16.2-3. Cars Arrive At A Tollbooth At A
Mean Rate Of Five Cars Every Ten
Minutes According To A Poison

Understanding the Arrival Rate of Cars at a
Tollbooth: An In-Depth Analysis of 16.2-3

16.2-3. Cars Arrive At A Tollbooth At A Mean Rate Of Five Cars Every Ten Minutes
According To A Poison is a classic problem in probability and statistics, often used to
illustrate the Poisson distribution. This problem not only provides insight into vehicle
traffic patterns but also serves as a foundational example for understanding how random
events occur over fixed intervals of time. In this article, we will explore the core concepts
behind this problem, examine how to model such scenarios, and discuss practical
applications in traffic management and operations research.

What Is the Poisson Distribution?

Definition and Significance

The Poisson distribution is a probability distribution that expresses the likelihood of a
given number of events occurring within a fixed interval of time or space, provided these
events happen independently and at a constant average rate. It is named after the French
mathematician Siméon Denis Poisson.

Key Characteristics

- Independent Events: The occurrence of one event does not influence the probability of
another.

- Constant Mean Rate: The average number of events per interval remains steady over
time.

- Rare Events: Suitable for modeling infrequent, discrete events over continuous intervals.

Mathematical Expression

The probability of observing exactly k events in an interval is given by:
\[ P(k; \lambda) = \frac{e”™ {-\lambda} \lambda~{k} }{k!} \]

where:

-\(\lambda\) = expected number of events in the interval,

-\(k\) = number of events,

-\(e\) = Euler's number (~2.71828).



Applying the Poisson Model to Tollbooth Traffic

Understanding the Arrival Rate

In the specific problem of cars arriving at a tollbooth, the mean rate is given as 5 cars
every 10 minutes. This translates to:
- Average rate (\(\lambda\)): 5 cars per 10 minutes.

If we want to analyze the number of cars arriving in different time frames, we need to
adjust \(\lambda\) accordingly:

- For 1 minute: \(\lambda = 0.5\) cars.

- For 15 minutes: \(\lambda = 7.5\) cars.

- For 30 minutes: \(\lambda = 15\) cars.

Model Assumptions

Applying the Poisson distribution to this scenario relies on several assumptions:

- Car arrivals are independent events.

- The rate of arrivals remains constant over the period considered.

- Multiple cars do not arrive simultaneously; the probability of more than one car arriving
at the exact same instant is negligible.

Analyzing Car Arrival Probabilities

Calculating Probabilities for Specific Numbers of Cars

Suppose we are interested in the probability that exactly k cars arrive in a 10-minute
interval:
\[ P(k; 5) = \frac{e™{-5} \times 57~ {k}}{k!} \]

For example:

- Probability of exactly 3 cars in 10 minutes:

\[ P(3; 5) = \frac{e™ {-5} \times 5~ {3} }{3!} \approx \frac{0.0067 \times 125} {6} \approx
0.139\]

- Probability of no cars arriving:

\[ P(0; 5) = e™{-5} \approx 0.0067 \]

- Probability of more than 5 cars:

\[ P(k >5) =1-\sum {k=0}"{5} P(k; 5)\]



Expected Number of Cars

The expected value (mean) of cars arriving in the interval is \(\lambda = 5\). This means,
on average, five cars arrive every ten minutes, but the actual number can vary according
to the Poisson probabilities.

Traffic Management and Operational Implications

Predicting Peak Traffic and Congestion

Understanding the statistical distribution of arrivals helps in planning and managing
tollbooth operations:

- Anticipate periods of high traffic.

- Allocate resources such as toll operators and lanes accordingly.

- Optimize throughput to reduce congestion and wait times.

Designing Efficient Toll Systems

Applying probabilistic models enables:

- Determining the number of toll booths needed to handle peak traffic with minimal delay.
- Scheduling maintenance during periods of low expected traffic.

- Implementing dynamic pricing or lane management based on predicted vehicle flow.

Example: Planning for Variability

Suppose a toll plaza operates with 3 lanes. Using the Poisson distribution:

- Calculate the probability that more than 5 cars arrive in a 10-minute period (which might
overwhelm available lanes).

- Use this data to decide whether additional lanes or express lanes are necessary during
certain times.

Extensions and Related Concepts

Poisson Process and Traffic Flow

The Poisson process models the timing of events:

- Inter-arrival times between cars follow an exponential distribution.

- The time between arrivals is memoryless, meaning the probability of an arrival in the
next instant is unaffected by past arrivals.



Real-World Considerations

While the Poisson model provides a solid foundation, real-world traffic can deviate due to:
- Rush hours leading to higher rates.

- Road conditions or accidents causing fluctuations.

- Non-independent arrivals during coordinated traffic events.

Advanced Modeling Techniques

For more accurate predictions, models like:

- Non-homogeneous Poisson processes (varying rates over time).
- Markov models for correlated arrivals.

- Simulation models to account for complex interactions.

Conclusion: Significance of the Poisson Model in
Traffic Analysis

The problem of cars arriving at a tollbooth at a mean rate of five cars every ten minutes
exemplifies the practical application of the Poisson distribution. By understanding and
applying these statistical concepts, traffic engineers and planners can make informed
decisions to optimize toll operations, reduce congestion, and improve overall efficiency.
The model's assumptions and limitations should always be considered, and real-world data
should be used to refine predictions. As traffic patterns evolve with urban development
and technological advancements, the foundational principles of the Poisson process
remain a vital tool in transportation planning and management.
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Frequently Asked Questions

What is the average rate at which cars arrive at the
tollbooth according to the problem?

The cars arrive at an average rate of five cars every ten minutes.

Which probability distribution is used to model the
number of cars arriving at the tollbooth?

The Poisson distribution is used to model the number of cars arriving.



How do you calculate the expected number of cars
arriving in a specific time period?

Multiply the rate (e.g., cars per minute) by the length of the time period to find the
expected number.

What is the mean number of cars arriving in 15 minutes
based on the given rate?

The mean is 7.5 cars, since 5 cars per 10 minutes scale up to 7.5 per 15 minutes.

How would you find the probability that exactly 3 cars
arrive in a 10-minute interval?

Use the Poisson probability formula with A = 5 for 10 minutes, calculating P(X=3).

If the arrival process follows a Poisson distribution,
what is the probability of no cars arriving in 10
minutes?

Calculate P(X=0) with A = 5 using the Poisson formula: e”™(-5) 5~0 / 0O!.

What assumptions are made when modeling car arrivals
with a Poisson distribution?

Assumptions include that arrivals are independent, occur at a constant average rate, and
the probability of more than one arrival in an infinitesimally small interval is negligible.

How can the Poisson distribution help in managing
tollbooth operations?

It helps estimate the probability of certain numbers of arrivals, aiding in resource planning
and reducing wait times.

If the arrivals are Poisson with a mean of 5 cars per 10
minutes, what is the variance of the number of cars
arriving in that period?

The variance is equal to the mean, so it is 5 cars.

Additional Resources

Analysis of Car Arrival Rates at a Tollbooth Based on Poisson Distribution



Understanding traffic flow and vehicle arrival patterns is crucial for designing efficient toll
systems, managing congestion, and optimizing resource allocation. The problem
statement, “Cars arrive at a tollbooth at a mean rate of five cars every ten minutes
according to a Poisson process,” offers an excellent opportunity to explore the application
of Poisson distribution in real-world traffic analysis. In this comprehensive review, we will
dissect the problem, interpret the statistical implications, and delve into the theoretical
and practical considerations involved.

Introduction to Poisson Distribution in Traffic
Modeling

What is the Poisson Distribution?

The Poisson distribution is a discrete probability distribution that models the number of
events occurring within a fixed interval of time or space, assuming these events happen
independently and at a constant average rate. It is characterized by the parameter A
(lambda), which represents the expected number of events in the given interval.

Mathematically, the probability of observing exactly k events in an interval is given by:

\[
P(k; \lambda) = \frac{e”™ {-\lambda} \lambda~{k}}{k!}
\]

where:

-\( e ) is Euler’s number (~2.71828),
-\( k) is the number of events (non-negative integers),
-\(\lambda\) is the expected number of events in the interval.

Relevance to Traffic Flow

In traffic modeling, vehicles arriving at a tollbooth are often assumed to arrive randomly
and independently, making the Poisson distribution an appropriate model under certain
conditions. It allows analysts to estimate probabilities of various traffic scenarios, such as:

- The likelihood of a certain number of cars arriving in a given period.
- Expected waiting times.
- Variability and fluctuations in traffic.



Parameter Estimation and Basic Calculations

Determining the Rate Parameter A

Given the problem, cars arrive at a mean rate of 5 cars every 10 minutes. To use the
Poisson model effectively, we need to define the rate parameter \(\lambda\) over specific
intervals.

- Interval: 10 minutes
- Mean arrivals (\(\lambda {10}\)): 5 cars

For calculations over different intervals, we adjust \(\lambda\) proportionally:

\[
\lambda {t} = \text{mean rate per interval} \times \text{number of intervals}
\]

For example, for a 1-minute interval:

\[
\lambda {1} = \frac{5}{10} = 0.5 \text{ cars per minute}
\]

Similarly, for a 5-minute interval:
\[

\lambda {5} = 0.5 \times 5 = 2.5 \text{ cars}
\]

Probabilistic Insights and Key Calculations

Probability of Observing a Specific Number of Cars

Using the Poisson formula, we can compute various probabilities:
- Probability of exactly \(k\) cars arriving in 10 minutes:

\[
P(k; 5) = \frac{e”™{-5} \times 5™~ {k}}{k!}
\]

- Examples:



-\( P(0; 5) = e~ {-5} \times \frac{57 {0} }{0!} = e~ {-5} \approx 0.0067 \)

-\( P(1; 5) = e~ {-5} \times \frac{5~{1}}{1!} \approx 0.0337)

-\( P(5; 5) = e~ {-5} \times \frac{5" {5} }{5!} \approx 0.1755)

-\(P(10; 5) = e~ {-5} \times \frac{5~ {10} }{10!} \approx 0.0182)

These calculations enable transportation planners to predict the likelihood of specific

traffic volumes in a given time frame, which is essential for capacity planning and
congestion mitigation.

Expected Value and Variance

- Expected number of cars in 10 minutes:

\[

E[X] = \lambda = 5
\]

- Variance:

\[

Var(X) = \lambda = 5
\]

This indicates that the standard deviation is \(\sqrt{5} \approx 2.24\), highlighting the
natural variability in arrivals.

Applications and Practical Implications

Designing Toll Infrastructure

Understanding the statistical distribution of arrivals helps in:
- Setting appropriate number of toll booths to minimize wait times.

- Planning for peak hours where arrivals might temporarily exceed the mean.
- Evaluating the need for dynamic management strategies.

Queue Length and Waiting Time Analysis



Assuming arrivals follow a Poisson process and service times are known (say, each car
takes a fixed or variable amount of time to process), queueing theory models like the
M/M/1 or M/M/c can be employed:

- M/M/1 model: Single server, Poisson arrivals, exponential service times.
- M/M/c model: Multiple servers (e.g., multiple toll booths).

These models can estimate:

- Average queue length.
- Average waiting time.
- Probability of system being idle or congested.

Predicting Peak Traffic and Variability

Poisson modeling allows planners to assess the probability of unusually high traffic, such
as:

- The probability that more than 8 cars arrive in 10 minutes:

\[
P(k>8)=1-P(k\leqg 8) =1-\sum {k=0}"{8} P(k; 5)
\]

Calculating this cumulative probability helps in contingency planning.

Limitations and Assumptions of the Poisson
Model

While Poisson models are powerful, they rely on assumptions that may not always hold:

- Independence of arrivals: In real traffic, arrivals may be correlated (e.g., cars traveling in
convoys).

- Constant rate: Traffic flow can vary due to time of day, day of the week, or special
events.

- Memoryless property: The Poisson process assumes the future arrivals are independent
of past arrivals, which may not reflect real patterns.

Recognizing these limitations, more sophisticated models like nonhomogeneous Poisson
processes or queueing networks may be employed for more accurate predictions.



Extensions and Related Models

Nonhomogeneous Poisson Process (NHPP)

- Used when the rate \(\lambda(t)\) varies over time.
- Suitable for modeling rush hours vs. off-peak periods.

Compound Poisson Processes

- When each arrival results in a random amount of "work" or "service time," not just a
count.
- Useful for modeling varying service times at toll booths.

Other Traffic Models

- Poisson-Exponential hybrid models for arrivals and service times.
- Markov chain models for correlated arrivals.

Real-World Data Collection and Model Validation

To effectively use the Poisson model, empirical data collection is essential:

- Counting vehicles: Using sensors or manual counts over extended periods.

- Analyzing variability: Comparing observed distributions with theoretical Poisson
probabilities.

- Adjusting models: Incorporating observed deviations, such as peak periods or correlated
arrivals.

Validation ensures the model's applicability and guides adjustments for more precise
planning.

Conclusion

The statement that cars arrive at a tollbooth at a mean rate of five cars every ten minutes,
modeled as a Poisson process, provides a foundation for rigorous probabilistic analysis of
traffic flow. This understanding enables transportation engineers and planners to:



- Quantify the likelihood of various traffic scenarios.

- Design infrastructure that balances capacity and cost.

- Develop dynamic management strategies to handle variability.
- Improve overall efficiency and reduce congestion.

While the Poisson process offers significant insights, it is important to acknowledge its
assumptions and limitations. Incorporating empirical data, adapting models to real-world
conditions, and considering more advanced stochastic processes can lead to more robust
traffic management systems.

By leveraging the principles of Poisson distribution, transportation systems can be
optimized, ensuring smoother traffic flow, reduced wait times, and better resource
utilization, ultimately contributing to safer and more efficient transportation networks.
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