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Understanding the critical path method (CPM) is essential for effective
project management, especially when it comes to estimating project duration
and managing uncertainties. In any project, identifying activities along the
critical path allows managers to focus on tasks that directly impact the
overall timeline. When dealing with uncertainties in activity durations,
calculating expected values and variances becomes crucial to assess risks and
develop contingency plans. This article explores the four activities along
the critical path for a project, detailing how to determine their expected
durations and variances, and explaining how these calculations help in
project planning and risk management.

---

Understanding the Critical Path in Project
Management

What Is the Critical Path?
The critical path is the sequence of activities that determines the minimum
project duration. Any delay in activities on this path directly affects the
project's completion date. Identifying this path enables project managers to
prioritize resources and monitor progress effectively.

Importance of Critical Path Analysis
- Helps in scheduling and resource allocation
- Identifies activities that require close supervision
- Assists in risk assessment and contingency planning
- Provides a basis for estimating project duration with uncertainties

---



Activities Along the Critical Path

In most projects, multiple activities comprise the critical path. For the
purpose of this discussion, we focus on four key activities along the
critical path, each with uncertain durations that can be modeled
probabilistically.

Why Focus on These Activities?
Because delays in any of these activities can cause the entire project to be
delayed, understanding their expected durations and variances is vital for
accurate planning and risk mitigation.

---

Expected Values and Variances: Concepts and
Significance

Expected Duration (Mean Value)
The expected value (or mean) of an activity duration provides a single best
estimate of how long the activity will take. It is calculated based on
probabilistic models, such as the Program Evaluation and Review Technique
(PERT).

Variance and Standard Deviation
Variance measures the variability or uncertainty associated with the activity
duration. A higher variance indicates greater uncertainty, which can impact
the reliability of project completion estimates.

Why Are These Metrics Important?
- Enable probabilistic project scheduling
- Help assess the likelihood of completing the project on time
- Support risk analysis and decision-making

---

Calculating Expected Values and Variances for



Critical Activities

PERT-Based Approach
The PERT method uses three estimates for each activity:
- Optimistic time (O): the shortest time in which activity can be completed
- Pessimistic time (P): the longest time the activity might take
- Most probable time (M): the best estimate under normal conditions

These estimates are used to compute the expected duration and variance.

Formulas for Expected Duration and Variance
- Expected Duration (E):

\[
E = \frac{O + 4M + P}{6}
\]

- Variance (Var):

\[
Var = \left( \frac{P - O}{6} \right)^2
\]

Application to the Four Activities
Suppose each activity along the critical path has the following estimates:

| Activity | O (Optimistic) | M (Most Probable) | P (Pessimistic) |
|------------|----------------|-------------------|-----------------|
| Activity 1 | 2 days | 4 days | 6 days |
| Activity 2 | 1 day | 2 days | 3 days |
| Activity 3 | 3 days | 5 days | 8 days |
| Activity 4 | 2 days | 3 days | 4 days |

Calculating each:

Activity 1
- Expected value:

\[
E_1 = \frac{2 + 4 \times 4 + 6}{6} = \frac{2 + 16 + 6}{6} = \frac{24}{6} = 4
\text{ days}
\]

- Variance:



\[
Var_1 = \left( \frac{6 - 2}{6} \right)^2 = \left( \frac{4}{6} \right)^2 =
\left( \frac{2}{3} \right)^2 = \frac{4}{9} \approx 0.444
\]

Activity 2
- Expected value:

\[
E_2 = \frac{1 + 4 \times 2 + 3}{6} = \frac{1 + 8 + 3}{6} = \frac{12}{6} = 2
\text{ days}
\]

- Variance:

\[
Var_2 = \left( \frac{3 - 1}{6} \right)^2 = \left( \frac{2}{6} \right)^2 =
\left( \frac{1}{3} \right)^2 = \frac{1}{9} \approx 0.111
\]

Activity 3
- Expected value:

\[
E_3 = \frac{3 + 4 \times 5 + 8}{6} = \frac{3 + 20 + 8}{6} = \frac{31}{6}
\approx 5.17 \text{ days}
\]

- Variance:

\[
Var_3 = \left( \frac{8 - 3}{6} \right)^2 = \left( \frac{5}{6} \right)^2 =
\frac{25}{36} \approx 0.694
\]

Activity 4
- Expected value:

\[
E_4 = \frac{2 + 4 \times 3 + 4}{6} = \frac{2 + 12 + 4}{6} = \frac{18}{6} = 3
\text{ days}
\]

- Variance:

\[
Var_4 = \left( \frac{4 - 2}{6} \right)^2 = \left( \frac{2}{6} \right)^2 =
\left( \frac{1}{3} \right)^2 = \frac{1}{9} \approx 0.111
\]

---



Aggregating Expected Durations and Variances
Along the Critical Path

Once individual expected durations and variances are calculated for each
activity, the next step is to determine the total expected project duration
and the associated variance.

Total Expected Duration
Sum the expected durations of all activities on the critical path:

\[
E_{total} = E_1 + E_2 + E_3 + E_4 = 4 + 2 + 5.17 + 3 \approx 14.17 \text{
days}
\]

Total Variance
Since activities are sequential, their variances add up:

\[
Var_{total} = Var_1 + Var_2 + Var_3 + Var_4 \approx 0.444 + 0.111 + 0.694 +
0.111 \approx 1.36
\]

The standard deviation of the total project duration is:

\[
\sigma_{total} = \sqrt{Var_{total}} \approx \sqrt{1.36} \approx 1.17 \text{
days}
\]

---

Implications for Project Planning and Risk
Management

Estimating Probabilities of Meeting Deadlines
Using the total expected duration and standard deviation, project managers
can evaluate the probability of completing the project within a specific
timeframe. For example, assuming a normal distribution:

- Probability of completing within 15 days:



\[
Z = \frac{15 - E_{total}}{\sigma_{total}} = \frac{15 - 14.17}{1.17} \approx
0.72
\]

Referring to standard normal tables, this Z-value corresponds to
approximately 76% probability.

Buffer Planning and Contingency Strategies
Understanding variances allows managers to allocate contingency buffers
effectively, reducing the risk of delays. If the variance is high, additional
resources or schedule adjustments may be necessary.

Risk Analysis and Decision Making
By quantifying uncertainties, project managers can prioritize activities with
the highest variances for closer monitoring and control, thereby mitigating
potential schedule overruns.

---

Conclusion

Identifying the activities along the critical path and calculating their
expected durations and variances are fundamental steps in project management
under uncertainty. The four activities discussed exemplify how probabilistic
methods like PERT facilitate realistic scheduling, risk assessment, and
effective decision-making. By summing individual expected durations and
variances, project managers can estimate the overall project duration's mean
and variability, enabling more accurate planning, contingency development,
and stakeholder communication. Mastery of these concepts ensures that project
timelines are not just optimistic guesses but well-informed projections
grounded in statistical analysis, ultimately leading to successful project
delivery.

---

Additional Resources
-



Frequently Asked Questions

What are the four activities along the critical path
in project management?
The four activities are typically defined as the sequence of tasks that
directly determine the project's minimum duration, including activities on
the critical path, but the common core activities include defining,
sequencing, estimating durations, and monitoring progress.

How are expected values calculated for activities
along the critical path?
Expected values are generally calculated using the PERT (Program Evaluation
and Review Technique) formula: (Optimistic + 4×Most Likely + Pessimistic) /
6, which provides an average estimate of activity durations.

What is the significance of variances in activities
along the critical path?
Variances measure the uncertainty or variability in activity durations,
helping project managers assess the risk of delays along the critical path
and enabling better contingency planning.

How do expected values and variances influence
project schedule risk analysis?
They are used in probabilistic models, such as the normal distribution, to
estimate the likelihood of completing the project on time, allowing for risk
assessment and mitigation strategies.

Can the activities along the critical path have
different variances, and how does that affect
project planning?
Yes, activities can have different variances, which impacts the overall
project duration uncertainty; higher variances in critical activities
increase the risk of delays, necessitating focused risk management.

What is the role of the expected value and variance
calculations in identifying the critical path?
While the expected values help estimate the most probable project duration,
variances assist in understanding the variability, but the critical path is
primarily identified based on the longest expected durations, with variance



influencing risk analysis.

How are the variances of activities combined to
determine the variance of the total project
duration?
The variances of activities along the critical path are summed (assuming
independence) to find the overall variance of the project duration, which
then enables probability calculations for project completion.

Why is it important to understand the expected
values and variances of activities in project
management?
Understanding these metrics helps project managers estimate project timelines
more accurately, assess risks, allocate resources effectively, and develop
contingency plans to ensure successful project completion.

Additional Resources
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Understanding project management's intricacies involves not only knowing the
sequence of activities but also quantifying the uncertainties inherent in
each task. Among the many concepts used to optimize project completion and
mitigate risks, the critical path method (CPM) stands out. Particularly, when
dealing with activities along the critical path, analyzing their expected
durations and variances becomes crucial. This article explores the four key
activities along the critical path, delving into how their expected values
and variances influence project timelines, risk assessments, and decision-
making processes.

Deciphering the Critical Path in Project
Management

Before diving into the specifics of activities and their statistical
properties, it’s essential to understand what constitutes the critical path.
In project management, the critical path is the sequence of activities that
determines the shortest possible duration to complete the project. Any delay
in these activities directly impacts the overall project completion date.

The critical path is identified through a series of steps:
- Listing all project activities



- Estimating durations for each activity
- Determining dependencies among activities
- Calculating the longest path through the activity network

By focusing on the critical path, managers can prioritize resources and
monitor high-stakes tasks that could derail project timelines.

The Four Activities Along the Critical Path

Within most projects, four activities often emerge as pivotal along the
critical path. These activities are characterized by their sequential
dependence and significant influence on the project’s duration.

1. Activity A: The Initiation Task
This is usually the starting point of the project or a major phase. Its
duration is uncertain but vital because delays here cascade downstream.

2. Activity B: The Development or Execution Phase
Following activity A, this task involves core project work. Its completion
triggers subsequent activities and is often complex, with variability in
execution time.

3. Activity C: The Review or Testing Phase
Post-development, this activity ensures quality and compliance. Its duration
can vary based on issues uncovered during testing.

4. Activity D: The Final Delivery or Closure
This activity marks the culmination of the project, encompassing final
adjustments, documentation, and handover.

While these activities may vary based on project type, the methodology to
analyze their expected durations and variances remains consistent across
disciplines.

Estimating Expected Values of Critical
Activities

The expected value (or mean duration) of an activity provides a central
estimate of how long it will take, considering uncertainty. In project
management, the PERT (Program Evaluation and Review Technique) method is
frequently employed for this purpose.

PERT Estimation Formula:
Expected Duration (E) = (Optimistic + 4 × Most Likely + Pessimistic) / 6

- Optimistic (O): The shortest time in which the activity can be completed



under ideal conditions.
- Most Likely (M): The best estimate under normal circumstances.
- Pessimistic (P): The worst-case duration considering potential delays.

Applying this to each of the four activities allows project managers to
generate an expected timeline, accounting for inherent uncertainties.

Example:
Suppose activity B has:
- O = 10 days
- M = 15 days
- P = 25 days

Then,
E = (10 + 4×15 + 25) / 6 = (10 + 60 + 25) / 6 = 95 / 6 ≈ 15.83 days

This expected value guides scheduling and resource allocation.

Understanding Variance in Activity Durations

While the expected value offers a central estimate, understanding variability
is equally important. Variance quantifies the degree of uncertainty,
indicating how much actual durations may deviate from the expected.

PERT Variance Formula:
Variance (σ²) = ((Pessimistic – Optimistic) / 6)²

This formula assumes a Beta distribution for activity durations, which is
flexible for modeling project uncertainties.

Applying Variance Calculation:
Using the previous example:
- P = 25 days
- O = 10 days

Variance = ((25 – 10) / 6)² = (15 / 6)² = (2.5)² = 6.25

A higher variance indicates greater uncertainty, prompting managers to
incorporate buffers or contingency plans.

Implications of Variance:
- Projects with activities exhibiting high variance require more risk
mitigation strategies.
- Variance influences the probability of project completion within a
specified deadline.



Aggregating Expectations and Variances Along
the Critical Path

To effectively manage and predict project timelines, it is vital to aggregate
the expected durations and variances of activities along the critical path.

Total Expected Duration:
The sum of the expected durations of all activities on the critical path:

Total E = E(A) + E(B) + E(C) + E(D)

Total Variance:
Since activities are assumed independent, variances can be summed:

Total σ² = σ²(A) + σ²(B) + σ²(C) + σ²(D)

This aggregation allows project managers to estimate the overall project
duration's mean and variability, forming the basis for probabilistic
scheduling.

Example Calculation:
Suppose the activities have the following expected durations and variances:

| Activity | E (days) | Variance (σ²) |
|------------|-----------|--------------|
| A | 8 | 2.78 |
| B | 15.83 | 6.25 |
| C | 5 | 1.78 |
| D | 3 | 0.56 |

Total expected duration: 8 + 15.83 + 5 + 3 = 31.83 days
Total variance: 2.78 + 6.25 + 1.78 + 0.56 = 11.37

Standard deviation (σ): √11.37 ≈ 3.37 days

This statistical insight enables the project team to assess the probability
of completing the project within a target deadline using normal distribution
assumptions.

Practical Applications and Strategic
Implications

Understanding the expected values and variances of activities along the
critical path offers tangible benefits:

- Risk Management:



Quantifying uncertainty helps identify activities with high variability.
Managers can prioritize these tasks for contingency planning or process
improvements.

- Schedule Optimization:
By analyzing the aggregated variance, project teams can determine the
likelihood of meeting deadlines and adjust schedules accordingly.

- Resource Allocation:
Activities with higher expected durations or variances may require additional
resources or buffers to mitigate delays.

- Decision-Making Under Uncertainty:
Probabilistic models enable better-informed decisions, such as whether to
accelerate certain activities or accept potential risks.

Limitations and Considerations:
While these statistical methods provide valuable insights, they rely on
accurate estimation of optimistic, most likely, and pessimistic durations.
Overly optimistic or pessimistic inputs can skew results. Therefore,
continuous monitoring and updates are essential throughout the project
lifecycle.

Conclusion

The analysis of the four activities along the critical path—through their
expected values and variances—serves as a cornerstone in effective project
management. By applying techniques like PERT, project managers can quantify
uncertainty, forecast project durations more accurately, and develop
strategies to mitigate risks. As projects grow in complexity, such
probabilistic approaches become indispensable, transforming raw estimates
into actionable insights. Ultimately, understanding these four activities'
statistical properties enhances not only schedule reliability but also the
overall resilience and success of projects across industries.
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