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Understanding the behavior of electromagnetic waves is fundamental in physics
and engineering, particularly in fields such as telecommunications, optics,
and radio frequency engineering. The derivation of the wave equation from
Maxwell's equations provides a comprehensive framework for describing how
electromagnetic waves propagate through space. In this article, we will
methodically start with Maxwell's equations in free space and derive the
expression that characterizes the propagation of a plane electromagnetic
wave. This systematic approach not only emphasizes the theoretical basis of
wave phenomena but also elucidates the physical principles underlying wave
propagation.

Maxwell's Equations in Free Space

Maxwell's equations form the foundation of classical electromagnetism. In
free space (vacuum), where there are no free charges or currents, Maxwell's
equations simplify to a form that is ideal for analyzing wave propagation.
The four equations are:

Gauss's Law for Electricity
\[
\nabla \cdot \mathbf{E} = 0
\]
Indicates that there are no free charges in free space, so the divergence of
the electric field \(\mathbf{E}\) is zero.

Gauss's Law for Magnetism
\[
\nabla \cdot \mathbf{B} = 0
\]
States that magnetic monopoles do not exist; magnetic field lines are
continuous.

Faraday's Law of Induction
\[
\nabla \times \mathbf{E} = - \frac{\partial \mathbf{B}}{\partial t}
\]
Describes how a time-varying magnetic field induces an electric field.



Maxwell-Ampère Law (in free space)
\[
\nabla \times \mathbf{B} = \mu_0 \epsilon_0 \frac{\partial
\mathbf{E}}{\partial t}
\]
Expresses how a time-varying electric field induces a magnetic field, with
\(\mu_0\) being the permeability of free space and \(\epsilon_0\) the
permittivity.

Deriving the Wave Equation From Maxwell's
Equations

To analyze wave propagation, the goal is to derive a second-order
differential equation—the wave equation—for the electric and magnetic fields.
This involves taking the curl of Faraday's law and substituting from the
Maxwell-Ampère law.

Step 1: Take the Curl of Faraday's Law
\[
\nabla \times (\nabla \times \mathbf{E}) = - \frac{\partial}{\partial t}
(\nabla \times \mathbf{B})
\]

Applying the vector calculus identity:
\[
\nabla \times (\nabla \times \mathbf{E}) = \nabla (\nabla \cdot \mathbf{E}) -
\nabla^2 \mathbf{E}
\]
Since \(\nabla \cdot \mathbf{E} = 0\) in free space, this simplifies to:
\[
- \nabla^2 \mathbf{E} = - \frac{\partial}{\partial t} (\nabla \times
\mathbf{B})
\]

Step 2: Substitute \(\nabla \times \mathbf{B}\) from
Maxwell-Ampère Law
\[
- \nabla^2 \mathbf{E} = - \frac{\partial}{\partial t} \left( \mu_0 \epsilon_0
\frac{\partial \mathbf{E}}{\partial t} \right) = - \mu_0 \epsilon_0
\frac{\partial^2 \mathbf{E}}{\partial t^2}
\]

Rearranged, this gives the wave equation for the electric field:
\[
\nabla^2 \mathbf{E} = \mu_0 \epsilon_0 \frac{\partial^2 \mathbf{E}}{\partial
t^2}
\]

Similarly, for the magnetic field, take the curl of Faraday's law and
substitute from the Maxwell-Ampère law to obtain:
\[



\nabla^2 \mathbf{B} = \mu_0 \epsilon_0 \frac{\partial^2 \mathbf{B}}{\partial
t^2}
\]

Solution to the Wave Equation: Plane Wave
Assumption

The wave equations derived are classical second-order partial differential
equations. Solutions to these equations in free space are well-understood and
describe wave phenomena, including plane waves.

Assumption of a Plane Wave
A plane wave propagates in a specific direction with electric and magnetic
fields oscillating sinusoidally. The general form of a plane wave traveling
in the \(\mathbf{k}\) direction can be expressed as:
\[
\mathbf{E}(\mathbf{r}, t) = \mathbf{E}_0 \, f(\mathbf{k} \cdot \mathbf{r} - v
t)
\]
\[
\mathbf{B}(\mathbf{r}, t) = \mathbf{B}_0 \, f(\mathbf{k} \cdot \mathbf{r} - v
t)
\]
where:

- \(\mathbf{E}_0\) and \(\mathbf{B}_0\) are amplitude vectors.
- \(f\) is a sinusoidal function (e.g., sine or cosine).
- \(\mathbf{k}\) is the wave vector indicating direction and wavelength.
- \(v\) is the phase velocity of the wave.

Key Properties of Plane Waves
- The electric and magnetic fields are perpendicular to the direction of
propagation (\(\mathbf{k}\)).
- The electric and magnetic fields are perpendicular to each other.
- The wave propagates without changing shape in free space.

Deriving the Explicit Expression for a Plane
Wave

Building on the assumptions, the explicit form of a plane electromagnetic
wave in free space becomes:

\[
\boxed{
\begin{aligned}
\mathbf{E}(\mathbf{r}, t) &= \mathbf{E}_0 \cos(\mathbf{k} \cdot \mathbf{r} -
\omega t + \phi_E) \\
\mathbf{B}(\mathbf{r}, t) &= \mathbf{B}_0 \cos(\mathbf{k} \cdot \mathbf{r} -
\omega t + \phi_B)



\end{aligned}
}
\]

where:

- \(\omega\) is the angular frequency (\(\omega = 2\pi f\)).
- \(\mathbf{k}\) is the wave vector (\(\|\mathbf{k}\| = k = 2\pi / \lambda\),
where \(\lambda\) is the wavelength).
- \(\phi_E\) and \(\phi_B\) are phase constants.

Relation Between Electric and Magnetic Fields
From Maxwell's equations, the electric and magnetic fields are related:
\[
\mathbf{B}_0 = \frac{1}{c} \, \hat{\mathbf{k}} \times \mathbf{E}_0
\]
where \(c\) is the speed of light in vacuum (\(c = 1/\sqrt{\mu_0
\epsilon_0}\)).

The magnitude of the fields satisfies:
\[
|\mathbf{B}_0| = \frac{|\mathbf{E}_0|}{c}
\]

Wave Propagation Direction and Polarization
- The wave vector \(\mathbf{k}\) indicates the direction of propagation.
- The electric field \(\mathbf{E}\) is perpendicular to \(\mathbf{k}\).
- The magnetic field \(\mathbf{B}\) is perpendicular to both \(\mathbf{E}\)
and \(\mathbf{k}\).

Final Expression for a Plane Electromagnetic
Wave

Combining all the above, the canonical form of a plane electromagnetic wave
propagating in direction \(\hat{\mathbf{k}}\) can be written as:

\[
\boxed{
\begin{aligned}
\mathbf{E}(\mathbf{r}, t) &= \mathbf{E}_0 \cos (\mathbf{k} \cdot \mathbf{r} -
\omega t) \\
\mathbf{B}(\mathbf{r}, t) &= \frac{1}{c} \hat{\mathbf{k}} \times \mathbf{E}_0
\cos (\mathbf{k} \cdot \mathbf{r} - \omega t)
\end{aligned}
}
\]

where \(\mathbf{E}_0\) is perpendicular to \(\hat{\mathbf{k}}\), and the
fields oscillate sinusoidally in space and time.



Summary and Practical Implications

Starting from Maxwell's equations, we derived the wave equation for
electromagnetic fields in free space. Assuming a plane wave solution, we
obtained an explicit expression describing the propagation of electromagnetic
waves. This derivation underscores the fundamental relationship between
electric and magnetic fields and the wave phenomena observed in nature and
technology.

Understanding these principles is vital for designing antennas, optical
devices, and communication systems. The explicit form of the plane wave
provides insights into wave polarization, directionality, and energy
transfer, serving as a cornerstone in electromagnetism and wave physics.

Additional Considerations

- Boundary Conditions: In real-world applications, boundary conditions at
interfaces influence wave behavior, leading to reflection, refraction, and
diffraction.

Frequently Asked Questions

What are Maxwell's equations and how do they relate
to plane wave propagation?

Maxwell's equations describe the behavior of electric and magnetic fields.
They form the foundation for understanding electromagnetic wave propagation,
including plane waves, by relating the electric and magnetic fields in free
space or media.

How can we derive the wave equation for a plane
electromagnetic wave starting from Maxwell's
equations?

By combining Maxwell's curl equations in free space and assuming plane wave
solutions, we obtain the wave equations for electric and magnetic fields,
which describe how these fields propagate as waves.

What assumptions are made when deriving the plane
wave solution from Maxwell's equations?

The derivation assumes a homogeneous, isotropic medium, time-harmonic fields,
and plane wave solutions where fields depend on position and time through a
specific phase factor, e.g., e^{i(k·r - ωt)}.

How is the electric field expressed for a plane wave
propagating in a specific direction?

The electric field can be written as E(r, t) = E₀ e^{i(k·r - ωt)} with E₀



perpendicular to the propagation direction k, satisfying the transverse
nature of electromagnetic waves.

What is the relation between the wave vector,
frequency, and wavelength in the plane wave solution?

The wave vector k relates to the wavelength λ by |k| = 2π/λ, and the angular
frequency ω relates to the frequency f by ω = 2πf. They are connected through
the dispersion relation ω = c|k| in free space.

How do Maxwell's equations ensure the transverse
nature of plane electromagnetic waves?

From Maxwell's equations, the divergence equations imply that the electric
and magnetic fields are perpendicular to the direction of propagation,
resulting in transverse waves.

What is the final expression for the electric and
magnetic fields of a plane wave propagating in free
space?

The fields are expressed as E(r, t) = E₀ e^{i(k·r - ωt)} and B(r, t) = B₀
e^{i(k·r - ωt)}, with B₀ = (1/μ₀) (k̂ × E₀)/ω, ensuring that E and B are
perpendicular and related by the intrinsic impedance of free space.

How does the derived plane wave expression relate to
the concept of electromagnetic wave propagation in
free space?

The derived expression confirms that electromagnetic waves propagate as
transverse plane waves traveling at the speed of light, with electric and
magnetic fields oscillating perpendicular to each other and the direction of
propagation.

Additional Resources
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Understanding how electromagnetic waves propagate through space is
fundamental to physics and engineering, underpinning technologies from radio
communications to optical fibers. At the core of this understanding lie
Maxwell’s equations—set of four elegant and powerful laws formulated in the
19th century by James Clerk Maxwell—that describe the behavior of electric
and magnetic fields. By starting from these foundational equations,
scientists and engineers can derive precise mathematical expressions that
characterize the behavior of plane electromagnetic waves as they travel
through free space or various media.

This article provides a comprehensive guide to deriving the mathematical form
of a plane wave propagating through space by starting from Maxwell’s
equations. We will explore the assumptions involved, systematically
manipulate the equations, and arrive at the explicit expression that



describes the wave’s electric and magnetic fields. Our goal is to present
this derivation in a clear, accessible tone that bridges rigorous physics
with practical understanding.

---

Maxwell’s Equations in Free Space

Maxwell’s equations are a set of four partial differential equations
describing the behavior of electric and magnetic fields (\(\mathbf{E}\) and
\(\mathbf{B}\)). In free space—where there are no free charges (\(\rho = 0\))
or currents (\(\mathbf{J} = 0\))—they simplify to:

1. Gauss’s Law for Electricity:

\[
\nabla \cdot \mathbf{E} = 0
\]

2. Gauss’s Law for Magnetism:

\[
\nabla \cdot \mathbf{B} = 0
\]

3. Faraday’s Law of Induction:

\[
\nabla \times \mathbf{E} = - \frac{\partial \mathbf{B}}{\partial t}
\]

4. Ampère-Maxwell Law:

\[
\nabla \times \mathbf{B} = \mu_0 \varepsilon_0 \frac{\partial
\mathbf{E}}{\partial t}
\]

Here, \(\varepsilon_0\) is the permittivity of free space, and \(\mu_0\) is
the permeability of free space. These equations form the starting point of
our derivation.

---

Assumptions for Plane Wave Solutions

Before deriving the wave equations, it’s important to specify the assumptions
that lead to a plane wave solution:

- Homogeneity and Isotropy: The medium is uniform in space, with the same
properties everywhere.
- No Free Charges or Currents: As stated, \(\rho = 0\) and \(\mathbf{J} =
0\).
- Time-Harmonic Fields: Fields vary sinusoidally with time, i.e., fields are



proportional to \(e^{j(\mathbf{k} \cdot \mathbf{r} - \omega t)}\), where
\(\mathbf{k}\) is the wavevector, \(\omega\) is the angular frequency, and
\(j = \sqrt{-1}\).
- Plane Wave Approximation: The wavefronts are infinite planes of constant
phase, and the fields depend only on position along the propagation
direction.

Under these assumptions, the electric and magnetic fields can be expressed
as:

\[
\mathbf{E}(\mathbf{r}, t) = \mathbf{E}_0 e^{j(\mathbf{k} \cdot \mathbf{r} -
\omega t)}
\]
\[
\mathbf{B}(\mathbf{r}, t) = \mathbf{B}_0 e^{j(\mathbf{k} \cdot \mathbf{r} -
\omega t)}
\]

where \(\mathbf{E}_0\) and \(\mathbf{B}_0\) are the complex amplitude
vectors.

---

Deriving the Wave Equation from Maxwell’s
Equations

To find the explicit form of the wave, we start from Maxwell's equations and
derive the wave equation for both \(\mathbf{E}\) and \(\mathbf{B}\).

Step 1: Use Curl Equations

Applying the curl operator to Faraday’s Law:

\[
\nabla \times (\nabla \times \mathbf{E}) = - \frac{\partial}{\partial t}
(\nabla \times \mathbf{B})
\]

Using the vector calculus identity:

\[
\nabla \times (\nabla \times \mathbf{E}) = \nabla (\nabla \cdot \mathbf{E}) -
\nabla^2 \mathbf{E}
\]

Since \(\nabla \cdot \mathbf{E} = 0\), this simplifies to:

\[
- \nabla^2 \mathbf{E} = - \frac{\partial}{\partial t} (\nabla \times
\mathbf{B})
\]

Now, substitute \(\nabla \times \mathbf{B}\) from Ampère-Maxwell Law:

\[



\nabla \times \mathbf{B} = \mu_0 \varepsilon_0 \frac{\partial
\mathbf{E}}{\partial t}
\]

So,

\[
- \nabla^2 \mathbf{E} = - \mu_0 \varepsilon_0 \frac{\partial^2
\mathbf{E}}{\partial t^2}
\]

which leads to the wave equation for the electric field:

\[
\nabla^2 \mathbf{E} = \mu_0 \varepsilon_0 \frac{\partial^2
\mathbf{E}}{\partial t^2}
\]

Similarly, applying the curl to \(\mathbf{B}\) using Faraday's law yields:

\[
\nabla^2 \mathbf{B} = \mu_0 \varepsilon_0 \frac{\partial^2
\mathbf{B}}{\partial t^2}
\]

Both \(\mathbf{E}\) and \(\mathbf{B}\) satisfy the classical wave equation
with the same wave speed:

\[
c = \frac{1}{\sqrt{\mu_0 \varepsilon_0}}
\]

which is the speed of light in vacuum.

---

Plane Wave Solutions and Their Properties

Given the wave equations, the general solutions for \(\mathbf{E}\) and
\(\mathbf{B}\) are plane waves propagating in a particular direction. Without
loss of generality, assume the wave propagates in the \(z\)-direction. Then,
the electric and magnetic fields can be written as:

\[
\mathbf{E}(z, t) = \mathbf{E}_0 e^{j(kz - \omega t)}
\]
\[
\mathbf{B}(z, t) = \mathbf{B}_0 e^{j(kz - \omega t)}
\]

where:

- \(k = |\mathbf{k}| = \frac{\omega}{c}\) is the wave number.
- \(\mathbf{E}_0\) and \(\mathbf{B}_0\) are constant amplitude vectors
perpendicular to the direction of propagation.

Transversality of Fields



Maxwell’s equations impose the following conditions:

- \(\nabla \cdot \mathbf{E} = 0 \Rightarrow \mathbf{E}_0 \perp \mathbf{k}\)
- \(\nabla \cdot \mathbf{B} = 0 \Rightarrow \mathbf{B}_0 \perp \mathbf{k}\)

Furthermore, from Faraday’s Law and the Ampère-Maxwell Law, the electric and
magnetic fields are mutually perpendicular and related by:

\[
\mathbf{B}_0 = \frac{1}{c} \hat{\mathbf{k}} \times \mathbf{E}_0
\]

This indicates that the electric and magnetic fields are orthogonal both to
each other and to the direction of propagation.

---

Explicit Expression for the Plane
Electromagnetic Wave

Combining the above insights, the explicit form of a plane electromagnetic
wave propagating in the \(z\)-direction is:

\[
\boxed{
\begin{aligned}
\mathbf{E}(z, t) &= \Re \left\{ \mathbf{E}_0 e^{j(kz - \omega t)} \right\} \\
\mathbf{B}(z, t) &= \Re \left\{ \frac{1}{c} \hat{\mathbf{k}} \times
\mathbf{E}_0 e^{j(kz - \omega t)} \right\}
\end{aligned}
}
\]

where:

- \(\mathbf{E}_0\) is an arbitrary vector perpendicular to
\(\hat{\mathbf{k}}\).
- \(\hat{\mathbf{k}}\) is the unit vector in the propagation direction.
- The fields are sinusoidal in space and time, representing a monochromatic
wave.

Special Case: Linear Polarization

Suppose the wave is linearly polarized along the \(x\)-axis:

\[
\mathbf{E}_0 = E_0 \hat{\mathbf{x}}
\]

then,

\[
\mathbf{E}(z, t) = E_0 \hat{\mathbf{x}} \cos(kz - \omega t)
\]
\[
\mathbf{B}(z, t) = \frac{E_0}{c} \hat{\mathbf{y}} \cos(kz - \omega t)



\]

This describes a wave with electric
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