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Introduction

In the study of real analysis, the concept of limits is fundamental to understanding the behavior of
functions near specific points. When dealing with functions defined on subsets of real numbers, the
notion of an accumulation point (or limit point) becomes essential. An accumulation point \(X_0\) of a
domain \(D\) is a point where, intuitively, the domain "accumulates," meaning that in every
neighborhood of \(X_0\), there are points of \(D\) different from \(X_0\) itself.

Suppose we have a function \(F: D \subseteq \mathbb{R} \to \mathbb{R}\), where \(X_0\) is an
accumulation point of the domain \(D\). We are given that the function \(F\) has two limits at \(X_0\),
say \(L_1\) and \(L_2\). The question arises: Are these limits necessarily equal?

This is a fundamental question in the theory of limits, and its answer hinges on the uniqueness of
limits. The goal of this article is to rigorously prove that if a function has a limit approaching a point
\(X_0\) along all sequences in \(D\) converging to \(X_0\), then this limit must be unique. Specifically,
we will prove that \(L_1 = L_2\), given that both are limits of \(F\) at \(X_0\).

This proof not only solidifies our understanding of limits but also emphasizes the importance of the
limit's uniqueness property, which is a cornerstone in real analysis and calculus.

Understanding Accumulation Points and Limits
What Is an Accumulation Point?

An accumulation point \(X_0\) of a set \(D \subseteq \mathbb{R}\) is a point such that every
neighborhood of \(X_0\) contains at least one point of \(D\) different from \(X_0\). Formally:

- For every \(\varepsilon > 0\), the punctured neighborhood \((X_0 - \varepsilon, X_0 + \varepsilon)
\setminus \{X_0\}\) contains at least one point \(x \in D\).

This concept is crucial because it ensures that \(X_0\) can be approached by points of \(D\) other than
\(X_0\) itself.

Limits of a Function at an Accumulation Point

Given a function \(F: D \subseteq \mathbb{R} \to \mathbb{R}\) and an accumulation point \(X_0\) of
\(D\), the limit of \(F\) at \(X_0\), denoted \(\lim_{x \to X_0} F(x) = L\), means:

- For every \(\varepsilon > 0\), there exists a \(\delta > 0\) such that for all \(x \in D\), if \(0 < |x - X_0|



< \delta\), then \(JF(x) - L| < \varepsilon\).

This definition captures the idea that as \(x\) approaches \(X_0\) through the domain \(D\), the
function values \(F(x)\) approach the real number \(L\).

The Uniqueness of Limits: Statement and Significance
Theorem Statement

Theorem: If \(F: D \subseteq \mathbb{R} \to \mathbb{R}\) has a limit \(L_1\) at \(X_0\) and also a limit
\(L_2\) at \(X_0\), where \(X_0\) is an accumulation point of \(D\), then:

\[

L1=L2

\]
Significance

This theorem ensures that the limit of a function at a point, if it exists, is unique. It prevents ambiguity
in the analysis of functions and guarantees consistency in calculus. The proof relies on the very
definitions of limits and the properties of real numbers.

Step-by-Step Proof of Limit Uniqueness
Assumptions

-\(X_0\) is an accumulation point of \(D\).

-\(F: D \to \mathbb{R}\).

-\(L_1\) and \(L_2\) are two limits of \(F\) at \(X_0\).
Goal

Prove that:

\[

L1=L2

\]

Proof Outline

The proof proceeds by contradiction, assuming \(L_1 \neq L 2\), and demonstrating that this
assumption leads to inconsistency with the definitions of the limits.

Step 1: Assume \(L_1 \neq L_2\)



Suppose, for contradiction, that:

\[
L 1\neqlL_2
\]

Without loss of generality, assume that:

\[

IL1-L2|=\delta>0

\]

Step 2: Choose \(\varepsilon\) to distinguish the limits

Set \(\varepsilon = \frac{\delta}{3}\). Since \(\varepsilon > 0\), both limits \(L_1\) and \(L_2\) satisfy
their respective limit definitions.

Step 3: Apply the definition of limits for \(L_1\) and \(L_2\)
- Because \(F\) tends to \(L_1\) at \(X_0\), there exists \(\delta_1 > 0\) such that:

\[
\text{for all } x\inD,\, 0 < |x - X_0] < \delta_1 \implies |F(x) - L_1| < \varepsilon
\]

- Similarly, because \(F\) tends to \(L_2\) at \(X_0\), there exists \(\delta_2 > 0\) such that:

\[

\text{for all } x\inD,\, 0 < |x - X_0] < \delta_2 \implies |F(x) - L_2| < \varepsilon
\]

Step 4: Find a common neighborhood

Let:

\[
\delta_0 = \min(\delta_1, \delta_2)
\]

Since \(X_0\) is an accumulation point of \(D\), there exists \(x \in D\), with \(x \neq X_0\), such that:

\[

[x - X_0] <\delta_0

\]

Step 5: Derive a contradiction

For this \(x\), the limit approximations imply:

\[
[F(x) - L 1| < \varepsilon



\]

\[

|F(x) - L 2| < \varepsilon

\]

by the definitions of the limits.

Applying the triangle inequality:

\[

IL1-L2|=|(L_1-F(x))+ (F(x)-L2)|\leq|L_1-F(x)|+ |F(x)-L_2|<\varepsilon + \varepsilon =
2\varepsilon = \frac{2\delta} {3}

\]

But this contradicts our initial assumption that:

\[
IL_1-L 2| =\delta
\]

since:

\[

\delta = |L_1- L 2| < \frac{2\delta} {3}

\]

which simplifies to:

\[

\delta < \frac{2\delta} {3} \implies 3\delta < 2\delta \implies \delta < 0
\]

This is impossible because \(\delta > 0\) by our assumption.

Conclusion

The contradiction arises from the assumption that \(L_1 \neq L_2\). Therefore, it must be that:

\[
L1=L2
\]

Implications and Applications
Limit Uniqueness and Continuity
The proven uniqueness of limits is crucial for defining continuous functions. A function \(F\) is

continuous at \(X_0\) if \(\lim_{x \to X_0} F(x) = F(X_0)\). The uniqueness of the limit guarantees that
this definition is well-posed.



Limit Laws and Calculus

- Limit Laws: The proof supports algebraic operations involving limits, such as sum, difference,
product, and quotient, which rely on the limits' uniqueness.

- Derivative Definition: The derivative \(F'(X_0)\) is defined as a limit, and the uniqueness ensures that
the derivative, if it exists, is unique.

Practical Examples

1. Piecewise Functions: When analyzing functions defined differently over various intervals, the limit
at boundary points must be unique for the function to be well-behaved.

2. Sequences and Series: The concept extends to sequences, where the limit of a sequence, if it
exists, is unique, vital for

Frequently Asked Questions

What is the significance of an accumulation point Xo in the
context of limits of a function F : D » R?

An accumulation point Xo of the domain D is a point where every neighborhood contains infinitely
many points of D, which allows us to analyze the behavior of F near Xo and define limits at that point.

If the limits L1 and Lz of a function F at Xo exist, under what
conditions are they guaranteed to be equal?

They are guaranteed to be equal if the limit of F at Xo exists, meaning the limit is unique regardless of
the sequence approaching Xo within D, which is typically established by the function being well-
behaved (e.g., continuous) around Xo.

How do we prove that the limits L. and L: of F at an
accumulation point Xo are equal?

To prove L1 = L2, we assume both limits exist, then show that for any € > 0, there exists a & > 0 such
that for all x in D with 0 < |x - Xo| < 8, |F(x) - L1] < € and |F(x) - Lz| < €. From this, it follows that |L: -
L2| < 2¢, and since € is arbitrary, L1 = La.

What role does the concept of sequences play in establishing
the equality of limits at an accumulation point?

Sequences approaching Xo within D are used to define limits. If every sequence {x_n} converging to
Xo yields F(x_n) converging to the same limit, then the limit is unique, implying L1 = L.

Why is the property of the domain D having Xo as an



accumulation point crucial for the existence of limits L. and
L2?

Because the existence of limits at Xo requires the ability to approach Xo through points in D; if Xo is
not an accumulation point, the limit may not be well-defined or may depend on the approach,
preventing the conclusion that L1 = La.

Can a function have different limits L. and Lz at an
accumulation point Xo? If not, how do we justify the equality?

No, under standard limit definitions, if both limits exist, they must be equal. The justification comes
from the fact that the limit, if it exists, is unique, which is proven by showing that any two limits must
coincide via the epsilon-delta argument or sequence approach.

Additional Resources

Suppose F : D » R with Xo an accumulation point of D. Assume L: and Lz are limits of F at Xo. Prove L1
= |2,

Investigating the Uniqueness of Limits for Functions at Accumulation Points

The question of whether a function's limit at a point is unique has long stood as a fundamental
concern within real analysis. When analyzing functions with domains containing an accumulation
point, establishing the uniqueness of the limit—if it exists—is crucial for understanding their behavior
and ensuring the consistency of calculus operations such as differentiation and integration.

This article offers a detailed exploration of this topic, beginning with the precise formulation of the
problem, followed by a rigorous proof that if two limits exist at an accumulation point, then these

limits must be equal. The investigation draws upon fundamental concepts in topology and analysis,
illustrating the importance of the properties of accumulation points and the formal definition of limits.

Setting the Stage: Definitions and Fundamental Concepts
1. The Domain and Accumulation Points

Let \( D \subseteq \mathbb{R} \) be a domain, and \( X_0 \in \mathbb{R} \) an accumulation point of
\( D). By definition, this means:

> For every \( \delta > 0), there exists some \( x \in D \) such that \( 0 < |x - X_0| < \delta \).

This ensures that points of \( D \) can be found arbitrarily close to \( X_0), but \( X_0) itself need not
necessarily be in \( D \).

2. Limits of a Function at an Accumulation Point



Given a function \( F: D \to \mathbb{R} \) and a point \( X 0), the limit of \( F\) at \( X_0) (denoted
as \(\lim_{x\to X_0} F(x)\)) is defined as follows:

> Definition: \( L\in \mathbb{R} \) is a limit of \( F\) at \( X_0) if, for every \( \varepsilon > 0), there

exists \(\delta > 0\) such that for all \( x \in D \) with \( 0 < |x - X 0] <\delta\), we have \( |[F(x) - L| <
\varepsilon \).

The Core Question and Its Significance
Suppose \( F : D \to \mathbb{R} \) has two limits at \( X_0):

S\(L_1 =\lim_{x \to X_0} F(x)\),
\(L_2 = \lim_{x \to X_0} F(x)\).

The question: Are \( L_1\) and \( L_2\) necessarily equal?
This question is crucial because, in classical analysis, the limit of a function at a point—if it exists—is

unique. Confirming this rigorously involves understanding the properties of limits, sequences, and the
topology of the real line.

The Fundamental Theorem: Uniqueness of Limits at an Accumulation Point

1. Statement of the Theorem

Theorem:

Let \( F: D \to \mathbb{R} \), with \( X_0\) an accumulation point of \( D\). If \(L_1\) and \( L 2) are
both limits of \( F\) at \( X_0\), then\(L_ 1 =1L 2\).

2. Intuitive Explanation

The theorem asserts that the limit of a function at a particular point, if it exists, cannot be ambiguous.

This aligns with the common understanding that limits, when they exist, are unique. The proof hinges
on the contradiction that arises if two different limits are assumed.

The Rigorous Proof: Demonstrating the Uniqueness of Limits
1. Assumption for Contradiction

Suppose, for the sake of contradiction, that there are two limits \( L_1\) and \( L_2\) at \( X_0), with
\( L 1\neqgL 2\). Without loss of generality, assume:

\[
[L.1-L 2| =\varepsilon 0> 0.
\]



2. Applying the Definition of Limits
By the definition of limits, for any \( \varepsilon > 0), there exist \( \delta_1, \delta_2 > 0) such that:
- For all \( x \in D \setminus \{X_0\} \) with \( [x - X 0] <\delta 1\):

\[
|F(x) - L 1| < \frac{\varepsilon_ 0}{2}.
\]

- For all \( x \in D \setminus \{X_0\} \) with \( [x - X 0] <\delta_2):

\[
[F(x) - L_2| < \frac{\varepsilon_0}{2}.
\]

3. Construction of a Sequence Leading to a Contradiction

Since \( X_0) is an accumulation point of \( D \), for any \( \delta > 0), there's an \( x \in D \) such
that \( 0 < |x - X_0| < \min(\delta, \delta_1, \delta_2) \). Choose \( \delta = \min(\delta_1, \delta_2) \).
Then, there exists some \( x \in D \setminus \{X_0\} \) with:

\[
|x - X_0] <\delta,
\]

and so:

\[
[F(x) - L_1] < \frac{\varepsilon 0}{2},
\]
\[
[F(x) - L 2| < \frac{\varepsilon 0}{2}.
\]

4. Deriving the Contradiction

Using the triangle inequality:

\[

IL.1-L_2|\leq|L_1-F(x)]+ |F(x)-L_2| <\frac{\varepsilon_0}{2} + \frac{\varepsilon_0}{2} =
\varepsilon_0.

\]

But we initially assumed:

\[
[L_1-L 2| =\varepsilon_ 0,
\]

which contradicts the inequality above. Hence, our assumption that \( L 1 \neq L 2 \) must be false.



5. Conclusion

Therefore:
\[
L1=1L2,
\]

which confirms the uniqueness of the limit at the accumulation point \( X_0\).

Broader Implications and Applications

1. Consistency in Calculus

The proof guarantees that when dealing with limits of functions at accumulation points, the value of
the limit, if it exists, is unambiguous. This is foundational for defining derivatives, integrals, and
continuity.

2. Continuity and Limit Behavior

This result underpins the formal definition of continuity at a point. A function \( F \) is continuous at \(
X 0\ if:

tl[im_{x \to X 0} F(x) = F(X_0),

\]

which is well-defined only if the limit exists and is unique.

3. Limit Preservation Under Operations

The uniqueness of limits facilitates the development of algebraic rules involving limits, such as:

- Limit of sums: \( \lim_{x \to X_0} [F(x) + G(x)] = \lim_{x \to X_0} F(x) + \lim_{x \to X_0} G(x)\),

- Limit of products,
- Limit of quotients (where the denominator's limit is non-zero).

Additional Considerations and Extensions

1. Limits Along Sequences

The proof can be extended to limits along sequences converging to \( X_0\). If for any sequence \(
(x_n) \subset D \setminus \{X_0\} \) converging to \( X_0), the sequence \( (F(x_n)) \) converges to a

limit, then that limit must be unique.

2. Limits in More General Topological Spaces



While this discussion is confined to \( \mathbb{R} \), the principle extends to more general topological
spaces where the concept of accumulation points and limits is well-defined.

Final Remarks

The investigation confirms a fundamental tenet of analysis: the limit of a function at an accumulation
point, if it exists, must be unique. This property is not merely a theoretical curiosity but a cornerstone
of mathematical analysis, ensuring coherence and consistency across calculus, real analysis, and
beyond.

In summary, the core proof hinges on the definitions of limits and the properties of accumulation
points, illustrating that any assumption of two distinct limits leads to a contradiction. This
foundational result underpins much of the structure of modern analysis, cementing the idea that
limits are intrinsic characteristics of functions at their points of convergence.
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