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The Expected Value Of An Unbiased Estimator Is Equal To The Parameter Whose Value Is Being

Estimated. This fundamental concept in statistical inference underpins much of the theory and practice

behind estimation techniques. Understanding why an unbiased estimator has an expected value equal

to the true parameter it aims to estimate is crucial for statisticians, data scientists, and researchers

who rely on accurate and reliable statistical methods. In this article, we will explore the meaning of

unbiased estimators, delve into the mathematical foundations of their properties, and discuss their

significance in statistical analysis.

Understanding Estimators and Parameters

What Is an Estimator?

An estimator is a rule, function, or algorithm that takes a sample of data and produces a numerical

value used to approximate a corresponding population parameter. For example, the sample mean is

an estimator of the population mean, while the sample variance estimates the population variance.

Estimators are essential tools because they enable us to infer characteristics of a larger population

based on limited data.

What Is a Parameter?

A parameter is a numerical characteristic of a population. It is a fixed but usually unknown quantity that

describes some aspect of the entire population, such as the mean, variance, proportion, or correlation



coefficient. Since parameters are fixed but often unknown, statisticians develop estimators to infer their

values from sample data.

Defining Unbiased Estimators

What Does Unbiased Mean?

An estimator is said to be unbiased if its expected value equals the true value of the parameter it

estimates. Formally, if θ is a parameter of the population, and \(\hat{\theta}\) is an estimator, then

\(\hat{\theta}\) is unbiased if:

\[

E[\hat{\theta}] = \theta

\]

This property ensures that, on average, the estimator produces correct estimates across repeated

samples.

Significance of Unbiasedness

Unbiasedness is a desirable property because it guarantees that the estimator does not systematically

overestimate or underestimate the parameter. While unbiasedness alone does not guarantee that an

estimator will be close to the true parameter in a single sample, it indicates that the estimator's

average over many samples converges to the true value.

The Mathematical Foundation of Unbiased Estimators



Expected Value and Its Calculation

The expected value \(E[\hat{\theta}]\) of an estimator \(\hat{\theta}\) is the average value the estimator

would take over an infinite number of samples drawn from the population. Mathematically, it is

calculated as:

\[

E[\hat{\theta}] = \int \hat{\theta}(x) f(x; \theta) dx

\]

where \(f(x; \theta)\) is the probability density function (pdf) of the sample data \(x\), parameterized by

\(\theta\).

Unbiasedness Condition

The core idea behind unbiased estimation is that:

\[

E[\hat{\theta}] = \theta

\]

for all possible values of \(\theta\). This condition ensures that the estimator's average output across

many repetitions aligns precisely with the true parameter.

Examples of Unbiased Estimators

Sample Mean as an Estimator of Population Mean

Suppose you have a sample \(X_1, X_2, ..., X_n\) drawn independently from a population with mean

\(\mu\). The sample mean:



\[

\bar{X} = \frac{1}{n} \sum_{i=1}^n X_i

\]

is an unbiased estimator of \(\mu\), because:

\[

E[\bar{X}] = \mu

\]

regardless of the sample size, assuming the data are independent and identically distributed (i.i.d.).

Sample Variance as an Estimator of Population Variance

The sample variance:

\[

S^2 = \frac{1}{n-1} \sum_{i=1}^n (X_i - \bar{X})^2

\]

is an unbiased estimator of the population variance \(\sigma^2\). The division by \(n-1\) rather than \(n\)

corrects for bias in the estimation process.

Why Is the Expected Value Equal to the Parameter? The

Underlying Logic



Linearity of Expectation

One key property that makes unbiased estimation straightforward is the linearity of expectation:

\[

E[aX + bY] = aE[X] + bE[Y]

\]

for any constants \(a\) and \(b\), and random variables \(X\) and \(Y\). This property allows the

calculation of the expected value of estimators composed of sums or averages, resulting in

straightforward proofs of unbiasedness.

Construction of Unbiased Estimators

Many unbiased estimators are constructed by appropriately adjusting sample statistics. For example,

dividing by \(n-1\) instead of \(n\) when estimating variance corrects the bias introduced by using the

sample mean in the variance calculation.

Implications and Significance of Unbiasedness in Statistical

Practice

Advantages of Unbiased Estimators

- Consistency in the Long Run: Over many samples, unbiased estimators tend to produce accurate

estimates.

- Objectivity: They do not systematically over or underestimate the true parameter.

- Foundation for Other Properties: Unbiasedness is often a prerequisite for other desirable properties

like efficiency and sufficiency.



Limitations and Considerations

- Variance of Estimators: An unbiased estimator can still have high variance, leading to unreliable

estimates in individual samples.

- Trade-offs: Sometimes, biased estimators with lower variance (biased but more precise) are preferred

in practice.

- Bias-Variance Tradeoff: The choice of estimator involves balancing bias and variance to optimize

accuracy.

Conclusion

The principle that the expected value of an unbiased estimator equals the true parameter is a

cornerstone of statistical estimation. It assures us that, on average, the estimator will hit the target

parameter across many samples. Understanding this concept helps in choosing appropriate estimators,

interpreting statistical results correctly, and designing studies that yield reliable inferences. While

unbiasedness is a highly valued property, it is essential to consider other characteristics such as

variance and mean squared error to select the most effective estimators for specific applications.

Ultimately, the mathematical foundation of unbiased estimators provides confidence in the validity of

statistical inference, guiding both theoretical development and practical implementation.

Frequently Asked Questions

What does it mean for an estimator to be unbiased?

An estimator is unbiased if its expected value equals the true value of the parameter it aims to

estimate, meaning it does not systematically overestimate or underestimate the parameter.

Why is the property that the expected value of an unbiased estimator



equals the true parameter important in statistics?

This property ensures that, on average, the estimator provides correct estimates of the parameter

across many samples, leading to accurate and reliable inference.

Can an unbiased estimator have high variance, and what does that

imply?

Yes, an unbiased estimator can have high variance, which means that individual estimates may vary

widely around the true parameter, potentially reducing precision despite being unbiased.

How does the concept of unbiasedness relate to the efficiency of an

estimator?

While unbiasedness ensures correctness on average, efficiency relates to the variance of the

estimator; an efficient estimator has the lowest variance among all unbiased estimators, leading to

more precise estimates.

Is it always possible to find an unbiased estimator for any parameter?

Not necessarily; for some parameters or distributions, unbiased estimators may not exist or may be

difficult to derive, and sometimes biased estimators with better properties are preferred.

What is the significance of the expected value property in the context

of the Gauss-Markov theorem?

The Gauss-Markov theorem states that the Best Linear Unbiased Estimator (BLUE) has the minimum

variance among all linear unbiased estimators, emphasizing the importance of unbiasedness combined

with efficiency.



How do biased estimators differ from unbiased estimators in terms of

expected value?

Biased estimators have an expected value that does not equal the true parameter, which introduces

systematic error, whereas unbiased estimators have an expected value exactly equal to the parameter.

Additional Resources

Expected Value of an Unbiased Estimator

Understanding the concept that the expected value of an unbiased estimator equals the parameter

being estimated is fundamental in the realm of statistical inference. This principle not only underpins

many estimation techniques but also offers critical insights into the reliability and accuracy of statistical

procedures. This review aims to provide a comprehensive exploration of this concept, elucidate its

theoretical foundations, practical implications, and limitations, supported by relevant examples and

mathematical formulations.

---

Introduction to Estimators and Parameters

Before delving into the core principle, it is essential to clarify the basic terminologies involved:

- Parameter: A numerical characteristic of a population, such as the population mean (\(\mu\)),

variance (\(\sigma^2\)), or proportion (\(p\)). Parameters are fixed but usually unknown quantities that

describe the entire population.

- Estimator: A rule or formula based on sample data used to infer the value of a population parameter.

It is a random variable because it depends on the particular sample drawn.



For example, given a sample \(X_1, X_2, ..., X_n\) from a population with unknown mean \(\mu\), the

sample mean \(\bar{X} = \frac{1}{n}\sum_{i=1}^n X_i\) serves as an estimator of \(\mu\).

---

The Concept of Unbiasedness

An estimator's bias measures the discrepancy between its expected value and the true parameter

value:

\[

\text{Bias}(\hat{\theta}) = E[\hat{\theta}] - \theta

\]

- When Bias \(= 0\), the estimator is called unbiased.

- When \(\text{Bias} \neq 0\), the estimator is biased.

Unbiased estimators are particularly desirable because, on average, they produce correct estimates of

the parameter across many samples.

---

The Core Theorem: Expected Value of an Unbiased Estimator

The fundamental statement is:

> The expected value of an unbiased estimator \(\hat{\theta}\) of a parameter \(\theta\) is equal to

\(\theta\):



\[

E[\hat{\theta}] = \theta

\]

This property ensures that, in the long run, the estimator does not systematically overestimate or

underestimate the true parameter.

---

Theoretical Foundations and Mathematical Formalism

2.1 Formal Definition

Let \(\hat{\theta} = g(X_1, X_2, ..., X_n)\) be an estimator based on a sample drawn from a population.

If:

\[

E[\hat{\theta}] = \theta

\]

for all possible values of \(\theta\), then \(\hat{\theta}\) is unbiased.

2.2 Implications of Unbiasedness

- The estimator's expected value aligns exactly with the true parameter value.

- This property does not imply the estimator will always be close to \(\theta\) in a particular sample; it

only indicates the average over many samples is correct.

- The variance of the estimator is also crucial, influencing the precision of the estimate.

2.3 Example: Sample Mean as an Unbiased Estimator



Suppose \(X_1, X_2, ..., X_n\) are i.i.d. random variables with population mean \(\mu\):

\[

\bar{X} = \frac{1}{n} \sum_{i=1}^n X_i

\]

The expectation:

\[

E[\bar{X}] = \frac{1}{n} \sum_{i=1}^n E[X_i] = \frac{1}{n} \times n \times \mu = \mu

\]

Thus, \(\bar{X}\) is an unbiased estimator of \(\mu\).

---

Practical Significance of Unbiasedness

2.1 Reliability and Fairness

Unbiased estimators are prized because they do not introduce systematic errors. When employing

such estimators:

- The long-term average of the estimates converges to the true parameter.

- They serve as fair representatives of the underlying population characteristic.

2.2 Foundations for Estimation Procedures

Many classical estimation techniques—like the method of moments and maximum likelihood

estimation—seek unbiased estimators, especially when the primary goal is to avoid systematic errors.



2.3 Confidence Intervals and Hypothesis Testing

Unbiased estimators form the backbone of constructing confidence intervals and conducting hypothesis

tests, as their expected values accurately reflect the target parameters under repeated sampling.

---

Limitations and Caveats

While the principle that the expected value of an unbiased estimator equals the parameter is

fundamental, it is essential to recognize its limitations:

2.1 Variance and Mean Squared Error (MSE)

- An unbiased estimator can still have large variance, making individual estimates unreliable.

- The Mean Squared Error (MSE) combines variance and bias:

\[

\text{MSE}(\hat{\theta}) = \text{Var}(\hat{\theta}) + [\text{Bias}(\hat{\theta})]^2

\]

- Sometimes, biased estimators with lower variance might be preferable due to smaller MSE.

2.2 Existence of Unbiased Estimators

- For some parameters or distributions, unbiased estimators do not exist or are difficult to derive.

- For example, estimating the variance of a normal distribution without bias involves specific formulas,

and for certain complex models, unbiased estimators are not straightforward.

2.3 Finite Sample Bias



- In small samples, some estimators are biased but become approximately unbiased as sample size

increases (asymptotic unbiasedness).

---

Examples Demonstrating the Principle

2.1 Estimating Population Variance

Given the sample variance:

\[

s^2 = \frac{1}{n-1} \sum_{i=1}^n (X_i - \bar{X})^2

\]

It can be shown that:

\[

E[s^2] = \sigma^2

\]

where \(\sigma^2\) is the true population variance. Here, \(s^2\) is an unbiased estimator.

2.2 Estimating a Proportion

If \(X\) is a binomial random variable with parameters \(n\) and \(p\):

\[

\hat{p} = \frac{X}{n}

\]



then:

\[

E[\hat{p}] = p

\]

making \(\hat{p}\) an unbiased estimator of the proportion \(p\).

---

Implications for Statistical Practice

2.1 Designing Estimators

- When developing estimators, striving for unbiasedness ensures the estimator does not have

systematic errors.

- However, one must balance bias with variance; sometimes, a small bias is acceptable if it results in a

lower overall MSE.

2.2 Large Sample Properties

- Many estimators are consistent, meaning they converge in probability to the true parameter as the

sample size increases.

- An estimator can be unbiased for finite samples but biased asymptotically; vice versa is also

possible.

2.3 Bayesian vs. Frequentist Perspectives

- The statement about unbiasedness is rooted in the frequentist paradigm.

- Bayesian estimators incorporate prior information and do not necessarily have the property that their



expected value equals the parameter.

---

Conclusion: The Significance of the Principle

The statement that the expected value of an unbiased estimator equals the parameter being estimated

encapsulates a core ideal in statistical inference: the pursuit of estimators that, on average, provide

correct estimates without systematic bias. This principle guides statisticians in constructing and

evaluating estimators, emphasizing fairness and accuracy over repeated sampling.

However, the real-world application requires a nuanced understanding that unbiasedness alone does

not guarantee estimator quality. Variance, mean squared error, sample size, and the specific context

all influence the choice of estimators. Recognizing these factors ensures that statistical inference

remains robust, reliable, and meaningful.

In essence, this foundational concept underscores the importance of designing estimators that are fair

and accurate in the long run, serving as a cornerstone in the theory and practice of statistics.
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