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Understanding Big O Notation and Its Importance
in Algorithm Analysis

In the realm of computer science and algorithm analysis, understanding the growth rates of
functions is essential. Big O notation provides a way to classify algorithms according to how
their runtime or space requirements grow as the input size increases. When comparing two
functions, such as F(n) and G(n), determining whether one is asymptotically bounded by the
other helps in assessing algorithm efficiency, scalability, and performance.

This article focuses on a specific problem: given the functions F(n) = 0.1n + 6n^3 and G(n)
= 1000n^2 + 500, demonstrate whether F(n) = O(g(n)) or G(n) = O(f(n)), and explain the
process of finding constants that establish these bounds.

---

Definitions and Preliminaries

Before diving into the problem, it's crucial to understand key concepts:

Big O Notation
- Describes an upper bound on the growth rate of a function.
- Formally, F(n) = O(g(n)) if there exist positive constants c and n0 such that for all n ≥ n0:

F(n) ≤ c g(n)

- The goal is to find such constants c and n0 that satisfy this inequality.

Asymptotic Dominance
- When one function grows faster than another as n approaches infinity, it is said to
asymptotically dominate.



- For example, n^3 dominates n^2, implying that n^3 = Ω(n^2), and n^2 = O(n^3).

---

Analyzing the Functions: F(n) and G(n)

Let's look closely at the given functions:

- F(n) = 0.1n + 6n^3
- G(n) = 1000n^2 + 500

To compare F(n) and G(n), we must analyze their dominant terms because, asymptotically,
lower-order terms and constants become insignificant compared to the highest-order term
for large n.

---

Identifying Leading Terms

For F(n):

- The terms are 0.1n and 6n^3.
- As n grows large, 6n^3 dominates 0.1n.
- Therefore, F(n) ≈ 6n^3 for large n.

For G(n):

- The terms are 1000n^2 and 500.
- As n increases, 1000n^2 dominates the constant.
- Therefore, G(n) ≈ 1000n^2 for large n.

---

Comparison of F(n) and G(n): Dominant Terms

Given the dominant terms:

- F(n) ~ 6n^3
- G(n) ~ 1000n^2

Now, compare n^3 and n^2:

- Since n^3 grows faster than n^2 as n → ∞, it follows that:

n^3 = Ω(n^2)



- Correspondingly, for sufficiently large n, 6n^3 will outgrow any constant multiple of n^2.

Thus, F(n) dominates G(n) asymptotically, and we can explore whether F(n) = O(g(n)) or
G(n) = O(f(n)).

---

Establishing Big O Relationships

Let's examine both possibilities:

1. Is F(n) = O(G(n))?

- Since F(n) ~ 6n^3 and G(n) ~ 1000n^2, for large n, F(n) behaves like n^3, which grows
faster than n^2.
- Therefore, F(n) cannot be bounded above by a constant multiple of G(n) for large n.
- Formal proof:

For n ≥ n0,

F(n) ≈ 6n^3

G(n) ≈ 1000n^2

Check whether there exists c > 0 such that:

6n^3 ≤ c 1000n^2

Simplify:

6n^3 ≤ 1000c n^2

Divide both sides by n^2:

6n ≤ 1000c

As n → ∞, the left side tends to infinity, while the right side remains constant. The inequality
cannot hold for all sufficiently large n.

Conclusion: F(n) ≠ O(G(n))

2. Is G(n) = O(F(n))?

- Since G(n) ~ 1000n^2 and F(n) ~ 6n^3,



- For n ≥ n0,

G(n) ≤ c F(n)

Substituting:

1000n^2 ≤ c 6n^3

Simplify:

1000n^2 ≤ 6c n^3

Divide both sides by n^2:

1000 ≤ 6c n

Now, for n ≥ n0,

n ≥ 1000 / (6c)

- Choose c = 1:

n ≥ 1000 / 6 ≈ 166.66

- For all n ≥ 167, the inequality holds:

1000n^2 ≤ 6 1 n^3

or

1000n^2 ≤ 6n^3

Simplify:

1000 ≤ 6n

Which is true for n ≥ 167.

Conclusion: G(n) = O(F(n))

---

Final Conclusion: Asymptotic Relationship

Based on the above analysis:

- G(n) = O(F(n)) because for sufficiently large n, G(n) is bounded above by a constant
multiple of F(n).
- F(n) is not O(G(n)) because F(n) grows faster than G(n).



Therefore, the statement:

"Either F(n) = O(g(n)) or"

is demonstrated to be true with:

G(n) = O(F(n))

---

Summary of the Process for Finding Constants

The steps to establish the Big O relationship include:

Identify the dominant (highest-order) terms in the functions as n approaches infinity.1.

Compare the growth rates of these dominant terms, noting which one dominates.2.

Assume the Big O inequality and solve for constants c and n0, verifying whether the3.
inequality holds beyond certain thresholds.

Conclude the asymptotic relationship based on whether such constants exist that4.
satisfy the inequality for large n.

---

Practical Implications and Usage

Understanding how to find constants for Big O notation is vital for analyzing algorithms'
efficiency. When designing or choosing algorithms, knowing whether one algorithm's
runtime is bounded by another guides optimization decisions. For example, if an algorithm's
complexity is O(n^2), it becomes less practical for very large datasets compared to an
algorithm with O(n log n).

In this specific case, recognizing that G(n) is dominated by F(n) for large n indicates that
G(n) grows more slowly, making it potentially more scalable for large input sizes.

---

Conclusion

To summarize, through careful analysis of the dominant terms and systematic calculation of



constants, we have shown that:

- G(n) = O(F(n))
- F(n) ≠ O(G(n))

This exemplifies the importance of asymptotic analysis in understanding the relative growth
rates of functions and, consequently, the efficiency of algorithms in computer science.

Remember: When working with Big O notation, always focus on dominant terms, find
appropriate constants, and verify the inequalities for sufficiently large n to establish the
asymptotic bounds confidently.

Frequently Asked Questions

What does it mean to find whether F(n) = O(g(n)) for
the given functions?
It means determining if there exists constants c > 0 and n0 such that for all n ≥ n0, |F(n)| ≤
c·|g(n)|. In other words, F(n) grows at most as fast as g(n) up to a constant factor.

Given F(n) = 0.1n + 6n + 3 and G(n) = 1000n^2 + 500,
how can we simplify F(n)?
Combine like terms: F(n) = (0.1n + 6n) + 3 = 6.1n + 3, which simplifies the analysis of
growth rates.

What is the dominant term in F(n) and G(n)?
The dominant term in F(n) is 6.1n, which is linear, while in G(n), it is 1000n^2, which is
quadratic.

How do we compare the growth of F(n) and G(n)?
Since F(n) is linear and G(n) is quadratic, for large n, G(n) grows faster than F(n),
suggesting that F(n) = O(g(n)).

Can we show that F(n) = O(g(n)) by finding appropriate
constants?
Yes, because for large n, 6.1n + 3 ≤ c·(1000n^2 + 500) for some constants c and n0,
confirming F(n) = O(g(n)).

What is the formal proof that F(n) = O(g(n)) in this



case?
Choose c = 1 and n0 such that for all n ≥ n0, 6.1n + 3 ≤ 1000n^2 + 500. Since 6.1n + 3 ≤
6.1n + 3n for large n, which is less than 10n, and 10n ≤ 1000n^2 for n ≥ 1, the inequality
holds, confirming F(n) = O(g(n)).

Are there any cases where F(n) is not O(g(n))?
Yes, if g(n) grew slower than F(n), for example if g(n) was linear but with a smaller constant,
then F(n) might not be O(g(n)). In this case, since G(n) grows faster than F(n), F(n) =
O(g(n)).

What is the conclusion about the relation between F(n)
and G(n)?
Since F(n) = 6.1n + 3 and G(n) = 1000n^2 + 500, and quadratic growth dominates linear
growth, we conclude that F(n) = O(G(n)).

Additional Resources
Constants: A Deep Dive into Big-O Notation and Function Comparison

When analyzing algorithms and their efficiencies, understanding how functions grow
relative to each other is fundamental. This is where the concept of Big-O notation comes
into play—a mathematical tool that helps classify algorithms based on their asymptotic
behavior. In this article, we explore the process of finding constants for functions,
specifically examining the functions:

- \( F(n) = 0.1n + 6n^3 \)
- \( G(n) = 1000n^2 + 500 \)

Our goal is to determine whether \( F(n) = O(G(n)) \) or not, and to understand the
underlying principles that guide such comparisons.

---

Understanding Big-O Notation and Its
Significance

What Is Big-O Notation?

Big-O notation describes the upper bound of an algorithm's running time or space
requirement in terms of the input size \( n \). It provides a way to express the worst-case
scenario, allowing developers and computer scientists to compare the efficiency of
algorithms abstractly, without concern for hardware or implementation details.



Formal Definition:

A function \( f(n) \) is said to be \( O(g(n)) \) if there exist positive constants \( C \) and \( n_0
\) such that:

\[
\forall n \geq n_0, \quad |f(n)| \leq C \times |g(n)|
\]

This means beyond some threshold \( n_0 \), \( f(n) \) is bounded above by a constant
multiple of \( g(n) \).

Implication:

Establishing that \( F(n) = O(G(n)) \) involves identifying such constants \( C \) and \( n_0 \),
which effectively "scale" \( G(n) \) to dominate \( F(n) \) as \( n \) grows large.

---

Analyzing the Given Functions

Let's carefully dissect the functions:

- \( F(n) = 0.1n + 6n^3 \)
- \( G(n) = 1000n^2 + 500 \)

At first glance, \( F(n) \) contains a cubic term, while \( G(n) \) features a quadratic term.
Intuitively, as \( n \) becomes large, the highest-degree term dictates the growth rate. For \(
F(n) \), the dominant term is \( 6n^3 \); for \( G(n) \), it is \( 1000n^2 \).

Key insight:

- Since \( n^3 \) grows faster than \( n^2 \), it's likely that \( F(n) \) is not \( O(G(n)) \).
However, formal proof is necessary.

---

Step-by-Step: Determining Whether \( F(n) =
O(G(n)) \)

Step 1: Focus on Dominant Terms

Expressing the functions with their dominant terms:

\[
F(n) \approx 6n^3



\]
\[
G(n) \approx 1000n^2
\]

To test \( F(n) = O(G(n)) \), we need to find constants \( C > 0 \) and \( n_0 \) such that:

\[
0.1n + 6n^3 \leq C (1000n^2 + 500)
\]
for all \( n \geq n_0 \).

Step 2: Simplify the Inequality

Dividing both sides by \( n^2 \) (for \( n > 0 \)):

\[
\frac{0.1n}{n^2} + \frac{6n^3}{n^2} \leq C \left( 1000 + \frac{500}{n^2} \right)
\]
which simplifies to:

\[
\frac{0.1}{n} + 6n \leq C \left( 1000 + \frac{500}{n^2} \right)
\]

As \( n \to \infty \), \( \frac{0.1}{n} \to 0 \), and \( \frac{500}{n^2} \to 0 \). Therefore, for
very large \( n \):

\[
6n \leq 1000C
\]

or,

\[
n \leq \frac{1000C}{6}
\]

This indicates that for sufficiently large \( n \), the left side grows without bound (since \( 6n
\to \infty \)), while the right side remains constant (for fixed \( C \)). Therefore, the
inequality cannot hold for arbitrarily large \( n \).

Step 3: Formal Conclusion

Because the dominant term of \( F(n) \) is cubic, and that of \( G(n) \) is quadratic, the
growth of \( F(n) \) surpasses \( G(n) \) as \( n \to \infty \).

Hence:

\[
F(n) \neq O(G(n))



\]

but instead,

\[
G(n) = O(F(n))
\]

which we will now verify.

---

Verifying if \( G(n) = O(F(n)) \)

To determine whether \( G(n) = O(F(n)) \), we look for constants \( C > 0 \) and \( n_0 \) such
that:

\[
1000n^2 + 500 \leq C (0.1n + 6n^3)
\]

for all \( n \geq n_0 \).

Step 1: Focus on Dominant Terms

As \( n \to \infty \), \( 6n^3 \) dominates \( 0.1n \), so:

\[
1000n^2 + 500 \leq C \times 6n^3
\]

Ignoring lower-order terms:

\[
1000n^2 \leq 6C n^3
\]

Dividing both sides by \( n^2 \):

\[
1000 \leq 6C n
\]

which implies:

\[
n \geq \frac{1000}{6C}
\]



For any fixed \( C > 0 \), choosing \( n_0 \geq \frac{1000}{6C} \) satisfies the inequality.

Step 2: Selecting Constants

- Let's pick \( C = 1 \):

\[
n \geq \frac{1000}{6} \approx 166.66
\]

So, for \( n \geq 167 \), we have:

\[
1000n^2 + 500 \leq 6n^3
\]

since:

\[
6n^3 \geq 1000n^2 \quad \Rightarrow \quad 6n^3 - 1000n^2 \geq 0
\]

which simplifies to:

\[
n^2 (6n - 1000) \geq 0
\]

and this holds for all \( n \geq 167 \).

Therefore,

\[
G(n) = O(F(n))
\]

with constants \( C = 1 \) and \( n_0 = 167 \).

---

Final Conclusion: Which Function Is Big-O of the
Other?

From the above analysis:

- The cubic term in \( F(n) \) dominates the quadratic term in \( G(n) \) as \( n \to \infty \).
- We established that \( G(n) \) is \( O(F(n)) \): the quadratic function grows slower than the
cubic, so \( G(n) \) is bounded above by a constant multiple of \( F(n) \) beyond some \( n_0



\).
- Conversely, \( F(n) \) is not \( O(G(n)) \) because the cubic term overwhelms the quadratic
as \( n \) increases.

Thus:

\[
\boxed{
G(n) = O(F(n))
}
\]

but

\[
F(n) \neq O(G(n))
\]

---

Implications and Practical Takeaways

This analysis highlights the importance of dominant terms in asymptotic comparisons.
When evaluating whether one function is \( O \) of another, focus on the highest-degree
terms, as lower-order terms become insignificant for large \( n \).

Practical steps to perform such analysis include:

1. Identify dominant terms in each function with respect to growth rate.
2. Compare degrees of the dominant terms:
- Higher-degree dominates.
3. Establish inequalities to find constants \( C \) and \( n_0 \):
- For large \( n \), check if the inequality holds.
4. Conclude the Big-O relationship based on these bounds.

---

Summary

- The function \( F(n) = 0.1n + 6n^3 \) grows asymptotically faster than \( G(n) = 1000n^2
+ 500 \).
- Since the cubic term dominates, \( F(n) \) is not \( O(G(n)) \).
- Conversely, \( G(n) \) is bounded above by a constant multiple of \(
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