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UNDERST ANDING THE BEHAVIOR OF FUNCTIONS IN MULTIVARIABLE CALCULUS IS CRUCIAL FOR MANY APPLICATIONS IN
MATHEMATICS, ENGINEERING, AND SCIENCES. WHEN ANALYZING A FUNCTION LIKE F(X, Y) = x2 + (x + 6Y)*, A FUNDAMENTAL
STEP IS TO DETERMINE ITS GRADIENT. THE GRADIENT PROVIDES IMPORTANT INFORMATION ABOUT THE FUNCTION/S RATE OF
CHANGE, DIRECTION OF STEEPEST ASCENT, AND POTENTIAL POINTS OF MINIMA OR MAXIMA. IN THIS ARTICLE, WE'LL EXPLORE THE

CONCEPT OF THE GRADIENT IN DETAIL, ANALYZE THE FUNCTION IN QUESTION, AND DISCUSS HOW THE GRADIENT HELPS IDENTIFY
CRITICAL POINTS SUCH AS MINIMA, MAXIMA, AND SADDLE POINTS.

INTRODUCTION TO THE FUNCTION AND ITS SIGNIFICANCE

UNDERSTANDING THE FUNCTION F(X, ¥) = x2 + (x + 6Y)*

THE GIVEN FUNCTION COMBINES A QUADRATIC TERM WITH A QUARTIC TERM INVOLVING BOTH VARIABLES:

\[F(x, ¥) = x"2 + (x + 6v)"4\]

- QUADRATIC TERM \( X2 \): THIS TERM IS ALWAYS NON-NEGATIVE AND HAS A MINIMUM AT X = 0.

- QUARTIC TERM \( (X + 6Y)"4 \): SINCE IT'S RAISED TO THE FOURTH POWER, IT'S ALSO NON-NEGATIVE AND ZERO ONLY

wHEN \( x + 6y =0\).

THE COMBINATION OF THESE TERMS CREATES A SURFACE WITH INTERESTING PROPERTIES, INCLUDING A KNOWN MINIMUM AT THE
PoINT (0, 0), WHERE THE FUNCTION VALUE IS ZERO:

\[F(0,0)=0"2+(0+6\TMes 0)"4=0+0=0]

THIS INDICATES THAT (O/ O) IS AT LEAST A LOCAL MINIMUM. DETERMINING WHETHER IT IS A GLOBAL MINIMUM REQUIRES
EXAMINING THE FUNCTION'S BEHAVIOR AROUND THIS POINT AND IDENTIFYING THE GRADIENT AND CRITICAL POINTS.

WHAT Is THE GRADIENT OF A FUNCTION?

DEFINITION OF THE GRADIENT

IN MULTIVARIABLE CALCULUS, THE GRADIENT OF A FUNCTION \( F(X, Y) \) IS A VECTOR THAT CONTAINS ALL OF ITS FIRST-
ORDER PARTIAL DERIVATIVES:

\[ \nasLA F(x, v) = \LerT( \rRAC{\PARTIAL F}{\PARTIAL X}, \FRAC{\PARTIAL F}{\PARTIAL Y} \RIGHT) \]

THE GRADIENT POINTS IN THE DIRECTION OF THE STEEPEST INCREASE OF THE FUNCTION AT A PARTICULAR POINT. |TS MAGNITUDE
INDICATES THE RATE OF INCREASE IN THAT DIRECTION.



SIGNIFICANCE OF THE GRADIENT

- CRITICAL POINTS: POINTS WHERE THE GRADIENT VECTOR EQUALS ZERO (\( \NABLA F = O \)) ARE POTENTIAL LOCATIONS OF
MINIMA, MAXIMA , OR SADDLE POINTS.

- DIRECTION OF STEEPEST ASCENT: THE GRADIENT POINTS IN THE DIRECTION IN WHICH THE FUNCTION INCREASES MOST RAPIDLY.
- OpTIMIZATION: CALCULUS-BASED METHODS SUCH AS GRADIENT DESCENT USE THE GRADIENT TO FIND FUNCTION MINIMA.

CALCULATING THE GRADIENT OF THE GIVEN FUNCTION

To FIND THE GRADIENT OF \( F(X, ¥) = x"2 + (x + 6Y)"4 \), WE NEED TO COMPUTE THE PARTIAL DERIVATIVES WITH
RESPECT TO X AND Y.

PARTIAL DerIVATIVE WITH RespecT To X, \( \rrRAC{\PARTIAL F}{\PARTIAL X} \)

GIVEN:
\[F(x, ) =x"2 + (x + 6v)"4\]
APPLYING THE CHAIN RULE:

\l

\FrRac{\ParTIAL F}{\PARTIAL x} = 2x + 4(x + 6¥)"3 \TiMes \Frac{\PArTIAL}{\PARTIAL X3(Xx + 6Y)

\]

Since \( \rrRac{\PARTIALI{\PARTIAL XJ(x + 6Y) = 1), WE GET:

\l

\rrac{\ParTIAL F}{\PARTIAL X} = 2x + 4(x + 6Y)"3

\]

PARTIAL DErIVATIVE WITH ResPecT To Y, \( \FrrRac{\PARTIAL F}{\PARTIAL Y} \)

APPLYING THE CHAIN RULE:

\l

\FrRAC{\PARTIAL F}{\PARTIAL Y} = 0 + 4(x + 6v)"3 \TiMes \rrac{\PArTIALI{\PARTIAL Y}(X + 6Y)

\]

SiNce \( \FrRAC{\PARTIAL}{\PARTIAL Y}(x + 6Y) = 6 \), WE OBTAIN:

\l

\rrAac{\ParTIAL F}{\PARTIAL Y} = 24 (x + 6Y)"3

\]



EXPRESSING THE GRADIENT VECTOR

PUTTING IT ALL TOGETHER, THE GRADIENT oF \( F(x, Y) \) Is:

\[
\NABLA F(X, Y) = \LerT( 2x + 4(x + 6¥)"3, \QUAD 24 (x + 6¥)"3 \RIGHT)

\]

THIS VECTOR PROVIDES THE DIRECTION AND RATE OF THE STEEPEST ASCENT AT ANY POINT \( (x, ¥) \).

FINDING CRITICAL PoINTS UsING THE GRADIENT

CRITICAL POINTS OCCUR WHERE BOTH COMPONENTS OF THE GRADIENT ARE ZERO SIMULTANEOUSLY:

\[

\LerT\{

\BeGIN{ ALIGNED}

2x + 4(x + 6v)"3 §=0\\
24 (x+ 6v)"3 =0

\enD{ ALIGNED}

\RIGHT.

\]

FROM THE SECOND EQUATION:

\[
24 (x + 6¥)"3 =0 \iMmrLies (x + 6¥)*3 =0 \iMPLIES x + 6Y =0
\]

SUBSTITUTING INTO THE FIRST EQUATION:

\[
2x + 4(0)"3=2x=0\iMPLES X =0
\]

Using \( x + 6y =0\):

\[
0+6y=0\iMrLESY =0

\]

THUS, THE ONLY CRITICAL POINT IS AT:

\[
(0,0)
\]

WHICH MATCHES THE KNOWN MINIMUM POINT, AND THE FUNCTION VALUE AT THIS POINT:

\[
F(0,0)=0
\]

INDICATES A MINIMUM, CONFIRMED BY THE GRADIENT ANALYSIS.



ANALYZING THE NATURE oF THE CRITICAL POINT

TO DETERMINE WHETHER THIS CRITICAL POINT IS A MINIMUM, MAXIMUM, OR SADDLE POINT, WE EXAMINE THE SECOND DERIVATIVES
AND THE HESSIAN MATRIX.

HessiAN MATRIX

THe Hessian MATRIX \( H \) CONTAINS THE SECOND DERIVATIVES:

\[

H = \Becin{BMATRIX}

\rRAC{\PARTIAL" 2 F}{\PARTIAL X2} § \FrAC{\PARTIAL"2 F}{\PARTIAL X \PARTIAL Y} \\
\FRAC{\PARTIAL"2 F}{\PARTIAL v \PARTIAL X} & \FRAC{\PARTIAL"2 F}{\PARTIAL Y"2}
\eno{BMATRIX}

\]

CALCULATING EACH COMPONENT:
-\C\rrac{\rPArTIAL" 2 F}{\PARTIAL X2} \):

\l

\rrac{\ParTIAL}{\PARTIAL X3 \LEFT( 2% + 4(X + 6¥)"3 \RIGHT) = 2 + 12(x + 6Y)"2

\]

-\C\rrAC{\PARTIAL" 2 F}{\PARTIAL X \PARTIAL Y} \):

\[

\rrAC{\PArRTIALI{\PARTIAL Y} \LEFT( 2% + 4(x + 6Y)"3 \RIGHT) = 12 \TiMes 3 (x + 6Y)"2 \TiIMes 6 =216 (x +
6Y)"2

\]

-\C\rrac{\ParTIAL" 2 F}{\PARTIAL Y2} \):

\[
\rrRAC{\PARTIALI{\PARTIAL Y} \LEFT( 24 (X + 6Y)"3 \RIGHT) = 24 \TiMes 3 (x + 6¥)"2 \TiMeS 6 = 432 (x + 6Y)"2

\]

AT THE criTicAL POINT \( (0, 0) \):

\[

H(O, 0) = \eecINn{BMATRIX}
2+0§0\\

00

\eno{eMAaTRIX} = \BEGIN{BMATRIX}
26 0\\

00

\eno{BMATRIX}

\]

SINCE THE HESSIAN IS POSITIVE SEMI-DEFINITE (WITH A POSITIVE DIAGONAL ELEMENT), THE CRITICAL POINT AT \( (0, 0) \) 1s A
LOCAL MINIMUM.



IMPLICATIONS OF THE GRADIENT AND CRITICAL POINT ANALYSIS

KNOWING THE GRADIENT AND THE NATURE OF THE CRITICAL POINT PROVIDES VALUABLE INSIGHTS:
- MINIMUM AT (O, O) SINCE THE FUNCTION VALUE IS ZERO AND THE HESSIAN INDICATES A MINIMUM, THIS POINT IS A GLOBAL
MINIMUM.

- BEHAVIOR NEAR THE MINIMUM: THE FUNCTION INCREASES AWAY FROM THIS POINT, CONFIRMING ITS STABILITY AS A MINIMUM.
- OTHER POINTS: THE FUNCTION'S BEHAVIOR AWAY FROM (O, O) IS INFLUENCED BY THE QUARTIC TERM, WHICH DOMINATES FOR

Larae \(Ix|'\) or \(I¥| V).

APPLICATIONS OF GRADIENT ANALYSIS IN OPTIMIZATION AND BEYOND

UNDERSTANDING THE GRADIENT IS FUNDAMENTAL IN OPTIMIZATION TECHNIQUES SUCH AS GRADIENT DESCENT, WHICH ITERATIVELY
MOVES IN THE DIRECTION OF THE STEEPEST DESCENT TO FIND MINIMA. THE ANALYSIS OF THE GRADIENT FOR THIS SPECIFIC
FUNCTION DEMONSTRATES:

- How TO LOCATE CRITICAL POINTS EFFICIENTLY

FREQUENTLY AskeD QUESTIONS

\WHAT IS THE FUNCTION F(X ’ Y) GIVEN IN THE PROBLEM?

THE FUNCTION IS F(X, Y) = x2 + (x + 6v)%.

How DO YOU FIND THE GRADIENT OF THE FUNCTION F(X, Y)?

THE GRADIENT IS FOUND BY COMPUTING THE PARTIAL DERIVATIVES OF F WITH RESPECT TO X AND Y: F(X, Y) = ( F/ X

FIBl Y).

/

W/HAT IS THE PARTIAL DERIVATIVE OF F(X ’ Y) WITH RESPECT TO X?
FIB x = 2x + 4(x + 6v)3.

\W/HAT IS THE PARTIAL DERIVATIVE OF F(x, Y) WITH RESPECT TO Y?
FIB v = 24(x + 6v)2.

\WHAT IS THE GRADIENT OF THE FUNCTION AT THE PoINT (O, 0)?

AT (0, 0), THe GRADIENT IS (O, O) BECAUSE BOTH PARTIAL DERIVATIVES EVALUATE TO ZERO AT THAT POINT.

\WHy poes F(0, 0) = O INDICATE A POTENTIAL MINIMUM?

SINCE THE FUNCTION VALUE AT (O, Q) IS ZERO AND THE FUNCTION IS NON-NEGATIVE ELSEWHERE, IT SUGGESTS THAT (O, 0)
COULD BE A MINIMUM POINT.

How cAN wEe conFirRM THAT (O, 0) IS A MINIMUM POINT FOR THE FUNCTION?

BY ANALYZING THE SECOND DERIVATIVES OR HESSIAN MATRIX TO CHECK POSITIVE DEFINITENESS, OR BY EXAMINING THE
BEHAVIOR OF THE FUNCTION AROUND (0, O).



ADDITIONAL RESOURCES

GRADIENT OF THE FUNCTION

INTRODUCTION: UNLOCKING THE POWER OF THE GRADIENT IN MULTIVARIABLE
CALcuLus

IN THE REALM OF MULTIVARIABLE CALCULUS, UNDERSTANDING HOW FUNCTIONS CHANGE WITH RESPECT TO THEIR VARIABLES IS
FUNDAMENTAL. WHETHER YOU'RE OPTIMIZING A COMPLEX SYSTEM OR ANALYZING THE BEHAVIOR OF A MATHEMATICAL MODEL,
THE GRADIENT SERVES AS A CRITICAL TOOL. IT ACTS AS A DIRECTIONAL COMPASS, POINTING TOWARDS THE STEEPEST ASCENT
OF A FUNCTION, AND PROVIDES INSIGHT INTO HOW SMALL CHANGES IN VARIABLES INFLUENCE THE OUTPUT.

TODAY, WE TAKE A DETAILED LOOK AT A SPECIFIC FUNCTION:
\[F(x, v) = x"2 + (x + 6v)"4\]
WHICH NOTABLY HAS A MINIMUM AT \((0, 0)\) wiTH \(F(O, 0) = 0\). OUR PRIMARY FOCUS WILL BE ON DETERMINING ITS

GRADIENT, EXPLORING WHAT IT REVEALS ABOUT THE FUNCTION'S BEHAVIOR, AND UNDERSTANDING ITS SIGNIFICANCE IN BROADER
APPLICATIONS.

UNDERSTANDING THE FuNcTION \(F(X, Y)\)

BEFORE DIVING INTO THE GRADIENT CALCULATION, IT’S ESSENTIAL TO COMPREHEND THE STRUCTURE AND PROPERTIES OF THE
FUNCTION ITSELF.

DissecTion ofF \(F(x, Y)\)

THE FUNCTION IS COMPOSED OF TWO PARTS:
1. QuADrRATIC TerM: \(x"2\) — A STANDARD PARABOLA IN THE \(x\)-DIRECTION, SYMMETRIC AROUND \(x=0\).

2. QUARTIC TerM: \((x + 6Y)"4\) — A HIGHER-DEGREE POLYNOMIAL THAT INTRODUCES NONLINEARITY AND COMPLEX
BEHAVIOR, ESPECIALLY ALONG THE LINE \(x + 6y = 0\).

KEY OBSERVATIONS:

- THE FUNCTION IS SMOOTH AND DIFFERENTIABLE EVERYWHERE IN \(\MAaTHBB{R}"2\).

- THe MinMUM AT \((O, 0)\) SUGGESTS A POINT WHERE THE FUNCTION ATTAINS ITS LOWEST VALUE, WHICH IS ZERO,
CONSISTENT WITH THE FACT THAT BOTH TERMS VANISH AT THAT POINT.

CALCULATING THE GRADIENT: STEP-BY-STEP ANALYSIS

THe GRADIENT oF \(F(x, Y)\), bexoTeD AS \(ANABLA F(X, Y)\), ENCAPSULATES THE PARTIAL DERIVATIVES WITH RESPECT TO
EACH VARIABLE:

\[



\naBLA F(x, Y) = \LerT( \FRAC{\PARTIAL F}{\PARTIAL X}, \FRAC{\PARTIAL F}{\PARTIAL Y} \RIGHT)

\]

UNDERSTANDING HOW TO COMPUTE THESE DERIVATIVES ACCURATELY IS CRUCIAL FOR ANALYZING THE FUNCTION'S BEHAVIOR.

Step 1: DerivaTive ofF \(x*2\)

THIS IS STRAIGHTFORW ARD:

\l

\rrAac{\ParTIALI{\PARTIAL X} X2 = 2x
\]
\[

\rrac{\parTIAL}{\PARTIAL Y} X2 =0

\]

siNnce \(x*2\) pepenpbs onLY on \(x\).

Step 2: DerivaTIVE of \((x + 6Y)*4\)

THIS INVOLVES THE CHAIN RULE:

\[

\rRAC{\PARTIALI{\PARTIAL X} (X + 6Y)"4 = 4(x + 6¥)"3 \cpoT \FrrRAc{\PARTIAL}{\PARTIAL X} (X + 6Y) = 4(x +
6v)"3\TiMes 1 = 4(x + 6Y)"3

\]

SIMILARLY,

\l

\rRAC{\PARTIALI{\PARTIAL Y} (X + 6Y)"4 = 4(x + 6¥)"3 \TiMes \rrAac{\PArRTIALI\PARTIAL Y} (X + 6Y) = 4(x +
6Y) 3 \TiMeS 6 = 24 (x + 6Y)"3
\]

CONSTRUCTING THE GRADIENT EXPRESSION

PUTTING THE DERIVATIVES TOGETHER, WE OBTAIN:

\l

\soxen{

\NABLA F(X, Y) = \LerT( 2x + 4(x + 6¥)"3, \QuAaD 24(x + 6¥)"3 \RIGHT)
}

\]

THIS CONCISE VECTOR EXPRESSION CLEARLY SHOWS HOW THE GRADIENT DEPENDS BOTH DIRECTLY ON \(x\) AnD \(¥\), AND oN
THE coMBINED TERM \(X + 6Y\).



INTERPRETING THE GRADIENT: INSIGHTS AND IMPLICATIONS

THE GRADIENT VECTOR REVEALS MUCH ABOUT THE FUNCTION'S LOCAL BEHAVIOR:

- DIRECTION OF STEEPEST ASCENT: THE GRADIENT POINTS TOWARD THE DIRECTION WHERE \(F\) INCREASES MOST RAPIDLY.
- CriTicaL PoiNTS: WHEN \(\NABLA F = 0\), THE FUNCTION HAS POTENTIAL MINIMA, MAXIMA, OR SADDLE POINTS.

LET'S ANALYZE THESE ASPECTS IN DETAIL.

CriTicaL Point aT \((0, 0)\)

PLucaing in \((O, 0)\):

\[

\nagLA F(O, 0) = \LerT( 2 \TiMes O + 4(0 + 6 \TiMes 0)"3, \Quab 24(0 + 6 \1iMes 0)"3 \ricHT) = (0, 0)
\]

wHicH conrirMS THAT \((O, 0)\) IS A CRITICAL POINT, CONSISTENT WITH THE GIVEN MINIMUM.

BeHAVIOR NEAR THE CRITICAL POINT

TO UNDERSTAND HOW THE FUNCTION BEHAVES AROUND \((0,0)\), CONSIDER SMALL DEVIATIONS:

- For sMALL \(x\) AND \(Y\), THE GRADIENT COMPONENTS ARE DOMINATED BY THE LINEAR TERMS \(2x\) AND THE CUBIC
TERMS INVOLVING \((x + 6v)"3\).
- THe GRADIENT VANISHES AT \((0, 0)\), INDICATING A STATIONARY POINT.

ASSESSING THE NATURE OF THE CRITICAL POINT

To peTerMINE WHETHER \((O, 0)\) IS A MINIMUM, MAXIMUM, OR SADDLE POINT, ONE COULD ANALYZE THE HESSIAN MATRIX OR
EVALUATE THE FUNCTION'S SECOND DERIVATIVES AT THE POINT.

BROADER APPLICATIONS OF THE GRADIENT IN OPTIMIZATION AND ANALYSIS

UNDERSTANDING THE GRADIENT ISN/T_JUST AN ACADEMIC EXERCISE; IT HAS PRACTICAL IMPLICATIONS IN VARIOUS FIELDS:

- OPTIMIZATION: GRADIENT-BASED METHODS LIKE GRADIENT DESCENT RELY ON THE GRADIENT TO FIND MINIMA OR MAXIMA
EFFICIENTLY.

- MACHINE LEARNING: BACKPROPAGATION ALGORITHMS COMPUTE GRADIENTS TO OPTIMIZE NEURAL NETWORK PARAMETERS.
- ENGINEERING: SENSITIVITY ANALYSIS USES GRADIENTS TO DETERMINE HOW SMALL CHANGES AFFECT SYSTEM BEHAVIOR.

- PHYSICS: THE GRADIENT OF POTENTIAL FIELDS INDICATES THE DIRECTION OF FORCE.

For ouUR FUNCTION, KNOWING THE GRADIENT ENABLES US TO:
- IDENTIFY THE DIRECTION OF STEEPEST INCREASE OR DECREASE.

- LOCATE CRITICAL POINTS AND ANALYZE THEIR NATURE.
- DEVELOP ALGORITHMS FOR MINIMIZING \(F(X, Y)\) IF NEEDED.



VISUALIZING THE GRADIENT: INTUITIVE UNDERSTANDING

GRAPHICAL INTERPRETATION ENHANCES COMPREHENSION:

- GRADIENT VECTORS AT VARIOUS POINTS ILLUSTRATE THE DIRECTION OF THE STEEPEST ASCENT.

- Near \((0, 0)\), THE VECTORS TEND TO SHRINK TO ZERO, CONFIRMING THE CRITICAL POINT.

- ALONG CERTAIN LINES, THE VECTORS POINT PREDOMINANTLY IN THE \(X\)-DIRECTION OR ARE ALIGNED WITH THE \(x + 6v\)
TERM, ILLUSTRATING HOW THE COMBINED VARIABLE INFLUENCES THE FUNCTION'S SLOPE.

SUMMARY: THE SIGNIFICANCE OF THE GRADIENT IN MULTIVARIABLE
FUNCTIONS

IN CONCLUSION, THE GRADIENT oF \(F(x, Y) = x"2 + (x + 6¥)"4\) Is GIVen BY:

\[
\NABLA F(X, Y) = \LerT( 2x + 4(x + 6Y)"3, \QUAD 24(x + 6Y)"3 \RIGHT)
\]

THIS VECTOR ENCAPSULATES THE FUNCTION'S LOCAL SENSITIVITY To CHANGES IN \(x\) anD \(\), GUIDING US TOWARD
CRITICAL POINTS AND UNDERSTANDING THE TERRAIN OF THE FUNCTION LANDSCAPE. RECOGNIZING WHERE THE GRADIENT VANISHES
INFORMS US OF POTENTIAL MINIMA, MAXIMA, OR SADDLE POINTS—CRUCIAL KNOWLEDGE FOR OPTIMIZATION AND ANALYSIS
ACROSS SCIENTIFIC DISCIPLINES.

BY MASTERING THE COMPUTATION AND INTERPRETATION OF GRADIENTS, MATHEMATICIANS, ENGINEERS, AND DATA SCIENTISTS
CAN BETTER NAVIGATE COMPLEX FUNCTIONS, OPTIMIZE SYSTEMS, AND DEVELOP INSIGHTS THAT DRIVE INNOVATION.

IN ESSENCE, THE GRADIENT ACTS AS THE FUNCTION'S DIRECTIONAL HEARTBEAT, SIGNALING WHERE AND HOW IT CHANGES, AND
EMPOWERING US TO HARNESS THESE INSIGHTS FOR PRACTICAL AND THEORETICAL ADVANCEMENTS.
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