.
- THE CONTOURS CAN BE PLOTTED IN THE \( XY \)-PLANE AS A SET OF CIRCLES WITH RADII DEPENDING ON \( Z \).

CrROSS-SECTIONAL ANALYSIS

- CUTTING THE SURFACE WITH A PLANE PARALLEL TO THE \( XY \)-PLANE AT HEIGHT \( Z \):

\[
x"2+vy*2=16-17
\]

- THE CROSS-SECTION REVEALS THE CIRCLE CORRESPONDING TO THAT LEVEL.



APPLICATION AND SIGNIFICANCE IN V ARIOUS FIELDS

TOPOGRAPHY AND GEOGRAPHY

- LEVEL CURVES RESEMBLE CONTOUR LINES ON A TOPOGRAPHICAL MAP.
- THEY HELP VISUALIZE ELEVATION LEVELS, SLOPES, AND TERRAIN FEATURES.

PHYSICS AND ENGINEERING

- USED IN POTENTIAL FIELDS, ELECTROSTATICS, AND GRAVITATIONAL FIELDS.
- UNDERSTANDING THE BEHAVIOR OF FIELDS VIA THEIR EQUIPOTENTIAL LINES.

OPTIMIZATION AND DATA ANALYSIS

- LEVEL CURVES ASSIST IN VISUALIZING THE LANDSCAPE OF COMPLEX FUNCTIONS.
- THEY HELP IDENTIFY MAXIMA, MINIMA, AND SADDLE POINTS.

SUMMARY AND KEY T AKEAWAYS

- Tre FUNcTION \( F(x, Y) = 16 - x*2 - ¥v"2 \) PRODUCES CIRCULAR LEVEL CURVES CENTERED AT THE ORIGIN.
- THESE CIRCLES ARE DESCRIBED BY THE EQUATION:

\[
x"2+vy"2=16-17
\]

AND ARE VALID FOR \( Z \LEQ 16 \).

- THE MAXIMUM VALUE OF THE FUNCTION OCCURS AT THE ORIGIN (\( Z=16 \)), WITH THE LEVEL CURVE REDUCING TO A POINT.
- As \('Z \) DECREASES, THE RADIUS OF THE CIRCLES INCREASES, ILLUSTRATING THE PARABOLOID'S EXPANSION.

- THE SYMMETRY AND GEOMETRIC SIMPLICITY OF THESE CURVES MAKE THEM IDEAL FOR VISUALIZING THE SURFACE AND
UNDERSTANDING THE BEHAVIOR OF THE FUNCTION.

CoNCLUSION

THE STUDY OF LEVEL CURVES FOR \( F(x, Y) = 16 - x"2 - ¥"2 \) PROVIDES PROFOUND INSIGHTS INTO THE STRUCTURE AND
GEOMETRY OF THE FUNCTION'S GRAPH. THESE CURVES, BEING CONCENTRIC CIRCLES, ELEGANTLY DEMONSTRATE THE RADIAL
SYMMETRY AND THE PARABOLOID’S SHAPE. VISUALIZING THESE CONTOURS AIDS IN GRASPING COMPLEX SURFACE BEHAVIOR,
OPTIMIZING FUNCTIONS, AND MODELING REAL-WORLD PHENOMENA SUCH AS TOPOGRAPHY
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