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Introduction

Take R As The Sample Space. Describe The \(\sigma\)-algebra Generated By Sets Of The Form \([-\infty,
n]\), Where \(n \in \mathbb{R}\).

In probability theory and measure theory, the concept of a \(\sigma\)-algebra (sigma-algebra) is
fundamental for formalizing measurable spaces, which underpin the rigorous definition of probability
measures. When considering the real numbers \(\mathbb{R }\) as the sample space, understanding the
\(\sigma\)-algebras generated by particular classes of subsets provides insight into how measurable events
are constructed. One natural class of sets is the collection of all intervals of the form \([-\infty, n]\) for \(n \in
\mathbb{R}\). These sets serve as building blocks for many standard \(\sigma\)-algebras on \(\mathbb{R}\)
and are crucial in defining the Borel \(\sigma\)-algebra. This article explores in detail the \(\sigma\)-algebra

generated by these sets, its properties, and its relation to classical measurable structures on \(\mathbb{R}\).

Preliminaries and Definitions

Sample Space and Measurable Spaces

- Sample Space \(\Omega\): In this context, \(\Omega = \mathbb{R }\), the set of all real numbers.

- Measurable Space: A pair \((\Omega, \mathcal{F})\), where \(\mathcal{F}\) is a \(\sigma\)-algebra on

\(\Omega\).

- \(\sigma\)-algebra (\(\sigma\)-algebra): A collection \(\mathcal{F}\) of subsets of \(\Omega\) satisfying:
1. \(\Omega \in \mathcal{F}\),

2. If \(A \in \mathcal{F}\), then \(A’c \in \mathcal{ F}\),

3. IF\(\{A_i\}_{i=1}"\infty \subseteq \mathcal{F}\), then \(\bigcup_{i=1}"\infty A_i \in \mathcal{F}\).

Generating \(\sigma\)-algebras

- Given a class of subsets \(\mathcal{C} \subseteq 2"\Omega\), the \(\sigma\)-algebra generated by
\(\mathcal{C}\), denoted \(\sigma(\mathcal{C})\), is the smallest \(\sigma\)-algebra containing all sets in
\(\mathcal{C}\).



Sets of the Form \([-\infty, n]\): Basic Building Blocks

Definition and Intuition

- For each real number \(n\), define the set:

\

A_n = [-\infty, n] = \{ x \in \mathbb{R} : x \leq n \}

\

- These are half-infinite intervals extending from negative infinity up to \(n\).

Properties of the Sets \([-\infty, n]\)

- Monotonicity: If \(m \leq n\), then \(A_m \subseteq A_n\).

- Covering \(\mathbb{R }\): \(\bigcup_{n \in \mathbb{R}} A_n = \mathbb{R}\).

- Closed under countable unions and intersections:

- For an increasing sequence \(n_k \to n\), \(\bigcup_{k=1}Minfty A_{n_k} = A_{n}\).

- Similarly, decreasing sequences lead to intersections.

The \(\sigma\)-algebra Generated by Sets \([-\infty, n]\)

Definition of the Generated \(\sigma\)-algebra

- Denote:

\

\mathcal{A} := \sigma( \{A_n : n \in \mathbb{R}\} )

\

- \(\mathcal{A}\) is the smallest \(\sigma\)-algebra containing all sets \(A_n\).

Understanding \(\mathcal{A}\)

- Since \(\{A_n\}\) are nested and form a basis for the lower tail of the real line, \(\mathcal{A}\) includes all

sets that can be constructed from countable unions, intersections, and complements of these sets.



Relation to the Borel \(\sigma\)-algebra

The Borel \(\sigma\)-algebra \(\mathcal{B}(\mathbb{R})\)

- Defined as the \(\sigma\)-algebra generated by all open subsets of \(\mathbb{R}\).
- Equivalently, \(\mathcal{B}(\mathbb{R })\) is generated by open intervals \((a, b)\), closed intervals \([a,

b]\), and various other basic sets.

Connection between \(\mathcal{A}\) and \(\mathcal{B}(\mathbb{R})\)

- Since each \([-\infty, n]\) is a closed (and in fact, Borel) set, and the collection \(\{A_n\}\) generates a base
of the lower topology, it follows that:

\

\mathcal{A} \subseteq \mathcal{B}(\mathbb{R})

\]

- Conversely, the Borel \(\sigma\)-algebra \(\mathcal{B}(\mathbb{R })\) is generated by open intervals,
which can be expressed as countable unions and intersections of sets of the form \([-\infty, n]\). For
example:

\

(a, b) = \bigcup_{k=1}Ninfty [a + \frac{1}{k}, b]

\]

or as differences involving these sets.

- Therefore:

\
\sigma( \{ [-\infty, n] : n \in \mathbb{R} \} ) = \mathcal{B}(\mathbb{R})

\
Meaning, the \(\sigma\)-algebra generated by the sets \([-\infty, n]\) coincides with the Borel \(\sigma\)-
algebra.

Explicit Description of \(\sigma\)-algebra Generated

Constructing the \(\sigma\)-algebra

- Starting with \(\{A_n\}\), the sets of the form \([-\infty, n]\), the generated \(\sigma\)-algebra includes:



1. All sets of the form:

- Countable unions \(\bigcup_{k=1}"\infty A_{n_k}\),

- Countable intersections \(\bigcap_{k=1}"\infty A_{n_k}\),
- Complements \(\left( A_n \right)"c = (n, \infty)\).

2. All Borel sets can be obtained from these through countable set operations.

- Since the collection \(\{A_n\}\) is a monotone class, the generated \(\sigma\)-algebra can be viewed as the

smallest \(\sigma\)-algebra containing all lower tail sets.

Examples of Sets in the \(\sigma\)-algebra

- All intervals of the form \((-\infty, n]\),
- Their complements: \((n, \infty)\),
- Countable unions like \(\bigcup_{k=1}"\infty (-\infty, n_k]\),

- Countable intersections, which are again of the same form or open sets.

Properties and Significance

Measurability and Probability

- The \(\sigma\)-algebra \(\mathcal{A}\) generated by \([-\infty, n]\) is fundamental for defining
distribution functions.
- Any probability measure \(P\) on \(\mathbb{R}\) that is right-continuous and non-decreasing—i.e., a

distribution function—is measurable with respect to \(\mathcal{ A}\).

Distribution Functions and \(\sigma\)-algebra

- For a random variable \(X : \Omega \to \mathbb{R }\), the distribution function \(F_X(n) := P(X \leq n)\)
is measurable with respect to \(\mathcal{A}\).
- The \(\sigma\)-algebra generated by the sets \([-\infty, n]\) is sufficient to capture all events of the form

"the random variable is less than or equal to \(n\)".



Extensions and Variations

Generating the Borel \(\sigma\)-algebra from \([-\infty, n]\) Sets

- The sets \([-\infty, n

Frequently Asked Questions

‘What is the sample space R in the context of measure theory?

In measure theory, R typically represents the entire sample space, which is the set of all possible outcomes

under consideration, often taken as the set of real numbers.

How is the algebra generated by sets of the form [[—, n]] characterized?

The algebra generated by sets of the form [[~, n]] (where n is an integer) consists of all finite unions,
intersections, and complements of these sets, effectively including all finite unions of such half-infinite

intervals.

What is the significance of sets like [[~0, n]] in measure theory?

Sets of the form [[~, n]] serve as initial building blocks or generators for constructing sigma-algebras that
can measure events involving unbounded intervals, aiding in defining measures like the Lebesgue

measure.

How does the algebra generated by sets [[-<, n]] relate to the Borel
sigma-algebra on R?

The algebra generated by sets [[~, n]] is a base for the Borel sigma-algebra, meaning that the Borel sigma-
algebra is obtained by taking countable unions, intersections, and complements of these sets, thus capturing

all Borel sets.

Can the algebra generated by sets [[—, n]] be used to define measures on
R? If so, how?

Yes, by defining measures on these generating sets and extending them through Carathéodory's extension
theorem, one can construct measures like the Lebesgue measure, which assign sizes to more complex
subsets of R.



Additional Resources

Take R As The Sample Space. Describe The -algebra Generated By Sets Of The Form [[infinity],n], Where

When exploring the foundational structures of probability theory and measure theory, the choice of the
sample space and the collections of sets (events) under consideration play a pivotal role. Take R As The
Sample Space. Describe The -algebra Generated By Sets Of The Form [[infinity],n], Where such sets are
instrumental in understanding how certain collections of events generate measurable structures, especially
in the context of limits, convergence, and tail events. This article provides a comprehensive guide to
understanding the nature of the -algebra generated by these particular sets, their properties, and their

significance in probability and measure theory.

Introduction

In probability theory, the sample space often takes the form of the real numbers, R, due to its natural
representation of continuous outcomes. When analyzing sequences, limits, or tail events, specific subsets of
R become particularly relevant. Among these, sets of the form:

\[ [N, \infty) = \{ x \in \mathbb{R} : x \geq N \} \]

where \( N \in \mathbb{R} \) or \( N \in \mathbb{N} \), are fundamental in constructing tail sigma-

algebras, tail events, and in studying limit behaviors.

The focus of this guide is to understand the -algebra generated by sets of the form \(|N, \infty)\), especially

when \( N \) varies over the natural numbers or the reals, and to analyze their properties and significance.

Understanding the Basic Sets: \([N, \infty)\)

Definition and Intuition

The sets:

\[ [N, \infty) = \{ x \in \mathbb{R} : x \geq N \} \]

are called tail sets because they describe the tail portion of the real line starting at point \( N \).

- When \( N \) varies over the natural numbers (\( N \in \mathbb{N} \)), these sets form an increasing

sequence:



\[ [1, \infty) \subseteq [2, \infty) \subseteq [3, \infty) \subseteq \cdots \]
- Their complements are of the form:

\[ (\infty, N) = \{ x \in \mathbb{R} : x < N \} \]

which are decreasing sequences of open intervals.

Significance in Probability and Measure Theory

Sets of this form are central in defining tail sigma-algebras, which are the sigma-algebra generated by all

such tail sets. These tail sigma-algebras are crucial in:
- Limit theorems: e.g., the Kolmogorov 0-1 law states that tail events have probability zero or one.

- Studying convergence: e.g., almost sure convergence involves events in tail sigma-algebras.

- Defining tail events: events that depend only on the behavior of a sequence at infinity.

The -algebra Generated by Sets of the Form \([N, \infty)\)
‘What is a -algebra?

A -algebra (or sigma-algebra) over a set \( \Omega \) is a collection \( \mathcal{F} \) of subsets of \( \Omega
\) satisfying:

1. Closure under complements: If \( A \in \mathcal{F} \), then \( A"c \in \mathcal{F} \).
2. Closure under countable unions: If \( A_1, A_2, \ldots \in \mathcal{F} \), then \( \bigcup_{i=1}"\infty A_i

\in \mathcal{F} \).
3. Contains the empty set: \( \emptyset \in \mathcal{F} \).

Generating the -algebra

Given a collection of sets \( \mathcal{C} \), the -algebra generated by \( \mathcal{C} \), denoted \(
\sigma(\mathcal{C}) \), is the smallest sigma-algebra containing all sets in \( \mathcal{C} \).

In our case, the collection:
\[ \mathcal{C} = \{ [N, \infty) : N \in \mathbb{N} \} \]

or more generally,



\[ \mathcal{C} = \{ [x, \infty) : x \in \mathbb{R} \} \]

serves as the base.

The -algebra generated by sets of the form \([N, \infty)\)

The key question is: What is the structure of \( \sigma(\mathcal{C}) \)?

Characterizing the Generated -algebra

When \( \mathcal{C} = \{ [N, \infty) : N \in \mathbb{N} \} \)

This collection is countable, increasing, and generates a specific tail sigma-algebra.
Properties:

- The sigma-algebra generated by these sets is the tail sigma-algebra over the natural numbers.

- It can be shown that:

\[
\sigma\left( \{ [N, \infty) : N \in \mathbb{N} \} \right) = \left\{ A \subseteq \mathbb{R} : A \text{ is a tail
event} \right\}

\

- Description: It contains all events that depend only on the behavior of the sequence at infinity, i.e., events

that are unaffected by changes in finitely many initial outcomes.

When \( \mathcal{C} = \{ [x, \infty) : x \in \mathbb{R} \} \)
This collection is uncountable, but the sigma-algebra generated is well-understood.
Key points:

- The collection \( \{ [x, \infty) : x \in \mathbb{R} \} \) generates the Borel sigma-algebra \(
\mathcal{B}(\mathbb{R}) \).

- Since these sets are half-infinite intervals starting at arbitrary points, their sigma-algebra includes all Borel



measurable sets.

- Implication: The sigma-algebra generated by all such tail sets (for all \( x \in \mathbb{R} \)) is dense in

the space of Borel sets, covering all standard measurable sets on \( \mathbb{R} \).

The Tail Sigma-Algebra and Its Significance
Definition of the Tail Sigma-Algebra

Given a sequence of random variables \( \{ X_n \}_{n=1}"\infty \), the tail sigma-algebra is:

\
\mathcal{T} = \bigcap_{N=1}Minfty \sigma( X_{N+1}, X_{N+2}, \ldots )
\]

which encapsulates events that depend only on the behavior of the sequence at infinity, ignoring any

finite initial segment.
Connection to Sets of the Form \([N, \infty)\)

- In the context of sequences of real-valued random variables, the events of the form:

\
\{ X_n \geq N \}
\

are fundamental building blocks for tail events.

- The -algebra generated by sets \(|N, \infty)\) corresponds to the tail sigma-algebra in the case where the
sample space is \( \mathbb{R }"\infty \) with the product sigma-algebra.

The Kolmogorov 0-1 Law
An essential result involving tail sigma-algebras is Kolmogorov's 0-1 law, which states:
> For independent random variables, any event in the tail sigma-algebra has probability 0 or 1.

This underscores the importance of understanding the structure of these sigma-algebras generated by tail

sets.



Practical Implications and Applications
Limit Theorems

- The sets \([N, \infty)\) are used to define events like:

\
\limsup_{n \to \infty} X_n \geq N

\

which are tail events.

- The sigma-algebra generated by these sets helps formalize convergence notions such as almost sure

convergence.
Measure-Theoretic Foundations

- In defining measures on \( \mathbb{R} \), the collections of tail sets are used to construct measures and

analyze their properties.

- They serve as building blocks for defining measures that are invariant under certain transformations.

Summary: What Does the -algebra Look Like?

| Aspect | Description |

S —— |

| Generated by | The collection \( \{ [N, \infty) : N \in \mathbb{N} \} \) or \( \{ [x, \infty) : x \in
\mathbb{R} \} \) |

| Nature | A sigma-algebra containing tail events or all Borel sets |

| Key properties | Closed under countable unions, intersections, complements; includes tail events |

| Relevance | Central in limit theorems, tail events, convergence, and measure construction |

Conclusion

Understanding the -algebra generated by sets of the form \([N, \infty)\) is
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