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Introduction to the Functions G(x) and H(x)

Understanding the functions G(x) and H(x) is fundamental in exploring their
behaviors, properties, and applications in various fields such as
mathematics, physics, engineering, and data analysis. The functions are
defined as follows:

- G(x)
- H(x)

Sin (/2 (x + 2)) + 3
-1/4x"3 3/2 X2 - 9/4x

While the notation may seem complex at first glance, breaking down each
component helps clarify their structures and how they operate across
different domains.

Analyzing G(x): The Sine-Based Function
Definition and Components

The function G(x) incorporates the sine function, which is periodic and
oscillatory in nature. The specific form is:

G(x) = Sin (/2 (x + 2)) + 3
Key elements:

- Sin (/2 (x + 2)): The sine function with an argument scaled by 1/2 and
shifted horizontally by 2 units.
- + 3: A vertical shift upward by 3 units.

Domain and Range of G(x)

- Domain: Since sine is defined for all real numbers, the domain of G(x) is

('ool OO)

- Range: The sine function oscillates between -1 and 1. After scaling and
shifting:

- Amplitude: 1 (standard sine amplitude)



- Vertical shift: +3
Therefore, the range of G(x) is [2, 4].
Periodicity and Phase Shift

- Period: The general period of sine is 2mn. When scaled by 1/2, the period
becomes:

\ [

T = \frac{2\pi}{(1/2)} = 4\pi

\1]

- Horizontal shift: The term (x + 2) shifts the graph to the left by 2 units.
Graphical Behavior

- The graph of G(x) oscillates between 2 and 4.

- The period of oscillation is 4m, resulting in slow oscillations over the x-
axis.

- The phase shift moves the sine wave to the left by 2 units.

Applications of G(x)

- Modeling periodic phenomena such as sound waves, electromagnetic waves, and

seasonal patterns.
- Signal processing where phase shifts are relevant.

Analyzing H(x): The Cubic and Quadratic Polynomial Function
Definition and Components

The function H(x) is a polynomial function, combining cubic and quadratic
terms with additional coefficients:

H(x) = -1/4 x*3 + 3/2 x™2 - 9/4 X

Key elements:

- -1/4 x~3: Cubic term with a negative coefficient, causing the function to
have an inflection point and potential end behavior.

- 3/2 x~2: Quadratic term contributing to the parabola-like shape.

- -9/4 x: Linear term affecting the slope and intercept.

Domain and Range of H(x)

- Domain: As a polynomial, H(x) is defined for all real numbers, so (-», ).

- Range: The range depends on the critical points, which we find through
calculus.



Behavior and Shape of H(x)

- The combination of cubic and quadratic terms results in a curve with
potential local maxima and minima.

- The negative cubic term causes H(x) to tend toward negative infinity as x
approaches positive infinity, and positive infinity as x approaches negative
infinity.

- The quadratic component influences the shape, creating potential turning
points.

Critical Points and Extrema
To find the extrema, we compute the derivative:

\ [

H'(x) = -\frac{3}{4} x*2 + 3 x - \frac{9}{4}
\1

Setting H'(x) = 0:

\ [

-\frac{3}{4} x*2 + 3 x - \frac{9}{4} = 0

\1

Multiplying through by 4 to clear denominators:

\ [

-3 X2 +12x -9=0
\1]

Dividing through by -3:
\ [

X*2 -4x+3=0

\1]

Factoring:

\ [

(x - 1I)(x - 3) =0

\1]

Thus, critical points at x = 1 and x = 3.

Calculating the second derivative to classify these points:

\ [
H''(x) = -\frac{3}{2} x + 3
\]

- At x=1:



\ [
H'' (1) = -\frac{3}{2} (1) + 3
\]

-\frac{3}{2} + 3 \frac{3}{2} > 0

Indicates a local minimum.
- At x=3:

\ [

H''(3) = -\frac{3}{2} (3) + 3
= -\frac{3}{2} < 0

\]

-\frac{9}{2} + 3

-\frac{9}{2} + \frac{6}{2}

Indicates a local maximum.
Critical Point Values
- At x=1:

\ [

H(1) = -\frac{1}{4} (1)"3 + \frac{3}{2} (1)72 - \frac{9}{4} (1) = -
\frac{1}{4} + \frac{3}{2} - \frac{9}{4}

\1]

Simplify:

\ [

-\frac{1}{4} + \frac{3}{2} - \frac{9}{4} = -\frac{1}{4} + \frac{6}{4} -
\frac{9}{4} = \left(-1 + 6 - 9\right)/4 = (-4)/4 = -1

\1

- At x=3:

\ [

H(3) = -\frac{1}{4} (27) + \frac{3}{2} (9) - \frac{9}{4} (3) = -\frac{27}{4}
+ \frac{27}{2} - \frac{27}{4}

\1

Convert all to quarters:

\ [
-\frac{27}{4} + \frac{54}{4} - \frac{27}{4} = (-27 + 54 - 27)/4 = 0/4
\1

]
(o]

Thus, H(x):

- Has a local minimum at x=1, y
- Has a local maximum at x=3, y



Graphical Interpretation and Visualization

Visualizing G(x) and H(x) helps better understand their behaviors:

G(x): Exhibits sinusoidal oscillations with a period of 4m, shifted left by
2 units, oscillating between 2 and 4.

H(x): Displays a cubic polynomial shape with a local maximum at (3, 0) and
a local minimum at (1, -1), tending toward infinity as x approaches positive
or negative infinity.

Applications in Real-World Scenarios
G(x): The Sinusoidal Function

- Engineering: Modeling wave signals and alternating current behaviors.
- Physics: Describing oscillations, vibrations, and wave phenomena.

- Economics: Analyzing cyclical trends and seasonal variations.

- Biology: Modeling biological rhythms like circadian cycles.

H(x): The Polynomial Function

- Physics: Describing motion under acceleration where position depends on
cubic and quadratic relationships.

- Economics: Modeling profit functions or cost curves with multiple turning
points.

- Engineering: Structural analysis of beams and materials with polynomial
stress-strain relationships.

- Data Analysis: Fitting complex data patterns using polynomial regression.

Calculus and Derivative Insights for G(x) and H(x)
Derivatives of G(x)
The derivative G'(x) provides information about the slope:

\ [
G'(x) = \cos (/2 (x + 2)) \times \frac{1}{2}
\1

- Zeroes occur when cosine equals zero, i.e., at:

\ [
/2 (x + 2) = \frac{\pi}{2} + k \pi, \quad k \in \mathbb{Z}
\1

- Solving for x:



\
X + 2 =\pl + 2 Kk \pi
\1
\ [
X = -2+ \pl + 2 k \pi
\1]

These points are critical for understanding where G(x) reaches local maxima
or minima.

Derivatives of H(x)
As previously calculated, H'(x):

\ [
H'(x) =

Frequently Asked Questions

What is the domain of the function G(x) = sin(1/2 (x
+ 2)) + 3?7

Since G(x) involves the sine function, which is defined for all real numbers,
the domain of G(x) is all real numbers, (-, «),.

How do you simplify the expression for H(x) =
-1/4x"3 + 3/2 x™2 - 9/4 x?

The expression is already in simplified polynomial form. To analyze it
further, you can factor out -1/4: H(x) = -1/4(x"3 - 3x™2 + 3X).

What are the critical points of H(x) and how do you
find them?

Critical points occur where the derivative H'(x) equals zero or is undefined.
First, find H'(x): H'(x) = -1/4(3x™2 - 6x + 3). Set H'(x) = 0 and solve for x
to find critical points.

How does the composition G(H(x)) behave for large
values of x?

As x approaches infinity, H(x) behaves like -1/4 x~3 (dominant term), making
H(x) tend to negative infinity. Since G(x) = sin(1/2 (x + 2)) + 3 1is bounded
between 2 and 4, the composition G(H(x)) will oscillate within this range,
but the argument of sine becomes large in magnitude, leading to rapid
oscillations.



Can G(x) and H(x) be combined to form a new
function, and what would its expression be?

Yes, you can define a composite function G(H(x)), which would be G(H(x)) =
sin(1/2 (H(x) + 2)) + 3, substituting H(x) into G(x).

Are the functions G(x) and H(x) continuous and
differentiable everywhere?

Yes, both G(x) and H(x) are continuous and differentiable everywhere on their
domains. G(x) is continuous and differentiable for all real x, and H(x),
being a polynomial, is continuous and differentiable everywhere.

Additional Resources

Comprehensive Analysis of the Functions G(x) = sin(3(x + 2)) + 3 and H(x) = -
Lx3 + (3/2)x? - (9/4)x

Introduction

In the realm of mathematical functions, understanding the behavior,
properties, and applications of specific functions is fundamental for both
theoretical insights and practical implementations. This review delves deeply
into two functions, G(x) = sin(3(x + 2)) + 3 and H(x) = -4%x3 + (3/2)x2? -
(9/4)x, exploring their definitions, characteristics, transformations, and
potential use cases. By dissecting each function comprehensively, we aim to
provide clarity on their nature, behavior, and significance in various
mathematical contexts.

Understanding the Function G(x) = sin(3(x + 2))
+ 3

1. Functional Composition and Basic Structure

G(x) is a transformation of the sine function, which is inherently periodic
and oscillatory. The given function can be viewed as a shifted and scaled
version of the sine function, with an additional vertical translation.



- Inner Function: L(x + 2)
- Outer Function: sin(:‘)
- Vertical Shift: +3

This composition indicates that G(x) inherits properties from the sine
function but with modifications dictated by the transformation parameters.

2. Domain and Range

- Domain: Since the sine function is defined for all real numbers, and the
inner expression is a linear function, the domain of G(x) is all real
numbers:

\ [
\boxed{\text{Domain}: \quad (-\infty, \infty)}

\1]

- Range: The sine function oscillates between -1 and 1. After applying the
transformation:

\ [
G(x) = \sin\left(\frac{1}{2}(x + 2)\right) + 3

\1]

The range shifts vertically by +3, so:

\ [
\boxed{\text{Range}: \quad [3 - 1, \quad 3 + 1] = [2, 4]}
\1

This means G(x) oscillates between 2 and 4.

3. Periodicity and Oscillation

The sine function's period is \( 2\pi \). When scaled inside the argument,
the period of G(x) changes accordingly.

- Calculating the period:

\ [
T = \frac{2\pi}{|b|} \quad \text{where} \quad b = \frac{1}{2}

\1]

\ [
T = \frac{2\pi}{\frac{1}{2}} = 2\pi \times 2 = 4\pi
\1



Thus, G(x) completes a full cycle every \( 4\pi \).

- Implication: The function oscillates smoothly over a large interval, with
peaks at 4 and troughs at 2.

4. Transformations and Graphical Behavior

- Horizontal Compression: The factor \( \frac{1}{2} \) compresses the sine
wave horizontally, stretching the period to \( 4\pi \).

- Horizontal Shift: The \( x + 2 \) term shifts the graph to the left by 2
units.

- Vertical Shift: The +3 moves the entire wave upward by 3 units.
- Key Points:

- Maxima occur at points where \( \sin(%(x + 2)) =1 \), so:

\ [

\frac{1}{2}(x + 2) = \frac{\pi}{2} + 2\pi n \quad \Rightarrow \quad x + 2 =
\pi + 4\pi n

\1]

\ [

X =\pl - 2+ 4\pin

\1]

- Minima occur where \( \sin(3(x + 2)) = -1 \):

\ [

\frac{1}{2}(x + 2) = \frac{3\pi}{2} + 2\pi n \quad \Rightarrow \quad x + 2 =
3\pi + 4\pi n

\1

\ [

X =3\pi - 2 + 4\pin

\1

- Graphical Sketch:

The function oscillates between 2 and 4, with peaks at \( x = \pi - 2 + 4\pi
n \) and troughs at \( x = 3\pi - 2 + 4\pi n \).

5. Derivative and Critical Points

Understanding the slope and points of maximum/minimum involves



differentiating G(x):

\ [
G'(x) = \frac{1}{2} \cos\left(\frac{1}{2}(x + 2)\right)
\1

- Critical points occur where \( G'(x) =0 \), i.e.,

\ [
\cos\left(\frac{1}{2}(x + 2)\right) = 0
\1]

\ [

\Rightarrow \frac{1}{2}(x + 2) = \frac{\pi}{2} + \pi n \quad \Rightarrow
\quad X + 2 = \pi + 2\pi n

\1

\ [
X =\pl - 2+ 2\pin
\1

- Interpretation: These are points where the function switches from
increasing to decreasing or vice versa.

6. Applications and Significance

G(x) models phenomena exhibiting periodic oscillations with phase shifts and
amplitude adjustments. Potential applications include:

- Signal processing (wave signals)

- Mechanical vibrations

- Electrical engineering (AC waveforms)
- Modeling cyclical biological processes

In-Depth Exploration of H(x) = -%x3 + (3/2)x?
(9/4)x

1. Polynomial Structure and Degree

H(x) is a cubic polynomial, which inherently exhibits more complex behavior
than linear or quadratic functions.



- Degree: 3
- Leading coefficient: -%

The negative leading coefficient indicates the end behaviors:

- As \( x \to +\infty \), \( H(x) \to -\infty \)
- As \( x \to -\infty \), \( H(x) \to +\infty \)

This creates an "N-shaped" or "S-shaped" curve with potential for multiple
turning points.

2. Domain and Range

- Domain: All real numbers, \( (-\infty, \infty) \).

- Range: Unbounded due to cubic nature, but specific local maxima and minima
define the overall shape.

3. Critical Points and Turning Points

To analyze the behavior, differentiate H(x):

\ [
H'(x) = -\frac{3}{4}x"2 + 3x - \frac{9}{4}
\1

Set derivative to zero to find critical points:

\ [
-\frac{3}{4}x"2 + 3x - \frac{9}{4} =0
\1]

Multiply through by 4 to clear denominators:

\ [
-3x™2 + 12x - 9 =0
\]

Rearranged:

\ [
3x™2 - 12x + 9 =0
\]

Divide through by 3:

\ [



X"2 - 4x + 3 =0

\1]

Factor:

\ [

(x - I)(x - 3) =0
\1

- Critical points at:

\ [
x = 1 \quad \text{and} \quad x = 3
\1]

- Corresponding function values:
- At \( x=1\):

\ [

H(1) = -\frac{1}{4}(1)"3 + \frac{3}{2}(1)"2 - \frac{9}{4}(1) = -\frac{1}{4} +
\frac{3}{2} - \frac{9}{4}

\1]

\ [
= -\frac{1}{4} + \frac{3}{2} - \frac{9}{4} = -\frac{1}{4} + \frac{6}{4} -
\frac{9}{4} = \frac{-1 + 6 - 9}{4} = \frac{-4}{4} = -1

\1

- At \( x=3 \):

\ [

H(3) = -\frac{1}{4}(27) + \frac{3}{2}(9) - \frac{9}{4}(3)
\1]

\ [

= -\frac{27}{4} + \frac{27}{2} - \frac{27}{4}

\1

Convert to common denominator 4:

\[
= -\
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