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Understanding the problem of finding maximum and minimum values of
multivariable functions subject to constraints is fundamental in calculus,
optimization, and applied mathematics. The question posed—"If M and M are the
maximum and minimum values of F(x, y) = My subject to 4.2? + y2 = 8, then M -
M="—although somewhat ambiguously formatted, seems to be a classic
optimization problem involving constrained extrema. In this article, we will
thoroughly explore how to determine these maximum and minimum values,
interpret the notation, and understand the significance of the difference M -
M. We will also discuss relevant methods such as the method of Lagrange
multipliers, analyze the problem step by step, and clarify common
misconceptions.

---

Understanding the Mathematical Context

Before delving into solving the problem, let's clarify the notation and the
general approach involved in constrained optimization.

Interpreting the Function and Constraints

- Function to Optimize: The problem involves a function, denoted as F(x, y).
Although the original statement is somewhat unclear ("F(x,y) = My Subject To
4.2? + Y2 = 8"), it is typical in such problems that:

- The function is a function of two variables, say F(x, y).

- The constraint is an equation relating x and y, often of the form g(x, y) =
c.

- Possible Clarification: Given the snippet, it's likely that the intended
function is:

\[
F(x, y) = m y
\]



subject to the constraint:

\[
4.2 x + y^2 = 8
\]

or perhaps:

\[
4.2 y + y^2 = 8
\]

depending on the actual variables involved. For simplicity, we'll assume the
problem involves maximizing and minimizing \( F(y) = m y \) subject to a
constraint involving y, such as:

\[
4.2 y + y^2 = 8
\]

because the original phrase "4.2? + y2 = 8" suggests an expression involving
y squared and a constant.

- Note on the Variable 'm': The notation "M and M" might be a typo or
formatting issue, possibly intending to denote \( M \) and \( m \)—the
maximum and minimum values of the function.

---

Formulating the Optimization Problem

Assuming the function is:

\[
F(y) = m y
\]

and the constraint is:

\[
4.2 y + y^2 = 8
\]

then the goal is to find the maximum and minimum values of \( F(y) \) subject
to this constraint.

Alternatively, if the original problem involves two variables, the same
principles apply, but for simplicity, we'll focus on a single-variable
function constrained by an algebraic equation.



---

Methodology for Finding Maximum and Minimum
Values

To find the extrema (maximum and minimum) of a function under a constraint,
the following methods are typically used:

Method 1: Direct Substitution

- Solve the constraint for one variable in terms of the other.
- Substitute into the function to reduce the problem to a univariate
optimization.
- Find critical points via differentiation.

Method 2: Lagrange Multipliers

- Set up the Lagrangian:

\[
\mathcal{L}(x, y, \lambda) = F(x, y) - \lambda (g(x, y) - c)
\]

- Find critical points by solving the system of equations obtained from the
partial derivatives:

\[
\frac{\partial \mathcal{L}}{\partial x} = 0,\quad \frac{\partial
\mathcal{L}}{\partial y} = 0,\quad g(x, y) = c
\]

This method is especially powerful when dealing with multivariable functions
and complex constraints.

---

Step-by-Step Solution

Let's proceed with the assumption that:

\[
F(y) = m y



\]

and the constraint:

\[
4.2 y + y^2 = 8
\]

Our goal: Find maximum and minimum of \( F(y) \) satisfying the constraint.

---

Step 1: Express the problem explicitly

- Function:

\[
F(y) = m y
\]

- Constraint:

\[
g(y) = 4.2 y + y^2 - 8 = 0
\]

---

Step 2: Find critical points by substitution

Since \( F(y) \) is linear in y, the maximum and minimum will occur at
boundary points where the constraint is satisfied.

Rearranged constraint:

\[
y^2 + 4.2 y - 8 = 0
\]

Solve for y:

\[
y = \frac{-4.2 \pm \sqrt{(4.2)^2 - 4 \times 1 \times (-8)}}{2}
\]

Calculate discriminant:



\[
\Delta = (4.2)^2 - 4 \times 1 \times (-8) = 17.64 + 32 = 49.64
\]

Compute:

\[
\sqrt{\Delta} = \sqrt{49.64} \approx 7.048
\]

Thus,

\[
y = \frac{-4.2 \pm 7.048}{2}
\]

Two solutions:

1. \( y_1 = \frac{-4.2 + 7.048}{2} = \frac{2.848}{2} = 1.424 \)

2. \( y_2 = \frac{-4.2 - 7.048}{2} = \frac{-11.248}{2} = -5.624 \)

---

Step 3: Find the corresponding function values

Since the function is \( F(y) = m y \), the maximum and minimum depend on the
coefficient \( m \). If \( m \) is positive, the maximum occurs at the
largest y; if negative, at the smallest y.

- \( F(y_1) = m \times 1.424 \)
- \( F(y_2) = m \times (-5.624) \)

Depending on the sign of \( m \):

- If \( m > 0 \), maximum at \( y_1 \), minimum at \( y_2 \).
- If \( m < 0 \), maximum at \( y_2 \), minimum at \( y_1 \).

---

Step 4: Determine M and m (Maximum and Minimum
Values)

Assuming \( m > 0 \):

\[
M = F(y_1) = m \times 1.424



\]
\[
m = F(y_2) = m \times (-5.624)
\]

The difference:

\[
M - m = m \times (1.424 - (-5.624)) = m \times 7.048
\]

Similarly, if \( m < 0 \), the maximum and minimum are swapped, but the
difference remains the same in magnitude.

---

Interpreting the Result M - m

Given the calculations, the difference between the maximum and minimum values
of \( F \) is proportional to the coefficient \( m \) times the difference in
y-values:

\[
\boxed{
M - m = |m| \times 7.048
}
\]

- The exact numerical value of \( M - m \) depends on \( m \).
- If \( m \) is known, the difference can be explicitly calculated.

---

Additional Considerations and Generalization

While the above solution assumes specific functions and constraints, the
principles extend to more complex problems.

Using Lagrange Multipliers for General Problems

- When \( F(x, y) \) and \( g(x, y) \) are given, formulate:

\[
\mathcal{L}(x, y, \lambda) = F(x, y) - \lambda (g(x, y) - c)
\]



- Compute partial derivatives and solve for critical points.

Key Steps in the Lagrange Multiplier Method

- Set up the system:

\[
\frac{\partial \mathcal{L}}{\partial x} = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial y} = 0
\]

\[
g(x, y) = c
\]

- Solve the system for \( x, y, \lambda \).

- Evaluate \( F(x, y) \) at the critical points to find maxima and minima.

---

Implications and Applications of Finding M and
m

Understanding the maximum and minimum values of functions under constraints
has numerous applications:

- Optimization in Engineering: Design components with maximum efficiency or
minimal cost.

- Economics: Maximize profit or

Frequently Asked Questions

How do you find the maximum and minimum values of
the function F(x, y) = M y subject to the constraint
4x² + y² = 8?
To find the maximum and minimum of F(x, y) = M y under the constraint 4x² +
y² = 8, we use Lagrange multipliers. We set up the system with the Lagrangian



and solve for critical points to determine the maximum and minimum values M
and M, then compute M - M.

What role do the Lagrange multipliers play in
solving for the maximum and minimum of F(x, y) = M y
given the constraint 4x² + y² = 8?
Lagrange multipliers help incorporate the constraint into the optimization
problem by introducing a parameter that relates the gradients of F and the
constraint. Solving the resulting equations yields the critical points where
the maximum and minimum values occur.

Is the value of M and M dependent on the parameter M
in the function F(x, y) = M y, and how does that
affect the difference M - M?
Yes, the values depend on the parameter M. After calculating the maximum and
minimum, the difference M - M corresponds to the difference between these
extremal values, which can be expressed in terms of M based on the solutions
obtained.

What is the significance of the constraint 4x² + y²
= 8 in determining the extremal values of F(x, y) =
M y?
The constraint defines the feasible region (an ellipse), restricting the
values of x and y. This boundary condition is essential to find the true
maximum and minimum of the function within that region, rather than over the
entire plane.

How do you compute M - M once the maximum and
minimum values of F(x, y) = M y are found under the
given constraint?
After solving for the maximum and minimum values (say, M and M), you subtract
the minimum from the maximum to find M - M. This involves substituting the
critical points back into F(x, y) and simplifying to find their numerical
difference.

Additional Resources
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In the realm of multivariable calculus, the quest to identify the maximum and



minimum values of a function constrained to a particular surface is a
fundamental pursuit. This challenge often entails leveraging techniques such
as Lagrange multipliers, which enable mathematicians and students alike to
decipher the extremal points of a function within a specified boundary.
Today, we delve into a problem that exemplifies this process: determining the
maximum and minimum values of a function \( F(x,y) \), subject to a given
constraint, and exploring the intriguing question of what their difference
entails.

---

Understanding the Problem: Deciphering the Mathematical Setup

Before jumping into the solution techniques, it's essential to interpret the
problem statement correctly. The question reads:

If \( M \) and \( m \) are the maximum and minimum values of \( F(x, y) = My
\) subject to \( 4.2? + y^2 = 8 \), then \( M - m = ? \)

At first glance, the notation appears somewhat ambiguous, likely due to
transcription or typographical issues. To clarify, let's parse the key
components:

- The function: \( F(x, y) = My \).
Typically, in such problems, \( M \) is used to denote the maximum value, but
here it seems to be used as a variable within the function; it might be a
notation mix-up. Possibly, the intended function is \( F(x, y) = x y \), or
perhaps \( F(x, y) = y \) or similar.
- The constraint: \( 4.2? + y^2 = 8 \).
The question mark suggests a missing or corrupted term, but based on standard
forms, it’s likely intended to be \( 4x^2 + y^2 = 8 \), which is an ellipse—
a common constraint in optimization problems.

Given these interpretations, the most plausible reconstruction of the problem
is:

Find the maximum and minimum of \( F(x, y) = xy \) subject to the ellipse \(
4x^2 + y^2 = 8 \). Then, determine \( M - m \), where \( M \) and \( m \) are
the maximum and minimum values of \( F(x, y) \).

This is a classic constrained optimization problem, often tackled with
Lagrange multipliers.

---

Mathematical Foundations: Constrained Optimization and Lagrange Multipliers

The core idea behind such problems is to find the extremal values of a
function \( F(x, y) \) when the variables are restricted to a certain curve
or surface. The standard method involves:



1. Setting up the Lagrangian function:
\[
\mathcal{L}(x, y, \lambda) = F(x, y) - \lambda (g(x, y) - c)
\]
where \( g(x, y) = 4x^2 + y^2 \), and \( c = 8 \).

2. Calculating the partial derivatives and setting them equal to zero:
\[
\frac{\partial \mathcal{L}}{\partial x} = 0, \quad \frac{\partial
\mathcal{L}}{\partial y} = 0, \quad \frac{\partial \mathcal{L}}{\partial
\lambda} = 0
\]

3. Solving the resulting system to find critical points.

---

Step-by-Step Solution Approach

Let’s proceed with the assumptions:

- Function to optimize: \( F(x, y) = xy \).
- Constraint: \( 4x^2 + y^2 = 8 \).

Step 1: Set up the Lagrangian

\[
\mathcal{L}(x, y, \lambda) = xy - \lambda (4x^2 + y^2 - 8)
\]

Step 2: Compute partial derivatives

\[
\frac{\partial \mathcal{L}}{\partial x} = y - \lambda (8x) = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial y} = x - \lambda (2y) = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial \lambda} = -(4x^2 + y^2 -8) = 0
\]

Step 3: Solve the system

From the first equation:

\[
y = 8x \lambda
\]



From the second:

\[
x = 2 y \lambda
\]

Substitute \( y \) from the first into the second:

\[
x = 2 (8x \lambda) \lambda = 16 x \lambda^2
\]

If \( x \neq 0 \), dividing both sides by \( x \):

\[
1 = 16 \lambda^2 \Rightarrow \lambda^2 = \frac{1}{16}
\]

\[
\Rightarrow \lambda = \pm \frac{1}{4}
\]

Now, find \( y \) in terms of \( x \):

- For \( \lambda = \frac{1}{4} \):

\[
y = 8x \times \frac{1}{4} = 2x
\]

- For \( \lambda = - \frac{1}{4} \):

\[
y = 8x \times \left(- \frac{1}{4}\right) = -2x
\]

Step 4: Use the constraint

Plug into:

\[
4x^2 + y^2 = 8
\]

- For \( y = 2x \):

\[
4x^2 + (2x)^2 = 4x^2 + 4x^2 = 8x^2 = 8
\]
\[
\Rightarrow x^2 = 1 \Rightarrow x = \pm 1



\]

Correspondingly,

\[
y = 2x = \pm 2
\]

- For \( y = -2x \):

\[
4x^2 + (-2x)^2 = 4x^2 + 4x^2 = 8x^2 = 8
\]
\[
x^2 = 1 \Rightarrow x = \pm 1
\]

and

\[
y = -2x = \mp 2
\]

Step 5: Find the extremal values of \( F(x, y) = xy \)

Evaluate \( xy \) at each critical point:

- When \( x=1, y=2 \):

\[
F = 1 \times 2 = 2
\]

- When \( x=-1, y=-2 \):

\[
F = (-1) \times (-2) = 2
\]

- When \( x=1, y=-2 \):

\[
F = 1 \times (-2) = -2
\]

- When \( x=-1, y=2 \):

\[
F = (-1) \times 2 = -2
\]



---

Interpreting the Results

The maximum value \( M \) of \( F(x, y) \) on the constrained ellipse is 2,
and the minimum value \( m \) is -2.

Therefore:

\[
M = 2, \quad m = -2
\]

The difference:

\[
M - m = 2 - (-2) = 4
\]

---

Broader Implications and Real-World Applications

The process detailed above illustrates a powerful method in multivariable
calculus applicable across various fields: from physics and engineering to
economics and data science. For example, optimizing resource allocation under
constraints, designing efficient systems, or understanding the extremal
behaviors of complex models often hinges on such techniques.

Key takeaways include:

- The importance of correctly interpreting problem statements, especially
when notation appears ambiguous.
- The utility of Lagrange multipliers in tackling constrained optimization
problems.
- The significance of solving systems of equations derived from derivatives
to find critical points.
- The interpretation of maximum and minimum values, and their practical
implications.

---

Final Thoughts: Significance of the Result

The difference \( M - m = 4 \) encapsulates the range of the function \( F(x,
y) = xy \) over the given ellipse \( 4x^2 + y^2 = 8 \). This range provides
insights into the behavior and limits of the function within the constraint,
offering valuable understanding in theoretical and applied contexts.

In summary, through systematic application of calculus principles, we've
identified the extremal values and their significance, illustrating the



elegance and utility of mathematical methods in solving real-world problems.

---

Note: The initial ambiguity in the problem statement underscores the
importance of clarity in mathematical communication. When approaching such
problems, always verify the notation and assumptions to ensure accurate
solutions.
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