
The Amount By Which An Objective Function
Coefficient Can Change Before A Different Set Of
Values For

The Amount By Which An Objective Function Coefficient Can Change Before A Different Set Of Values
For is a fundamental concept in linear programming, particularly in sensitivity analysis. Understanding this
concept helps decision-makers evaluate the robustness of their optimal solutions when the parameters of the
model, such as objective function coefficients, are subject to change. This article explores the depth of this
topic, examining the theoretical foundations, practical implications, and techniques used to analyze the
sensitivity of optimal solutions to changes in objective function coefficients.

Introduction to Objective Function Coefficients in Linear
Programming

Linear programming (LP) is a mathematical method used to determine the best possible outcome in a given
mathematical model, subject to certain constraints. It involves optimizing (maximizing or minimizing) a
linear objective function, which is a weighted sum of decision variables.

Components of a Linear Programming Model

A typical LP model comprises:

Decision Variables: Variables representing choices to be made.

Objective Function: A linear function of decision variables to be optimized.

Constraints: Equations or inequalities restricting the decision variables.

The objective function is usually expressed as:

\[ Z = c_1 x_1 + c_2 x_2 + \dots + c_n x_n \]

where \( c_i \) are the objective function coefficients, indicating the contribution of each decision variable to



the overall goal.

Understanding Objective Function Coefficients and Their
Sensitivity

The coefficients \( c_i \) are not static; they may change due to fluctuations in market conditions, resource
costs, or other external factors. Sensitivity analysis investigates how variations in these coefficients
influence the optimal solution.

Why Is Sensitivity Analysis Important?

- Robust Decision-Making: Ensures solutions remain optimal under parameter uncertainty.
- Resource Allocation: Helps understand which variables significantly impact the objective.
- Cost-Benefit Analysis: Evaluates the potential gains or losses with coefficient variations.

The Concept of Allowable Increase and Decrease

The key idea behind the amount by which an objective function coefficient can change is captured through
the concepts of allowable increase and allowable decrease.

Allowable Increase and Allowable Decrease Defined

- Allowable Increase: The maximum amount by which an objective coefficient can increase without
altering the current optimal basis or solution.
- Allowable Decrease: The maximum amount by which a coefficient can decrease without changing the
optimal basis.

These ranges define a "safety zone" where the current solution remains optimal despite changes in the
coefficients.

Significance of These Ranges

Knowing these limits helps decision-makers:



- Assess the stability of their solutions.
- Determine whether small fluctuations in coefficients impact the optimal solution.
- Decide whether to revisit the model if coefficients change beyond these ranges.

Mathematical Foundations of Sensitivity Ranges

The derivation of allowable increases and decreases relies on the simplex method and basic feasible
solutions.

Optimal Basis and Its Role

In LP, solutions are associated with bases—sets of variables that are basic (non-zero) in the solution. The
current optimal solution corresponds to a specific basis.

- Changes in coefficients may cause the optimal basis to change if the current basis no longer maximizes the
objective.
- Sensitivity analysis identifies the ranges within which the current basis remains optimal.

Formulating the Ranges

For a basic variable \( x_j \):

- The allowable increase \( \Delta c_j^+ \) is calculated based on the dual feasibility conditions.
- The allowable decrease \( \Delta c_j^- \) is similarly determined.

The calculations involve the inverse of the basis matrix and reduced costs.

Procedure for Determining the Change Limits

The process involves several steps, often performed using a simplex tableau.

Step 1: Obtain the Optimal Solution and Basis

- Solve the LP using the simplex method.



- Identify the basis variables and their coefficients.

Step 2: Compute the Reduced Costs

- Reduced costs indicate whether a non-basic variable can enter the basis.
- They are calculated as:

\[ \bar{c}_j = c_j - c_B B^{-1} A_j \]

where \( c_B \) are the coefficients of basic variables, \( B \) is the basis matrix, and \( A_j \) is the column
corresponding to variable \( j \).

Step 3: Calculate the Allowable Ranges

- For each objective coefficient \( c_j \), determine the maximum permissible increase and decrease that
keep the reduced costs consistent with optimality.
- This involves solving inequalities derived from the reduced costs and the basis inverse.

Step 4: Interpret the Results

- The resulting ranges indicate the extent to which each coefficient can change without affecting the
solution.

Practical Examples of Sensitivity Analysis

To illustrate, consider a simple LP problem:

Maximize \( Z = 3x_1 + 2x_2 \)

Subject to:

\[ x_1 + x_2 \leq 4 \]
\[ 2x_1 + x_2 \leq 5 \]
\[ x_1, x_2 \geq 0 \]

Suppose the optimal solution is obtained with \( c_1 = 3 \) and \( c_2 = 2 \). Sensitivity analysis can reveal:



- How much \( c_1 \) can increase before the current solution ceases to be optimal.
- How much \( c_2 \) can decrease before a different set of variables becomes optimal.

This analysis informs whether the current solution remains valid under different market prices or cost
structures.

Limitations and Considerations in Sensitivity Analysis

While sensitivity analysis provides valuable insights, it has limitations:

- It assumes linearity and small changes.
- It is valid only within the allowable ranges.
- It does not account for changes in the right-hand side constants (constraints).
- Large coefficient changes may invalidate the entire analysis, requiring re-solving the LP.

Advanced Topics: Shadow Prices and Reduced Costs

In the context of objective function coefficient changes, two related concepts are essential:

- Shadow Prices: The marginal worth of relaxing a constraint.
- Reduced Costs: The net cost of bringing a non-basic variable into the basis.

Changes in objective coefficients influence reduced costs directly, affecting variable inclusion and the
optimal solution.

Conclusion: The Significance of Quantifying Coefficient Changes

The amount by which an objective function coefficient can change before a different set of values for the
solution emerges is pivotal for robust decision-making. It helps evaluate the stability of the optimal solution,
identify parameters that are critical, and guide strategic adjustments. Sensitivity analysis, through allowable
increases and decreases, provides a systematic approach to understanding these dynamics, ensuring that
solutions remain reliable amid real-world uncertainties.

In summary:

- The allowable increase/decrease defines the bounds within which the current solution remains optimal.
- These bounds are derived from the simplex method and the basis inverse.



- Understanding these limits aids in planning under uncertainty and making resilient decisions.

By mastering the concepts surrounding the change limits of objective function coefficients, practitioners can
better manage the inherent uncertainties in optimization models and enhance the robustness of their
strategic plans.

Frequently Asked Questions

What is the maximum allowable change in an objective function
coefficient before the optimal solution changes?
The maximum change is determined by the allowable increase and decrease values in sensitivity analysis,
which indicate how much a coefficient can vary without altering the optimal solution.

How does a change in an objective function coefficient affect the optimal
basis in linear programming?
A change in an objective coefficient can cause the current optimal basis to become suboptimal once it
exceeds its allowable range, leading to a different set of solution values.

What role does sensitivity analysis play in understanding coefficient
changes in linear programming?
Sensitivity analysis helps identify the permissible range of variation for each coefficient, helping determine
the extent to which coefficients can change before the optimal solution set shifts.

Can small changes in objective function coefficients lead to different
optimal solutions?
Yes, even small changes that exceed the allowable ranges can cause the optimal solution to shift to a
different set of values.

How do you interpret the allowable increase and decrease in objective
function coefficients?
They represent the bounds within which the coefficient can vary without changing the current optimal
solution, providing insight into the stability and robustness of the solution.



Additional Resources
The Amount By Which An Objective Function Coefficient Can Change Before A Different Set Of Values
For is a fundamental concept in the realm of linear programming and optimization. It addresses a critical
question faced by analysts, operations researchers, and decision-makers: how sensitive is the optimal
solution to variations in the coefficients of the objective function? Understanding this sensitivity is crucial
because real-world data is often subject to uncertainty, measurement errors, or strategic adjustments. This
article delves into the theoretical underpinnings, practical applications, and analytical tools used to
determine the permissible range of change in an objective function coefficient before the optimal solution
shifts to a different set of variables, thereby affecting decision-making and strategic planning.

---

Understanding the Core Concept: Objective Function Coefficient
Changes and Solution Stability

In linear programming (LP), the goal is typically to optimize (maximize or minimize) a linear objective
function subject to a set of constraints. The objective function is expressed as a weighted sum of decision
variables:

\[ Z = c_1x_1 + c_2x_2 + \dots + c_nx_n \]

where \( c_i \) are the coefficients representing the contribution of each decision variable \( x_i \) to the
objective.

Key Question: If we alter a particular coefficient \( c_i \), how much can it change before the current
optimal basis (or solution) becomes suboptimal?

This question underpins the concept of sensitivity analysis or post-optimality analysis, which evaluates how
the optimal solution responds to small or large changes in model parameters. The specific focus here is on
the allowable increase and decrease in the coefficient \( c_i \) without altering the optimal basis.

---

The Significance of Sensitivity Ranges in Optimization

Sensitivity analysis provides decision-makers with a buffer zone within which parameters can vary
without impacting the optimal solution's structure. These ranges are crucial because:



- Robustness Analysis: They help determine the stability of the solution under data uncertainty.
- Strategic Planning: Allow organizations to understand the flexibility of their models and make informed
adjustments.
- Data Validation: Identify parameters that significantly influence the solution, indicating where precise
data collection is necessary.

Allowable Increase and Decrease: The maximum amount by which a coefficient can increase or decrease
without prompting a change in the optimal basis.

For example, if the coefficient \( c_i \) can increase by up to $10$ units or decrease by up to $5$ units
before the solution changes, these bounds are known as allowable increases and decreases.

---

Theoretical Foundations: How to Determine the Range of Change

Determining the permissible change involves understanding the structure of the LP solution, particularly
the concept of basis, shadow prices, and reduced costs. The process generally follows these steps:

1. Identify the Current Optimal Basis

The basis corresponds to the set of variables that are non-zero at the optimal solution. It determines the
current solution's structure.

2. Calculate Shadow Prices and Reduced Costs

- Shadow Prices: Indicate how much the objective function value would improve or worsen with a one-
unit increase in a constraint's right-hand side.
- Reduced Costs: Reflect how much the coefficient of a non-basic variable can change before it enters the
basis.

3. Determine the Allowable Increase and Decrease

For each coefficient \( c_i \), the allowable increase and decrease are derived from the reduced costs and the
constraints of the LP. Specifically:

- The allowable increase is the maximum amount \( \Delta c_i^+ \) by which \( c_i \) can increase without
making the current basis suboptimal.
- The allowable decrease is the maximum amount \( \Delta c_i^- \) by which \( c_i \) can decrease without
changing the current basis.



4. Use of Sensitivity Ranges from the Optimal Tableau

Sensitivity analysis tools, often available in LP software, provide these ranges directly by examining the
optimal tableau. For each coefficient:

\[
\text{Range of } c_i: [c_i - \Delta c_i^-, c_i + \Delta c_i^+]
\]

Within these bounds, the current optimal basis remains unchanged. When the coefficient exceeds these
bounds, the solution shifts, and a different set of variables becomes optimal.

---

Mathematical Illustration of Coefficient Change Limits

Suppose the LP has an optimal basis \( B \), and the current coefficients are \( c_B \). The reduced costs for
non-basic variables \( x_j \) are given by:

\[
\bar{c}_j = c_j - c_B \cdot A_B^{-1} \cdot a_j
\]

where:

- \( A_B \) is the basis matrix,
- \( a_j \) is the column vector for variable \( x_j \),
- \( c_j \) is the coefficient of \( x_j \) in the objective function.

The allowable increase and decrease for \( c_j \) are determined by the conditions:

- For a maximization problem, the current basis remains optimal if:

\[
\bar{c}_j \geq 0
\]

- The bounds on \( c_j \) are derived by solving inequalities based on the above condition, considering the
influence of \( c_j \) on \( \bar{c}_j \).

In practical terms, the sensitivity report from LP software provides:



\[
\text{Allowable increase in } c_j: \text{from } c_j \text{ to } c_j + \Delta c_j^+
\]
\[
\text{Allowable decrease in } c_j: \text{from } c_j \text{ to } c_j - \Delta c_j^-
\]

Example:

Suppose in a maximization LP, the current coefficient of variable \( x_1 \) is 10, with an allowable increase
of 5 and an allowable decrease of 3. This means:

- If \( c_1 \) increases to 15, the current basis remains optimal.
- If \( c_1 \) decreases to 7, the current basis remains optimal.
- Beyond these bounds, the optimal solution shifts to a different basis.

---

Practical Applications and Implications

Understanding the permissible change in an objective function coefficient is not merely academic; it has
myriad practical applications across industries.

1. Manufacturing and Production Planning

Manufacturers often need to evaluate how changes in profit margins or costs affect production schedules.
Sensitivity analysis helps determine whether a slight change in material costs or labor wages will alter the
optimal production mix.

2. Supply Chain Optimization

In supply chain models, the coefficients often represent shipping costs, transportation costs, or tariffs.
Knowing the bounds within which these costs can fluctuate without changing the optimal routing or
sourcing decisions helps in risk management.

3. Financial Portfolio Optimization

Asset weights or expected returns in portfolio models can be sensitive to changes. Understanding how
small fluctuations in expected returns influence the optimal asset allocation guides investment decisions.

4. Strategic Pricing and Marketing



Pricing strategies are often modeled as coefficients in LP models. Sensitivity analysis informs how much
prices can be adjusted before the recommended marketing mix changes, aiding in strategic flexibility.

---

Limitations and Considerations in Sensitivity Analysis

While sensitivity analysis provides valuable insights, it has limitations that decision-makers must consider:

- Local Validity: The ranges are valid only for small to moderate changes; large swings may invalidate the
linear assumptions.
- Nonlinear Effects: Real-world relationships may not be perfectly linear, limiting the applicability of LP-
based sensitivity ranges.
- Multiple Variables: Changes in multiple coefficients simultaneously can interact, complicating the analysis.
- Model Accuracy: The results are only as good as the model's data and assumptions.

Furthermore, sensitivity analysis assumes the current basis remains feasible and that the problem remains
bounded, which may not hold in all scenarios.

---

Advanced Topics: Beyond Basic Sensitivity Analysis

While the basic concept focuses on individual coefficient bounds, advanced analyses explore:

- Parametric Programming: Systematic exploration of how solutions change over a range of parameter
values.
- Dual Sensitivity Analysis: Examining how changes in objective coefficients affect dual variables and
shadow prices.
- Multiple Parameter Variations: Considering simultaneous changes in multiple coefficients and their
combined effect on the optimal solution.

These approaches help in comprehensive risk assessment and strategic planning, especially for complex or
highly uncertain environments.

---



Conclusion: The Critical Role of Coefficient Change Limits in
Optimization

Understanding the amount by which an objective function coefficient can change before a different set of
variables becomes optimal is central to robust decision-making in optimization problems. It provides a safety
buffer, guiding strategic adjustments, risk management, and resource allocation. Sensitivity analysis equips
decision-makers with a nuanced understanding of their models' stability, ensuring that operational choices
remain valid under data variability.

As industries grow increasingly data-driven and dynamic, mastery of these concepts becomes ever more
valuable. Whether in manufacturing, finance, logistics, or strategic planning, the ability to quantify the
impact of coefficient variations fosters resilience, agility, and informed decision-making. Ultimately,
recognizing the bounds within which a model remains stable is a cornerstone of effective optimization and
strategic foresight in complex systems.
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