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Understanding the behavior of infinite series is fundamental in calculus and mathematical analysis.
One of the critical tools for analyzing the convergence or divergence of certain types of series is the
Alternating Series Test. This test specifically applies to series whose terms alternate in sign,
providing a straightforward criterion to determine whether such series sum to a finite value or
diverge to infinity. In this comprehensive guide, we will explore the principles behind the Alternating
Series Test, how to apply it systematically, and examine various examples to reinforce
understanding.

---

Introduction to Series and Convergence

Before delving into the specifics of the Alternating Series Test, it is essential to understand the
broader context of series and their convergence.

What Is a Series?

A series is the sum of the terms of a sequence. Formally, if \(\{a_n\}\) is a sequence, then the series
is expressed as:

\[
\sum_{n=1}^{\infty} a_n
\]

This notation indicates an infinite sum of the terms \(a_1, a_2, a_3, \ldots\).

Convergence and Divergence of Series

- Convergent Series: An infinite series converges if the sequence of partial sums approaches a finite
limit as \(n\) approaches infinity. That is,

\[
\lim_{N \to \infty} S_N = L \quad \text{where} \quad S_N = \sum_{n=1}^N a_n
\]

- Divergent Series: If the limit of the partial sums does not exist or is infinite, the series diverges.

Types of Series Based on Sign of Terms

- Positive Series: All \(a_n \geq 0\).



- Alternating Series: Terms alternate in sign, typically of the form \((-1)^{n}b_n\) or
\((-1)^{n+1}b_n\), with \(b_n \geq 0\).

---

Understanding the Alternating Series and Its Significance

An alternating series involves terms that switch sign at each step, such as:

\[
\sum_{n=1}^{\infty} (-1)^{n+1} b_n
\]

where \(b_n \geq 0\). These series are common in various mathematical and applied contexts,
including Fourier series, Taylor series, and approximations.

Why Use the Alternating Series Test?

Because the positive or negative nature of terms can influence the series' behavior, the Alternating
Series Test provides a simple yet powerful way to determine whether such series converge. It
leverages the properties of the sequence \(b_n\), particularly its monotonicity and limit behavior, to
make conclusions about the entire series.

---

The Alternating Series Test: Statement and Intuition

Formal Statement of the Test

Theorem (Alternating Series Test):
Suppose \(\{b_n\}\) is a sequence of positive real numbers that satisfies:

1. Monotonicity: The sequence \(\{b_n\}\) is decreasing, i.e., \(b_{n+1} \leq b_n\) for all \(n\).
2. Limit Condition: \(\displaystyle \lim_{n \to \infty} b_n = 0\).

Then, the alternating series:

\[
\sum_{n=1}^{\infty} (-1)^{n+1} b_n
\]

converges.

Intuition Behind the Test

The core idea is that if the magnitude of the terms decreases monotonically to zero, then the partial
sums oscillate within a diminishing range, eventually settling around a finite value. The alternating
signs help "cancel out" the excess, preventing the partial sums from drifting infinitely.

---



Applying the Alternating Series Test

To effectively apply the Alternating Series Test, follow these systematic steps:

Step 1: Identify the Series Format

Ensure the series is of the form:

\[
\sum_{n=1}^{\infty} (-1)^{n+1} b_n
\]

or

\[
\sum_{n=1}^{\infty} (-1)^n b_n
\]

where \(b_n \geq 0\).

Step 2: Verify Monotonicity of \(b_n\)

Check whether the sequence \(\{b_n\}\) is decreasing:

- Method: For each \(n\), compare \(b_{n+1}\) with \(b_n\).
- Criteria: \(b_{n+1} \leq b_n\) for all sufficiently large \(n\).

Step 3: Check the Limit of \(b_n\)

Calculate or analyze:

\[
\lim_{n \to \infty} b_n
\]

- Goal: Demonstrate that this limit is zero.

Step 4: Conclude Convergence

If both conditions are satisfied, the series converges by the Alternating Series Test.

Step 5: Determine Absolute or Conditional Convergence (Optional)

- Absolute Convergence: If \(\sum |a_n|\) converges, then the series converges absolutely.
- Conditional Convergence: If the original series converges but \(\sum |a_n|\) diverges, then the
series converges conditionally.

---

Examples of Applying the Alternating Series Test



Example 1: Alternating Harmonic Series

Consider:

\[
\sum_{n=1}^{\infty} \frac{(-1)^{n+1}}{n}
\]

Solution:

- \(b_n = \frac{1}{n}\), which is positive.
- Monotonicity: \(\frac{1}{n+1} \leq \frac{1}{n}\) for all \(n\), so decreasing.
- Limit: \(\lim_{n \to \infty} \frac{1}{n} = 0\).

Conclusion:
By the Alternating Series Test, this series converges.

Example 2: Series with Quadratic Terms

Evaluate:

\[
\sum_{n=1}^{\infty} \frac{(-1)^{n+1}}{n^2 + 1}
\]

Solution:

- \(b_n = \frac{1}{n^2 + 1}\), positive.
- Monotonicity: \(b_{n+1} = \frac{1}{(n+1)^2 + 1} \leq \frac{1}{n^2 + 1} = b_n\), decreasing.
- Limit: \(\lim_{n \to \infty} \frac{1}{n^2 + 1} = 0\).

Conclusion:
Series converges by the Alternating Series Test.

---

Limitations and Additional Considerations

While the Alternating Series Test is powerful, it has certain limitations:

- It does not determine the sum of the series, only whether it converges.
- It does not apply to series with non-monotonic \(b_n\); other tests like the Ratio Test or Root Test
may be necessary.
- It only guarantees convergence, not absolute convergence. Some series may converge conditionally
without being absolutely convergent.

---

Advanced Topics and Related Tests

Absolute Convergence and the Comparison Test



- If \(\sum |a_n|\) converges, then \(\sum a_n\) converges absolutely.
- The comparison test can sometimes help determine absolute convergence.

The Ratio and Root Tests

- Useful for series with factorials, exponentials, or roots.
- Provide alternative methods when the Alternating Series Test isn't applicable.

---

Practical Tips for Applying the Alternating Series Test

- Always verify the decreasing nature of \(b_n\); monotonicity is crucial.
- Confirm the limit of \(b_n\) as \(n\) approaches infinity is zero.
- Use derivative tests or known inequalities to establish monotonicity when the sequence is defined
by more complex functions.
- Remember that convergence does not imply rapid convergence; some series may converge very
slowly.

---

Conclusion

The Alternating Series Test is a fundamental tool in the analysis of infinite series, especially those
with alternating signs. Its simplicity and effectiveness make it indispensable for students and
mathematicians alike. By verifying the monotonic decrease and the limit of the sequence of absolute
terms, one can readily determine the convergence of many series encountered in calculus and
analysis.

Understanding when and how to apply this test enhances your ability to analyze series rigorously
and deepens your comprehension of convergence phenomena. Whether dealing with simple
harmonic series or more complex alternating series, the Alternating Series Test remains a
cornerstone technique in the mathematical toolkit.

---

FAQs

Q1: Does the Alternating Series Test prove the sum of the series?
A1: No, it only confirms convergence. The actual sum may require additional techniques or
approximation methods.

Q2: Can the test be applied if \(b_n\) is not decreasing?
A2: No. Monotonicity is a key condition. If \(b_n\) is not decreasing, other convergence tests should
be considered.

Q3: What is the difference between absolute and conditional convergence?
A3: Absolute convergence occurs when \(\sum |a_n|\) converges; conditional convergence occurs
when \(\



Frequently Asked Questions

What is the Alternating Series Test and how is it used to
determine convergence?
The Alternating Series Test states that if the absolute value of the terms decreases monotonically to
zero, then the alternating series converges. It is used by checking whether the sequence of absolute
terms is decreasing and tends to zero.

How do you apply the Alternating Series Test to the series
sum_{n=1}^∞ (-1)^{n+1} b_n?
To apply the test, verify that b_n > 0, that b_{n+1} ≤ b_n for all n (decreasing), and that lim_{n→∞}
b_n = 0. If all conditions hold, the series converges.

What are common signs that an alternating series diverges?
An alternating series diverges if the sequence of terms does not tend to zero, or if the terms do not
decrease monotonically to zero, violating the conditions of the Alternating Series Test.

Can the Alternating Series Test determine absolute
convergence?
No, the Alternating Series Test only confirms conditional convergence. To check for absolute
convergence, test the series of absolute values sum_{n=1}^∞ |(-1)^{n+1} b_n| for convergence
separately.

What is an example of a series that converges conditionally by
the Alternating Series Test?
A classic example is the alternating harmonic series: sum_{n=1}^∞ (-1)^{n+1} / n, which
converges conditionally as it satisfies the test but is not absolutely convergent.

How do you handle series where the terms do not decrease
monotonically?
If the terms are not decreasing monotonically, the Alternating Series Test cannot be applied directly.
Alternative methods, such as the Dirichlet or Abel tests, may be needed to determine convergence.

What role does the limit lim_{n→∞} b_n = 0 play in the test?
The limit must be zero for the series to potentially converge. If the limit is non-zero or does not exist,
the series diverges.



How do you verify that b_{n+1} ≤ b_n in practice?
You compare the successive terms directly or analyze the formula for b_n to show it is decreasing for
sufficiently large n.

Is the Alternating Series Test applicable to all alternating
series?
No, it only applies when the terms are decreasing in magnitude to zero. If these conditions are not
met, the test does not determine convergence.

What is the significance of the notation 'infinity' and 'n' in the
series sum_{n=1}^∞ (-1)^{n+1} b_n?
The notation indicates an infinite alternating series starting from n=1 to infinity, with terms
involving b_n and alternating signs, used to analyze the series' convergence behavior.

Additional Resources
Test The Series For Convergence Or Divergence Using The Alternating Series Test

When analyzing infinite series in calculus, one of the fundamental tasks is determining whether a
given series converges or diverges. Among the various tools available, the Alternating Series Test
(Leibniz Criterion) is particularly useful for series whose terms alternate in sign. This detailed
review aims to thoroughly explain the application of the Alternating Series Test, especially in the
context of series of the form:

\[
\sum_{n=1}^{\infty} (-1)^{n} b_{n} \quad \text{or} \quad \sum_{n=1}^{\infty} (-1)^{n+1}
b_{n}
\]

where \(b_{n}\) are positive, decreasing sequences tending to zero as \(n \to \infty\).

---

Understanding the Alternating Series and Its
Significance

Before diving into the test itself, it is crucial to understand the nature of alternating series and why
the Alternating Series Test (AST) is an essential part of the convergence toolkit.



What Are Alternating Series?

An alternating series is a series whose terms alternate in sign. Typically, it takes the form:

\[
\sum_{n=1}^{\infty} (-1)^{n} b_{n} \quad \text{or} \quad \sum_{n=1}^{\infty} (-1)^{n+1}
b_{n}
\]

where:

- \(b_{n} > 0\) for all \(n\),
- The signs of the terms switch between positive and negative as \(n\) increases.

Examples:

- The alternating harmonic series:

\[
\sum_{n=1}^{\infty} \frac{(-1)^{n+1}}{n} = 1 - \frac{1}{2} + \frac{1}{3} - \frac{1}{4} + \cdots
\]

- Series with more complex \(b_{n}\), such as:

\[
\sum_{n=1}^{\infty} (-1)^{n} \frac{\sqrt{n}}{n^{2} + 1}
\]

Alternating series are prevalent in mathematical analysis because their structure often simplifies
convergence analysis and allows for effective approximation of sums.

Why Is the Alternating Series Test Important?

Many series that do not converge absolutely (i.e., their absolute value series diverges) can still
converge conditionally if they alternate signs and satisfy certain conditions. The AST provides a
straightforward and reliable criterion to verify whether such series converge.

Key points:

- The test is necessary and sufficient for convergence of the alternating series when certain
conditions are met.
- It helps distinguish between absolute convergence and conditional convergence.
- The test is particularly useful when the series terms \(b_{n}\) decrease monotonically to zero.

---



Statement of the Alternating Series Test

The formal statement of the Alternating Series Test is as follows:

> Theorem (Alternating Series Test):
> Consider the series:
> \[
> \sum_{n=1}^{\infty} (-1)^{n} b_{n}
> \]
> where:
> 1. \(b_{n} \geq 0\) for all \(n\),
> 2. \(\{b_{n}\}\) is a decreasing sequence, i.e., \(b_{n+1} \leq b_{n}\) for all \(n\),
> 3. \(\displaystyle \lim_{n \to \infty} b_{n} = 0\).

> Then, the series converges.

> Conversely, if these conditions are not met, the series may diverge.

This criterion provides a simple check: if the decreasing sequence \(b_{n}\) tends to zero, the
alternating series converges.

---

Deep Dive into Conditions of the Alternating Series
Test

To effectively apply the AST, one must understand each condition thoroughly.

1. Positivity of \(b_{n}\): \(b_{n} \geq 0\)

- The sequence \(\{b_{n}\}\) must consist of non-negative terms.
- This ensures the sense of "decreasing" is well-defined and that the sign alternates between positive
and negative in a controlled manner.

2. Monotonic Decrease: \(b_{n+1} \leq b_{n}\) for all \(n\)

- The sequence should either be strictly decreasing or non-increasing.
- This condition prevents the sequence from oscillating wildly, which could undermine convergence.
- Monotonicity ensures that the tail of the series behaves predictably.



3. Limit Condition: \(\lim_{n \to \infty} b_{n} = 0\)

- The terms \(b_{n}\) must approach zero as \(n\) approaches infinity.
- If the terms do not tend to zero, the series cannot converge (by the nth-term test).

---

Applying the Alternating Series Test: Step-by-Step
Guide

To systematically verify convergence using the AST, follow these steps:

Step 1: Identify \(b_{n}\) and the Sign Pattern

- Express the series in the standard form:

\[
\sum_{n=1}^{\infty} (-1)^{n} b_{n} \quad \text{or} \quad \sum_{n=1}^{\infty} (-1)^{n+1}
b_{n}
\]

- Confirm that the signs alternate accordingly.

Step 2: Verify Positivity of \(b_{n}\)

- Check that \(b_{n} \geq 0\) for all \(n\).
- Usually, the terms are given explicitly, so assess their form.

Step 3: Confirm Monotonic Decrease of \(b_{n}\)

- Demonstrate that \(b_{n+1} \leq b_{n}\) for all sufficiently large \(n\).
- This can involve:

- Showing \(b_{n}\) is decreasing via derivative tests if \(b_{n}\) is defined by a continuous function
\(b(n)\).
- Using inequalities or known monotonicity properties.

Step 4: Check Limit of \(b_{n}\) as \(n \to \infty\)

- Compute \(\lim_{n \to \infty} b_{n}\).



- Confirm that the limit equals zero.

Step 5: Conclude on Convergence

- If all three conditions are satisfied, the series converges by the Alternating Series Test.
- Otherwise, the test is inconclusive, and other methods should be considered.

---

Examples Illustrating the Alternating Series Test

Practical examples help solidify understanding.

Example 1: The Alternating Harmonic Series

\[
\sum_{n=1}^{\infty} \frac{(-1)^{n+1}}{n} = 1 - \frac{1}{2} + \frac{1}{3} - \frac{1}{4} + \cdots
\]

- \(b_{n} = \frac{1}{n}\)
- \(b_{n} > 0\)
- \(b_{n}\) is decreasing since \(\frac{1}{n+1} < \frac{1}{n}\)
- \(\lim_{n \to \infty} \frac{1}{n} = 0\)

Conclusion: All conditions are met; the series converges (conditionally, since it does not converge
absolutely).

---

Example 2: Series with \(b_{n} = \frac{\sqrt{n}}{n^{2} + 1}\)

\[
\sum_{n=1}^{\infty} (-1)^{n+1} \frac{\sqrt{n}}{n^{2} + 1}
\]

- \(b_{n} = \frac{\sqrt{n}}{n^{2} + 1}\)
- \(b_{n} > 0\)

Check monotonicity:

- For large \(n\), \(b_{n} \sim \frac{\sqrt{n}}{n^{2}} = \frac{1}{n^{3/2}}\), which decreases as
\(n\) increases.



Limit:

- \(\lim_{n \to \infty} \frac{\sqrt{n}}{n^{2} + 1} = 0\).

Conclusion: All conditions satisfied; the series converges by the Alternating Series Test.

---

Limitations and Caveats of the Alternating Series Test

While powerful, the AST has its limitations and situations where it cannot be applied or where it may
give an incomplete picture.

1. Conditional vs Absolute Convergence

- The AST guarantees convergence of the altern
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