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(UNDERSTANDING DERIVATIVES IS FUNDAMENTAL IN CALCULUS, SERVING AS THE BACKBONE FOR ANALYZING HOW FUNCTIONS
CHANGE. W/HEN PRESENTED WITH A LIMIT EXPRESSION THAT SIGNIFIES A DERIVATIVE AT A PARTICULAR POINT, IT BECOMES
ESSENTIAL TO INTERPRET AND COMPUTE BOTH THE FUNCTION'S VALUE AT THAT POINT AND THE SPECIFIC POINT ITSELF. THIS
ARTICLE EXPLORES THE PROCESS OF IDENTIFYING THE POINT C AND THE VALUE OF THE FUNCTION F AT C, GIVEN A LIMIT
EXPRESSION THAT REPRESENTS THE DERIVATIVE OF F AT SOME NUMBER C/ USING THE LIMIT DEFINITION OF DERIVATIVES.

UNDERSTANDING THE DERIVATIVE AND ITS LIMIT DEFINITION

WHAT Is A DErIVATIVE?

IN CALCULUS, THE DERIVATIVE OF A FUNCTION F AT A POINT C, DENOTED AS F'(C), MEASURES THE INSTANTANEOUS RATE OF
CHANGE OR THE SLOPE OF THE TANGENT LINE TO THE FUNCTION AT THAT POINT. |T PROVIDES INSIGHTS INTO THE BEHAVIOR OF
THE FUNCTION—WHETHER IT IS INCREASING, DECREASING, OR REACHING A MAXIMUM OR MINIMUM.

LiMIT DEFINITION OF THE DERIVATIVE

THE DERIVATIVE OF A FUNCTION F AT A POINT C CAN BE FORMALLY DEFINED USING A LIMIT:

e F'(C) =umy JF(C +H) - F(O)] / H

THIS LIMIT, IFIT EXISTS, CAPTURES THE SLOPE OF THE SECANT LINE APPROACHING THE TANGENT LINE AS H APPROACHES ZERO.

INTERPRETING THE GIVEN LIMIT EXPRESSION

SUPPOSE YOU ARE PROVIDED WITH AN EXPRESSION LIKE:

o LiMg JF(x) -F(O)]/ (x-CO) =L

THIS EXPRESSION INDICATES THAT THE DERIVATIVE OF F AT C EQUALS |_/ THE LIMIT'S VALUE. ALTERNATIVELY, SOMETIMES THE
LIMIT MAY BE PRESENTED DIRECTLY AS:

* LMy [SOME EXPRESSION] = VALUE

WHICH IMPLIES THE DERIVATIVE AT C IS EQUAL TO THAT VALUE. To DETERMINE BOTH C AND F(C)/ YOU NEED TO ANALYZE THE



LIMIT EXPRESSION CAREFULLY, OFTEN BY EVALUATING THE LIMIT AND COMPARING IT WITH THE KNOWN FORM OF THE DERIVATIVE.

Step-8Y-STEP PrOCESS TO Fino C anp F(C)

1. EXAMINE THE LIMIT EXPRESSION

IDENTIFY THE FORM OF THE LIMIT. FOR EXAMPLE, CONSIDER:

o LM JF(x) -F(2)]/ (x-2)=3

THIS SUGGESTS THE DERIVATIVE AT x=2 15 3. To FIND F(2), ADDITIONAL INFORMATION OR THE SPECIFIC FORM OF F(x) MAY
BE NEEDED.

2. RecoGNize THE LIMIT AS A DERIVATIVE AT A POINT

IF THE LIMIT RESEMBLES THE DEFINITION OF THE DERIVATIVE, THEN:

e F(O)=L
WHERE L IS THE EVALUATED LIMIT.

3. DETERMINE THE POINT C

FROM THE LIMIT EXPRESSION, THE POINT C IS WHERE THE DERIVATIVE IS EVALUATED. FOR EXAMPLE, IF:

e LM [F(x) -F(a)]/ (x-A)=L

THEN THE POINT IS C = A.

4. Fino F(Q)

Once C 1s kNowN, To FIND F(C):

- |F THE PROBLEM PROVIDES ADDITIONAL INFORMATION ABOUT F(X), SUCH AS THE FUNCTION'S FORM OR INITIAL CONDITIONS,
USE THEM To compuTE F(CQ).

- |F NOT EXPLICITLY GIVEN, SOMETIMES F(C) CAN BE INFERRED FROM THE CONTEXT, ESPECIALLY IF THE LIMIT INVOLVES KNOWN
FUNCTIONS OR ADDITIONAL DATA.



5. Use AppiTIONAL CONDITIONS OR DATA

IN MANY CASES, THE PROBLEM PROVIDES AN EXPLICIT FUNCTION OR BOUNDARY CONDITIONS. For EXAMPLE:

e F(N=4

WHICH HELPS DETERMINE F AT SPECIFIC POINTS.

PrRACTICAL EXAMPLE: APPLYING THE PROCESS

LET’S ANALYZE A CONCRETE EXAMPLE TO SOLIDIFY THE UNDERSTANDING.

ExAMPLE PROBLEM

SUPPOSE THE LIMIT IS GIVEN AS:

o LM JF(x)-F(3)]/ (x-3)=7

AND YOU ARE ASkeD To FIND C anp F(C).

SOLUTION STEPS

1. IDENTIFY THE POINT C: THE LIMIT IS TAKEN AS X APPROACHES 3, so C = 3.

2. DETERMINE F(3): THE LIMIT EQUALS THE DERIVATIVE OF F AT X=3, WHICH IS 7. W/ITHOUT ADDITIONAL DATA, F(3)
REMAINS UNKNOWN UNLESS SPECIFIED OR UNLESS THE FUNCTION IS PROVIDED.

3. ADDITIONAL INFO: IF F(x) IS KNOWN, FOR EXAMPLE, F(x) = 2x + 1, THEN F(3) = 2(8) + 1 = 7. ALTERNATIVELY, IF
F(X) IS NOT GIVEN, THE PROBLEM MIGHT EXPECT YOU TO DEDUCE F(3) BASED ON THE LIMIT BEHAVIOR OR OTHER
CONDITIONS.

CONCLUSION FROM THE EXAMPLE

- THe poINT C = 3.

- THE DERIVATIVE AT C = 7.

- IF F(x) 1S kNowN, F(3) CAN BE DIRECTLY CALCULATED. OTHERWISE, IT REMAINS AS AN UNKNOWN UNLESS FURTHER DATA IS
PROVIDED.



CoMMoN Types ofF LIMIT EXPRESSIONS AND THEIR INTERPRETATIONS

LiMIT oF THE DIFFERENCE QUOTIENT

THIS IS THE STANDARD FORM FOR THE DERIVATIVE:

o Limg JFGO - F(O]/ (x- O
WHICH EQUALS F'(C).

LiMITS INVOLVING DIRECT SUBSTITUTION

IN SOME CASES, THE LIMIT CAN BE DIRECTLY EVALUATED BY SUBSTITUTING X = C, PROVIDED THE FUNCTION IS CONTINUOUS AT
C.

INDETERMINATE FORMS AND THEIR RESOLUTION

|F SUBSTITUTION YIELDS AN INDETERMINATE FORM LIKE O/O/ TECHNIQUES SUCH AS FACTORING, RATIONALIZING, OR LIH PITAL'S
RULE ARE NECESSARY TO EVALUATE THE LIMIT.

TecHNIQUES For FinbiNG F(C) ano C

1. DIRECT SUBSTITUTION

IF THE LIMIT IS STRAIGHTFORWARD AND THE FUNCTION IS CONTINUOUS AT THE POINT, SIMPLY SUBSTITUTE X = C TO FIND F(C)

2. UsING KNoWN FUNCTION FOrRMS

IF F(x) 1s GIven expLICITLY, coMPUTE F(C) DIRECTLY.

3. AppLYING L’H[F] PITAL’s RULE

W/HEN EVALUATING LIMITS THAT PRODUCE O/O OR / FORMS, DIFFERENTIATE NUMERATOR AND DENOMINATOR SEPARATELY.

4. INFERRING C FROM THE LIMIT EXPRESSION

SOMETIMES/ THE LIMIT EXPRESSION CONTAINS PARAMETERS OR VARIABLES THAT HELP IDENTIFY C BASED ON THE BEHAVIOR OF
THE FUNCTION.



SUMMARY AND KEY T AKEAWAYS

- THE LIMIT EXPRESSION PROVIDED OFTEN REPRESENTS THE DERIVATIVE OF A FUNCTION AT A SPECIFIC POINT C.
- To FIND C/ ANALYZE WHERE THE LIMIT APPROACHES A FINITE VALUE, INDICATING THE POINT OF DIFFERENTIATION.

- THE VALUE OF F(C) MAY BE DEDUCED FROM THE LIMIT, ESPECIALLY IF ADDITIONAL INFORMATION ABOUT THE FUNCTION IS
KNOWN.

- EMPLOY STANDARD CALCULUS TECHNIQUES SUCH AS SUBSTITUTION, FACTORING, RATIONALIZATION, OR L’H[F] PITAL’s RULE
WHEN EVALUATING THE LIMIT.

- CLARIFY WHETHER THE LIMIT IS GIVEN AS A DIFFERENCE QUOTIENT OR ANOTHER FORM, AS THIS GUIDES THE INTERPRETATION.

CoNcLUSION

(UNDERSTANDING HOW TO INTERPRET THE LIMIT REPRESENTING THE DERIVATIVE OF A FUNCTION AT SOME NUMBER C IS VITAL IN
CALCULUS. BY CAREFULLY ANALYZING THE LIMIT EXPRESSION, APPLYING THE DEFINITION OF DERIVATIVES, AND UTILIZING
APPROPRIATE EVALUATION TECHNIQUES, YOU CAN ACCURATELY DETERMINE BOTH THE POINT C AND THE FUNCTION’S VALUE AT
THAT POINT, F(C) \WHETHER DEALING WITH STRAIGHTFORW ARD FUNCTIONS OR MORE COMPLEX EXPRESSIONS, MASTERING
THESE CONCEPTS ENHANCES YOUR ANALYTICAL SKILLS AND DEEPENS YOUR COMPREHENSION OF CHANGE AND RATES IN
MATHEMATICAL CONTEXTS.

FREQUENTLY AskeD QUESTIONS

\WHAT IS THE SIGNIFICANCE OF THE GIVEN LIMIT IN RELATION TO THE DERIVATIVE OF THE
FUNCTION F AT A POINT C?

THE GIVEN LIMIT REPRESENTS THE DEFINITION OF THE DERIVATIVE OF THE FUNCTION F AT THE POINT C, MEANING IT EQUALS F,(C).

Given THE LMIT LIMB] [ ¢ [F(x) - F(c)] / (x - €) = 5, HOW CAN WE FIND THE VALUE OF
c?

SINCE THE LIMIT EQUALS THE DERIVATIVE AT C, AND THE LIMIT IS GIVEN AS 5, C IS THE POINT WHERE THE DERIVATIVE OF F IS 5.
To FIND C, ADDITIONAL INFORMATION ABOUT F OR F,(X) IS NEEDED, WITH ONLY THIS, C REMAINS UNSPECIFIED.

IF THE LIMIT EQUALS 5, WHAT IS THE VALUE OF F'(C)?

THE VALUE OF THE DERIVATIVE OF F AT C, F'(C), Is 5.

How CAN WE DETERMINE THE POINT C IF WE KNOW THE FUNCTION F?P

IF THE EXPLICIT FORM OF F(X) IS KNOWN, WE CAN FIND C BY SOLVING THE EQUATION F/(C) = 5/ OR BY USING KNOWN POINTS
WHERE THE DERIVATIVE EQUALS 5.

DOES THE LIMIT PROVIDE ENOUGH INFORMATION TO FIND THE EXACT VALUE OF C
WITHOUT KNOWING THE FUNCTION F?

NOI WITHOUT THE EXPLICIT FORM OF F OR ADDITIONAL INFORMATION ABOUT ITS DERIVATIVE, WE CANNOT DETERMINE THE



EXACT VALUE OF C.

\WHAT IS THE RELATIONSHIP BETWEEN THE LIMIT AND THE SLOPE OF THE TANGENT LINE
TO THE GRAPH OF F AT C?

THE LIMIT REPRESENTS THE SLOPE OF THE TANGENT LINE TO THE GRAPH OF F AT THE POINT C, WHICH IS THE DERIVATIVE FI<C) =
5.

CAN WE CONCLUDE THAT F IS DIFFERENTIABLE AT C?

YES, SINCE THE LIMIT EXISTS AND EQUALS 5, F IS DIFFERENTIABLE AT C, AND ITS DERIVATIVE AT C IS 5.

ADDITIONAL RESOURCES

THe ProviDED LiMIT RePReSENTS THE DeriVATIVE OF A FuncTion F AT Some Numger C. DeTerMine / Anp C. 5(x)

IN THE REALM OF CALCULUS, DERIVATIVES SERVE AS A FUNDAMENTAL TOOL FOR UNDERSTANDING HOW FUNCTIONS CHANGE AT
SPECIFIC POINTS. W/HEN PRESENTED WITH A LIMIT THAT DEFINES A DERIVATIVE, MATHEMATICIANS ARE TASKED WITH DECIPHERING
THE UNDERLYING FUNCTION AND PINPOINTING THE PARTICULAR VALUE OF C AT WHICH THIS DERIVATIVE APPLIES. THIS PROCESS
INVOLVES NOT ONLY ALGEBRAIC MANIPULATION BUT ALSO A DEEP UNDERSTANDING OF HOW LIMITS AND DERIVATIVES INTERPLAY
WITHIN THE BROADER CONTEXT OF MATHEMATICAL ANALYSIS.

THIS ARTICLE AIMS TO EXPLORE THE PROBLEM: GIVEN A LIMIT EXPRESSION THAT REPRESENTS THE DERIVATIVE OF A FUNCTION F
AT AN UNKNOWN POINT C, HOW CAN WE DETERMINE THE FUNCTION F AND THE SPECIFIC POINT CP \WE'LL UNRAVEL THIS

QUESTION STEP BY STEP, PROVIDING INSIGHT INTO THE CORE PRINCIPLES OF DERIVATIVES, LIMIT DEFINITIONS, AND THE METHODS
USED TO IDENTIFY BOTH THE FUNCTION AND THE POINT IN QUESTION.

UNDERSTANDING THE LIMIT DEFINITION OF THE DERIVATIVE

BEFORE DIVING INTO THE PROBLEM SPECIFICS, IT’S CRUCIAL TO REVISIT THE FUNDAMENTAL DEFINITION OF A DERIVATIVE IN
CALCULUS. THE DERIVATIVE OF A FUNCTION F AT A POINT C IS DEFINED AS:

\[F'(C) =\um_{x \To C} \rrAc{F(x) - F(O)}{x - C}\]

THIS LIMIT, IF IT EXISTS, MEASURES THE INSTANTANEOUS RATE OF CHANGE OF THE FUNCTION AT THE POINT C. IT ESSENTIALLY
CAPTURES HOW F(X) BEHAVES AS X APPROACHES C, PROVIDING A SLOPE OF THE TANGENT LINE TO THE CURVE AT THAT POINT.

IN THE PROBLEM AT HAND, THE GIVEN LIMIT PURPORTEDLY REPRESENTS THIS DERIVATIVE. THE GOAL IS TO INTERPRET THE LIMIT

EXPRESSION CORRECTLY, IDENTIFY THE FUNCTION F, AND DETERMINE THE SPECIFIC POINT C WHERE THIS DERIVATIVE IS
EVALUATED.

DECIPHERING THE GIVEN LIMIT EXPRESSION

SUPPOSE THE LIMIT EXPRESSION PROVIDED IS OF THE FORM:

\[\uim_{x \1to C3 \rrac{r(x) - r(O)}{x - C3\]

WHERE \(F(x)\) IS SOME KNOWN OR UNKNOWN FUNCTION, AND C IS AN UNKNOWN NUMBER WE NEED TO FIND.
FOR EXAMPLE, CONSIDER A SPECIFIC LIMIT SUCH AS:

\[\um_{x \1o 2} \rrAC{3x"2 - 12Hx - 2} \]



THIS PARTICULAR EXPRESSION RESEMBLES THE DIFFERENCE QUOTIENT FOR THE DERIVATIVE OF A FUNCTION AT A POINT CLOSE TO
2. THE TASK INVOLVES ANALYZING THIS LIMIT, RECOGNIZING ITS FORM, AND INFERRING THE FUNCTION AND POINT C.

STeEP-BY-STEP APPROACH TO DETERMINE C AND F

TO SYSTEMATICALLY DETERMINE THE FUNCTION F AND THE POINT C, CONSIDER THE FOLLOWING STEPS:

1. REcoGNIzE THE FORM OF THE LIMIT

- THE LIMIT RESEMBLES THE DIFFERENCE QUOTIENT, WHICH SUGGESTS THAT IT IS THE DERIVATIVE OF SOME FUNCTION AT A
CERTAIN POINT.

- THE NUMERATOR OFTEN HINTS AT THE FUNCTION \(F(x)\) EVALUATED AT X AND POTENTIALLY AT C.

2. SIMPLIFY THE LIMIT EXPRESSION

- FACTOR NUMERATOR OR DENOMINATOR IF POSSIBLE.

- SIMPLIFY THE EXPRESSION TO SEE IF THE LIMIT CAN BE EVALUATED DIRECTLY OR IF IT INDICATES A PARTICULAR FORM SUCH AS
A DERIVATIVE AT A SPECIFIC POINT.

3. IoenTIFY THE CANDIDATE FuncTion \(F(x)\)

- |F THE LIMIT INVOLVES AN EXPRESSION THAT SIMPLIFIES TO THE DIFFERENCE QUOTIENT OF A KNOWN FUNCTION, THEN THAT
FUNCTION CAN BE IDENTIFIED.

- FOR EXAMPLE, IF AFTER SIMPLIFICATION, THE NUMERATOR RESEMBLES \(F(x) - F(C)\), THeN You can pepuce \(F(x)\).

4. Fino THE PoinT C

- OFTEN, THE LIMIT INVOLVES A SPECIFIC X-VALUE APPROACHING A CERTAIN POINT; THE VALUE OF C CAN BE DEDUCED FROM THE
LIMIT OR THE SIMPLIFIED FUNCTION.

- THE VALUE WHERE THE LIMIT EXISTS AND YIELDS A FINITE NUMBER IS THE POINT C WHERE THE DERIVATIVE IS EVALUATED.

5. CoNFIRM THE DERIVATIVE

- ONCE THE FUNCTION AND C ARE IDENTIFIED, VERIFY BY COMPUTING \(F'(C)\) USING THE STANDARD DERIVATIVE RULES.
- ENSURE THAT THE LIMIT MATCHES THIS DERIVATIVE VALUE.

APPLYING THE METHOD: AN ILLUSTRATIVE EXAMPLE

LET’S ILLUSTRATE THE PROCESS WITH A CONCRETE EXAMPLE:
SUPPOSE THE LIMIT GIVEN IS:

\[\um_{x \To 3} \rrAc{2x"2 - 18}{x - 3} \]

STeP 1: RECOGNIZE THE FORM

- THE NUMERATOR RESEMBLES \(2x"2 - 18\), wHicH FACTORS AS \(2(x"2 - 9)\).
- Since \(x"2 - 9 = (x - 3)(x + 3)\), THE NUMERATOR FACTORS AS:

\[2(x - 3)(x +3)\]
STEP 2: SIMPLIFY THE EXPRESSION

- THE ORIGINAL EXPRESSION BECOMES:



\[\FrAC{2(x - 3)(x + 3)}x - 3}\]

- CANCEL THE COMMON FACTOR \(x - 3\):

\[2(x + 3)\]

STeP 3: EVALUATE THE LIMIT

- As \(x \to 3\):

\[2(3+3)=2\TiMes 6=12\]

STEP 4: INTERPRET THE RESULT

- THE LIMIT EQUALS 12, WHICH CORRESPONDS TO THE DERIVATIVE \(F'(3)\).
Step 5: IDenTiFy THE FUNCTION \(F(x)\)

- Recoanize THAT \(F'(x) = 2x\), Becaust THE DERIVATIVE oF \(x"2\) 1s \(2x\), AND THE EXPRESSION INVOLVES

\(2x72\).

- THE ORIGINAL NUMERATOR \(2x"2 - 18\) CAN BE WRITTEN AS:
\[2x"2-18=2(x"2-9)\]

- THe FuncTIoN \(F(x)\) wHosE perivATIVE 1S \(2x\) CAN BE:

\[ F(x) = \rrAc{2}{3}x"3 + K'\]

- ALTERNATIVELY, SINCE THE DERIVATIVE \(F'(x) = 2x\), THEN:

\[FGO =x"2 +K\]

- To VERIFY, DIFFERENTIATE \(F(x) = x"2 + K\):

\[F'(x) = 2x\]

- THE VALUE OF THE CONSTANT \(K\) DOES NOT AFFECT THE DERIVATIVE, SO THE FUNCTION IS \(F(x) = x"2 + K\).
Step 6: CONFIRM THE POINT C

- THE LIMIT WAS TAKEN AS \(x \To 3\), so C = 3.

SUMMARY:

- Tre FuncTion 1S \(F(x) = x*2 + K\), wHere \(K\) IS ANY CONSTANT.

- THe poinT C = 3.
- THe DERIVATIVE AT THAT POINT 1S \(F'(3) = 6\), AND THE LIMIT CONFIRMS THIS.

BROADER IMPLICATIONS AND APPLICATIONS

(UNDERSTANDING HOW TO DETERMINE THE FUNCTION AND THE POINT C FROM A LIMIT EXPRESSION HAS FAR-REACHING
IMPLICATIONS IN CALCULUS AND APPLIED MATHEMATICS:

- MODELING PHYSICAL PHENOMENA: DERIVATIVES DESCRIBE RATES OF CHANGE, CRUCIAL IN PHYSICS, ECONOMICS, AND
ENGINEERING.
- OPTIMIZATION PROBLEMS: FINDING MAXIMA, MINIMA, AND POINTS OF INFLECTION RELIES ON UNDERSTANDING DERIVATIVES AT



SPECIFIC POINTS.
- GRAPHICAL ANALYSIS: T ANGENT LINES AND SLOPES HINGE ON DERIVATIVES EVALUATED AT PARTICULAR POINTS.

IN REAL-WORLD SCENARIOS, ENGINEERS AND SCIENTISTS OFTEN ENCOUNTER LIMITS THAT DEFINE DERIVATIVES, AND BEING ABLE TO
REVERSE-ENGINEER THE FUNCTION OR THE POINT C IS VITAL FOR INTERPRETING DATA AND MAKING PREDICTIONS.

CONCLUSION

DECIPHERING A LIMIT THAT REPRESENTS THE DERIVATIVE OF A FUNCTION AT SOME UNKNOWN POINT INVOLVES A BLEND OF
ALGEBRAIC SKILL, CONCEPTUAL UNDERSTANDING, AND ANALYTICAL REASONING. BY RECOGNIZING THE FORM OF THE LIMIT,
SIMPLIFYING THE EXPRESSION, IDENTIFYING THE UNDERLYING FUNCTION, AND PINPOINTING THE SPECIFIC POINT C, MATHEMATICIANS
CAN RECONSTRUCT THE FUNCTION'S BEHAVIOR AT THAT POINT.

THIS PROCESS UNDERSCORES THE ELEGANCE OF CALCULUS: FROM A SEEMINGLY ABSTRACT LIMIT, ONE CAN UNCOVER THE CORE
PROPERTIES OF A FUNCTION AND GAIN DEEP INSIGHT INTO ITS BEHAVIOR. W/HETHER DEALING WITH THEORETICAL PROBLEMS OR
PRACTICAL APPLICATIONS, MASTERING THIS APPROACH ENHANCES ONE’S ABILITY TO ANALYZE AND INTERPRET THE DYNAMIC
W ORLD AROUND US THROUGH THE LENS OF MATHEMATICS.
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