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Understanding how images can be transformed and return to their original position is a fundamental
concept in geometry, especially when exploring the properties of symmetry and transformations. The
question "Which sequence of transformations will result in an image that maps onto itself?" is
central to studying the symmetry groups of figures. One common transformation is rotation, and
understanding how specific rotations—such as rotating an image by 90 degrees—affect the image's
orientation helps in identifying the transformation sequences that leave the figure unchanged. In
this article, we will explore the effects of different transformation sequences, particularly focusing
on rotations, reflections, and their combinations, to determine which sequences map an image onto
itself.

Understanding Transformations and Their Effects

Transformations are operations that change the position, size, or shape of a geometric figure. The
main types include translations, rotations, reflections, and dilations. When analyzing which
transformations map an image onto itself, symmetry plays a crucial role.

Types of Transformations

Translation: Slides the figure from one location to another without rotating or flipping it.

Rotation: Turns the figure around a fixed point called the center of rotation.

Reflection: Flips the figure over a line, producing a mirror image.

Dilation: Enlarges or reduces the figure proportionally from a fixed point.

Among these, rotations and reflections are most relevant when considering transformations that
map a figure onto itself.

Rotation: Key Concepts

Rotation involves turning a figure around a fixed point, known as the center of rotation, by a



specified angle. The primary questions are:

- What angles of rotation leave the figure unchanged?
- How do sequences of rotations combine to produce the original image?

Rotations and Symmetry

A figure exhibits rotational symmetry if it can be rotated less than 360 degrees about a point and
still look exactly like the original. The degree of symmetry depends on the angle of rotation:

Rotational symmetry of order n: The figure maps onto itself after rotation of 360/n degrees.

For example, a square has rotational symmetry of order 4 because rotating it by 90°, 180°,
270°, or 360° results in the same figure.

The Significance of Rotation by 90 Degrees

Rotating an image by 90 degrees is particularly notable because it often reveals symmetry in regular
polygons and other figures. For example:

- A square maps onto itself after a 90° rotation.
- An equilateral triangle maps onto itself after a 120° rotation but not 90°.
- Rectangles only map onto themselves after 180° rotations unless they are squares.

Understanding how a 90° rotation affects an image is essential in analyzing transformation
sequences.

Sequences of Transformations That Map an Image Onto
Itself

Determining which sequences of transformations result in the image mapping onto itself involves
analyzing the composition of transformations. Let's explore some common sequences:

Single Rotation by 90 Degrees

- Effect: If the figure has rotational symmetry of order 4 (like a square), rotating by 90° maps it onto
itself.
- Implication: For such figures, performing a 90° rotation once will result in the image overlapping
with the original.



Multiple Rotations (e.g., 90° + 90°)

- Sequence: Two rotations of 90° each, totaling 180°.
- Result: The image maps onto itself if it has rotational symmetry of order 2 or higher.
- Example: A rectangle (not a square) maps onto itself after 180°, but not after 90°.

Rotation by 180° or 270°

- 180° Rotation: Many figures, like rectangles and parallelograms, map onto themselves after 180°.
- 270° Rotation: Equivalent to a 90° rotation in the opposite direction; maps onto the figure if
symmetry exists accordingly.

Combining Rotation and Reflection

- Reflection across a line followed by rotation or vice versa can produce a transformation that maps
the figure onto itself, especially for figures with multiple axes of symmetry.

Focus on Rotation by 90°: Which Sequences Map the
Image Onto Itself?

Given the initial question, "A. Rotate 90," the primary focus is on sequences involving a 90° rotation.
Let's analyze:

Single 90° Rotation

- Applicable to: Figures with fourfold rotational symmetry (e.g., square).
- Outcome: The image maps onto itself after a 90° rotation.

Multiple 90° Rotations

- Sequences:
- 90° + 90° = 180°
- 90° + 90° + 90° = 270°
- 90° + 90° + 90° + 90° = 360°, which is the same as no rotation.
- Implication: For figures with fourfold symmetry, performing four 90° rotations (or any multiple
thereof) will return the image to its original position.



Sequences Resulting in Identity Transformation

An identity transformation leaves the figure unchanged. For rotations, this occurs when the total
rotation sums to 360°, i.e.,

Rotating four times by 90° each: total 360°.1.

Rotating once by 360° (equivalent to no rotation).2.

Therefore, the sequence of four 90° rotations in succession results in the image mapping onto itself,
returning it to its original orientation.

Summary of Transformation Sequences for Self-
Mapping

| Sequence of Transformations | Total Rotation Angle | Resulting Mapping onto Itself? | Notes |
|------------------------------|------------------------|------------------------------|--------|
| Rotate 90° once | 90° | No (unless the figure has 4-fold symmetry) | For squares, yes; for
rectangles, no |
| Rotate 180° once | 180° | Yes (for rectangles, for example) | Figures with 2-fold rotational
symmetry |
| Rotate 270° once | 270° | Yes (if symmetry exists) | Similar to 90°, but in the opposite direction |
| Rotate 360° once | 360° | Yes (identity) | Always maps onto itself |
| Four 90° rotations in sequence | 360° | Yes | Returns to original position |

Practical Applications and Examples

Understanding these transformation sequences has practical applications in various fields such as:

- Art and Design: Creating patterns with rotational symmetry.
- Engineering: Analyzing the symmetry of mechanical parts.
- Mathematics Education: Teaching concepts of symmetry and transformations.

Examples:

- Square: Exhibits rotational symmetry of order 4. Rotations of 90°, 180°, 270°, and 360° map it onto
itself.
- Rectangle (not a square): Maps onto itself after 180°, but not after 90° or 270°.
- Equilateral Triangle: Maps onto itself after 120°, but not 90° rotations.



Conclusion

In summary, the sequence involving a rotation by 90° can result in an image mapping onto itself if
the figure has the appropriate symmetry properties. For figures like squares, rotating by 90°, 180°,
270°, or 360° will map the image onto itself, especially when performed in sequences that total 360°.
Combinations such as four successive 90° rotations are classic examples of transformations that
bring the figure back to its original position. Recognizing these sequences is key to understanding
geometric symmetry and can be applied in designing patterns, analyzing structures, and solving
mathematical problems.

Remember: The key to whether a sequence of transformations maps an image onto itself depends on
the symmetry properties of the figure and the total rotation angle achieved through the sequence.
Mastering these concepts enhances spatial reasoning and deepens comprehension of geometric
transformations.

Frequently Asked Questions

Which sequence of transformations will result in an image
mapping onto itself when applying APEX transformations?
A sequence involving rotation by 90 degrees, followed by reflection, can produce an image that maps
onto itself depending on the original shape and symmetry.

Does rotating an image by 90 degrees alone result in the
image mapping onto itself in APEX?
No, rotating by 90 degrees alone typically does not map the image onto itself unless the image has
rotational symmetry of order 4.

What other transformations, besides rotation, can be
combined with a 90-degree rotation to produce an image that
maps onto itself?
Reflections, glide reflections, or combinations of rotations and reflections can result in the image
mapping onto itself, depending on its symmetry properties.

In the context of APEX, which sequence of transformations is
most likely to produce an image that maps onto itself?
A sequence involving rotation by 90 degrees combined with reflection across an appropriate axis,
especially for symmetric shapes, is most likely to produce such a mapping.



Is a 90-degree rotation sufficient for an image to map onto
itself in all cases?
No, only images with rotational symmetry of order 4 will map onto themselves after a 90-degree
rotation alone; others require additional transformations.

Additional Resources
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---

Introduction

Understanding how geometric transformations affect images is fundamental in fields such as
mathematics, computer graphics, art, and engineering. When considering symmetry and self-
mapping properties of images, one key question arises: Which sequences of transformations result in
an image mapping onto itself? Among various transformations—such as rotations, translations,
reflections, and dilations—rotation plays a vital role in creating symmetrical patterns and
understanding the structure of certain figures.

This discussion focuses on the specific transformation of rotating an image by 90 degrees, analyzing
how, when combined with other transformations, it can produce a self-mapping image. We will
explore the properties of rotations, the effect of multiple transformations, and the conditions under
which an image remains unchanged after a sequence of transformations, with particular emphasis
on the rotation by 90 degrees.

---

Fundamental Concepts of Geometric Transformations

Before delving into specific sequences, it's essential to revisit some foundational concepts related to
geometric transformations:

1. Types of Transformations
- Translation: Moving every point of an image by the same distance in a given direction.
- Rotation: Turning an image about a fixed point (center of rotation) by a specified angle.
- Reflection: Flipping an image over a line (mirror line).
- Dilation (Scaling): Enlarging or reducing an image proportionally with respect to a fixed point.

2. Symmetry and Self-Mapping
An image that maps onto itself after a transformation is said to be symmetric with respect to that
transformation. For example:
- An image symmetric under reflection over a line remains unchanged when reflected.
- An image symmetric under rotation by a certain angle remains unchanged after that rotation.

Understanding the symmetry properties helps in identifying the specific transformations that leave
an image invariant.



---

Rotation as a Transformation

Rotation is one of the most intriguing transformations because of its connection to symmetry and
periodicity.

1. Rotation About a Point
- Center of Rotation: The fixed point about which the image is rotated.
- Angle of Rotation: The degree measure of rotation, usually between 0° and 360°.

2. Effect of Rotation on an Image
- When an image is rotated about its center or a specific point, the shape and size are preserved, but
the orientation changes.
- The transformation can produce images that are identical to the original if the shape has rotational
symmetry.

3. Rotation by 90°
- Rotation by 90° (or π/2 radians) about the center or any fixed point can produce a symmetric
pattern in many shapes, especially those with right-angle symmetries.
- Certain shapes, such as squares, rectangles, and some polygons, are invariant under 90° rotations.

---

Analyzing the Sequence: Rotate 90° and Its Self-Mapping Conditions

The core question: Which sequence of transformations involving a 90° rotation results in an image
that maps onto itself?

Let’s dissect this by considering the implications of a 90° rotation and the possible sequences.

1. Single Rotation by 90°
- Condition for Self-Mapping: The image must have rotational symmetry of order 4.
- Examples: Squares, circles, equilateral triangles (under certain conditions), and certain star
polygons.

In brief:
An image that is invariant under rotation by 90° must be symmetric in four quadrants, repeating
identically every quarter turn.

2. Rotation Sequences
- Applying multiple rotations in sequence can lead to interesting symmetry patterns.
- Sequence: Rotate 90°, then rotate another 90°, and so on.

Key points:
- Rotation by 90° four times:
\( R_{90°} \circ R_{90°} \circ R_{90°} \circ R_{90°} \)
equals a full 360° rotation, which maps the image onto itself (assuming the image is centered
appropriately).

- Implication:



Any figure invariant under 90° rotation will map onto itself after four such rotations, establishing a
cyclic symmetry of order 4.

---

Combining Rotation with Other Transformations

While a pure rotation can produce self-mapping images, combining it with other transformations
introduces more complex symmetry considerations.

1. Rotation + Reflection
- Combining a 90° rotation with reflection over an axis can produce patterns with dihedral
symmetry.
- For the image to map onto itself after both transformations, it must have symmetrical properties
compatible with both operations.

2. Rotation + Translation
- Generally, translation alone does not produce self-mapping unless combined with other
transformations like rotational symmetry or if the shape repeats periodically in space (e.g.,
tessellations).

3. Rotation + Dilation
- Dilation scales the image, so unless the dilation factor is 1 (identity), the image will not map onto
itself properly unless combined with specific rotations that preserve the scaled shape.

---

The Role of Symmetry in Self-Mapping Images

Symmetry is the overarching concept that determines whether a figure maps onto itself after a
transformation.

1. Types of Symmetry Relevant to Rotation
- Rotational Symmetry: An object has rotational symmetry if it looks the same after a certain angle of
rotation.
- Order of Symmetry:
The number of times an object maps onto itself during a 360° rotation.
For a 90° rotation, the shape must have order 4 symmetry.

Examples of such shapes include:
- Squares
- Regular octagons
- Certain star polygons

2. Dihedral Symmetry
- Incorporates both rotational and reflectional symmetry.
- Shapes like regular polygons with four or more sides exhibit dihedral symmetry, which includes
invariance under 90° rotations and reflections.

---



Practical Examples and Visualizations

To understand the sequence of transformations in practice, consider these examples:

1. Square
- Rotation by 90° about its center: Maps the square onto itself.
- Sequence of four 90° rotations: Returns the square to its original position.
- Reflection + rotation: Reflecting over a line passing through the center and then rotating by 90°
can also produce the same shape, depending on the line.

2. Equilateral Triangle
- Has 120° rotational symmetry, so a 90° rotation does not map it onto itself.
- However, combining rotations and reflections can produce self-mapping images depending on the
symmetry axes.

---

Formal Mathematical Perspective

Using group theory, the set of all transformations that map an image onto itself form a symmetry
group. For a shape with 90° rotational symmetry:

- The symmetry group includes rotations by 0°, 90°, 180°, and 270°.
- The sequence of transformations that result in an image mapping onto itself are those
corresponding to these rotations.

Mathematically,
If \( R_{90°} \) represents a rotation by 90°, then:
\[ R_{90°}^4 = R_{360°} = \text{identity transformation} \]
which maps the figure onto itself.

---

Conclusion: Which Sequence Results in Self-Mapping?

Based on the analysis, the key points are:

- Single Rotation by 90°:
Produces a self-mapping image only if the shape has 4-fold rotational symmetry, such as a square or
certain polygons.

- Sequence of Four 90° Rotations:
Applying four successive 90° rotations returns the image to its original position, ensuring the image
maps onto itself.

- Combination with Other Transformations:
When combined with reflections or translations, the symmetry properties determine whether the
image remains invariant.

In summary:
The sequence involving rotating by 90° four times will result in the image mapping onto itself,



provided the shape possesses 4-fold rotational symmetry. If the question specifically asks for a
sequence starting with a 90° rotation, then the full sequence of four such rotations (totaling 360°) is
the fundamental process that guarantees the image maps onto itself.

---

Final Remarks

Understanding the interplay of transformations and symmetry is crucial for analyzing self-mapping
images. The rotation of 90°, a fundamental operation, highlights how geometric properties influence
the invariance of shapes. Recognizing the symmetry group associated with a figure allows us to
predict the transformations that leave it unchanged, which is essential in various applications such
as pattern design, crystallography, and computer graphics.

In the context of the question—"Which sequence of transformations will result in an image that maps
onto itself?"—the most straightforward and mathematically justified answer involves applying the
rotation by 90° four times, cumulatively resulting in a full 360° rotation, which invariably maps the
image onto itself for shapes with 4-fold symmetry.

---

In conclusion, whether in theoretical geometry or practical design, the sequence of four rotations by
90° stands out as the fundamental transformation sequence that guarantees an image maps onto
itself, illustrating the elegant harmony between symmetry and transformation in the geometric
universe.
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