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Newton's Method is a powerful numerical technique used to find approximate
solutions to real-valued functions, particularly roots of equations. When
solving nonlinear equations where algebraic solutions are difficult or
impossible to obtain analytically, iterative methods like Newton's Method
provide an efficient way to approximate solutions with increasing accuracy.
This article will guide you through the process of applying Newton's Method
starting from a specified initial approximation \( X 1 \) to find the third
approximation \( X 3 \).

Understanding Newton's Method

What is Newton's Method?

Newton's Method, also known as the Newton-Raphson method, is an iterative
process for finding successively better approximations to the roots (or
zeros) of a real-valued function \( f(x) \). The core idea is based on the
tangent line approximation of the function at a given point, which then
intersects the x-axis to provide the next approximation.

Mathematically, the iterative formula is expressed as:

\

X {n+1} = X n - \frac{f(X n)}{f'(X n)}
\1]
where:
- \( X n\) is the current approximation,

- \( f(X_n) \) is the value of the function at \( X n \),

- \( f'(X_n) \) is the derivative of the function at \( X n \).

By repeatedly applying this formula, the sequence \( \{X n\} \) converges to

a root of \( f(x) \), assuming certain conditions are met, such as the
initial approximation being sufficiently close to the actual root.



The Procedure of Finding \( X 3 \) Starting
from \( X 1 \)

To find the third approximation \( X 3 \), given a starting point \( X 1 \),
you need to perform two successive iterations of Newton's Method:

1. Compute \( X 2 \) using \( X 1 \),
2. Compute \( X 3 \) using \( X 2 \).

This step-by-step process involves evaluating the function and its derivative
at each approximation.

Step 1: Calculating \( X 2 \) from \( X 1 \)

Given:

\ [
X2 =X1-\frac{f(X_ 1)}f"' (X 1)}
\]

- Evaluate \( f
- Evaluate \( f'
- Calculate \( X_

(X_1) \),
(X_1) \),
2 \).

Step 2: Calculating \( X 3 \) from \( X 2 \)

Similarly:

\ [

X3 =X2 - \frac{f(X 2)}{f"(X 2)}
\1]

- Evaluate \( f(
- Evaluate \( f'
- Calculate \( X_



Applying Newton's Method with an Example

Let's illustrate this process with a concrete example to clarify the
procedure.

Example: Find \( X 3 \) for \( f(x) = x*3 - x - 2
\), starting from \( X 1 = 1.5 \)

Step 1: Define the function and its derivative

\ [

f(x) =x3 -x -2
\1

\ [

f'(x) = 3x™2 -1
\1

Step 2: Calculate \( X 2 \)

- Evaluate \( f(1.5) \):

\

f(1.5) = (1.5)"3 - 1.5 - 2 =3.375 - 1.5 - 2 = -0.125
\1

- Evaluate \( f'(1.5) \):

\[

f'(1.5) = 3(1.5)7"2 - 1 = 3 \times 2.25 - 1 =6.75 - 1 =5.75

\1]

- Compute \( X 2 \):

\[

X 2 =1.5 - \frac{-0.125}{5.75} \approx 1.5 + 0.0217 \approx 1.5217
\1

Step 3: Calculate \( X 3 \)

- Evaluate \( f(1.5217) \):

\ [
f(1.5217) \approx (1.5217)"3 - 1.5217 - 2
\]

Calculating:

\[



(1.5217)"3 \approx 3.523

\1]

\ [

f(1.5217) \approx 3.523 - 1.5217 - 2 = 0.0013

\1]

- Evaluate \( f'(1.5217) \):

\ [

f'(1.5217) = 3 \times (1.5217)72 - 1 \approx 3 \times 2.315 - 1 =6.945 - 1 =
5.945

\1]

- Compute \( X 3 \):

\ [

X 3 = 1.5217 - \frac{0.0013}{5.945} \approx 1.5217 - 0.00022 \approx 1.5215
\1

Result: The third approximation \( X 3 \) is approximately 1.5215.

Factors Affecting the Convergence of Newton's
Method

While Newton's Method is generally fast and efficient, several factors
influence its convergence:

Initial Approximation: The starting point \( X 1 \) should be close to
the actual root for better convergence.

Function Behavior: The function \( f(x) \) must be differentiable near
the root, and \( f'(x) \) should not be zero at the approximations.

Multiple Roots: For functions with multiple roots, the initial
approximation determines which root the method converges to.

Function Complexity: Highly oscillatory or non-smooth functions can
hinder convergence.



Advantages of Using Newton's Method

- Quadratic Convergence: Near the root, the method converges very rapidly.
- Efficiency: Fewer iterations are needed compared to other methods like
bisection or secant methods.

- Applicability: Suitable for a wide range of functions, provided the
derivative is available.

Limitations and Precautions

While Newton's Method is effective, it has limitations:

- Requires Derivative: Must compute \( f'(x) \), which can be complicated for
some functions.

- Possible Divergence: Poor initial guesses can lead to divergence or
convergence to unintended roots.

- Multiple Roots: The method may fail or converge slowly if the root has
multiplicity greater than one.

Best practices include:

- Choosing a good initial approximation based on graph analysis.

- Implementing safeguards like limiting iterations or switching to other
methods if convergence stalls.

- Ensuring \( f'(X n) \neq 0 \) at each step.

Conclusion

Using Newton's Method with a specified initial approximation \( X 1 \) to
find \( X 3 \), the third approximation, involves performing two iterative
steps based on the function and its derivative. This approach allows for
rapid convergence to the root of a nonlinear equation, making it a valuable
tool in numerical analysis. Whether solving polynomial equations or more
complex functions, understanding the iterative process and its underlying
principles enhances your ability to apply Newton's Method effectively.

By carefully selecting the initial approximation and verifying the function's
behavior, you can leverage Newton's Method to obtain highly accurate
solutions with minimal computational effort. Remember, practice with
different functions and initial guesses will deepen your understanding and
improve your proficiency in applying this powerful numerical technique.



Frequently Asked Questions

What is the general process of using Newton's Method
to find successive approximations of a root starting
from an initial guess Xi?

Newton's Method iteratively refines an initial guess Xi by applying the
formula Xn+1 = Xn - f(Xn)/f'(Xn). To find X3, you compute X2 from X1, then Xs
from Xz, using the function and its derivative at each step.

How do you compute the third approximation Xs using
Newton's Method given an initial approximation Xi?

First, calculate X2 = X1 - f(X1)/f'(X1). Then, compute X3 = X2 -
f(X2)/f'(Xz2). These steps involve evaluating the function and its derivative
at the current approximation.

What are common challenges or errors to watch out
for when applying Newton's Method to find Xs?

Common challenges include division by zero if f'(Xn) 1is zero, divergence if
the initial gquess is far from the root, and computational errors from
inaccurate function or derivative evaluations. Ensuring proper initial
guesses and function behavior helps mitigate these issues.

How does the choice of initial approximation Xi
affect the convergence to Xz in Newton's Method?

The initial approximation X1 influences the convergence speed and success. A
good initial guess close to the actual root ensures faster convergence and
reduces the risk of divergence or convergence to an incorrect root.

Can Newton's Method be used to find X3 if the
function is not differentiable at some points?

No, Newton's Method requires the function to be differentiable at the
approximations. If the function isn't differentiable at certain points, the
method may fail or produce inaccurate results.

How do you verify that the computed X3 is a good
approximation of the root after applying Newton's
Method?

You can verify by evaluating f(Xs3); if the value is close to zero within a
desired tolerance, Xs is a good approximation. Additionally, checking the



difference between successive approximations (|Xs - Xz2|) can indicate
convergence quality.

Additional Resources

Use Newton's Method With The Specified Initial Approximation Xi1 To Find Xs,
The Third Approximation

Introduction

Newton's Method, also known as the Newton-Raphson method, is a fundamental
iterative technique in numerical analysis for finding successively better
approximations to the roots (or zeros) of a real-valued function. Its
widespread applications span engineering, physics, computer science, and
mathematics, owing to its rapid convergence properties near the root.

This article provides an in-depth exploration of applying Newton's Method
with a specified initial approximation \( X 1 \) to determine the third
approximation \( X 3 \). We will analyze the theoretical foundations,
practical implementation details, convergence behavior, and potential
pitfalls, offering a comprehensive review suitable for researchers, students,
and practitioners.

Theoretical Foundations of Newton's Method
Basic Concept

Given a real-valued function \( f(x) \) and its derivative \( f'(x) \),
Newton's Method iteratively refines an initial guess \( X 1 \) to approximate
a root \( r \) of \( f(x) \). The iterative formula is:

\ [
X {n+l} = X n - \frac{f(X n)}{f'(X n)}.
\1]

This formula is derived from the tangent line approximation at \( X n \) and
seeks the x-intercept of the tangent, which becomes the next approximation.

Assumptions and Conditions for Convergence

- The function \( f(x) \) must be sufficiently smooth (differentiable) in the
neighborhood of the root.

- \( f'(x) \neq 0 \) at the points of approximation.

- The initial approximation \( X 1 \) should be close to the actual root for
rapid convergence.



Convergence Rate

Newton's Method exhibits quadratic convergence near simple roots, meaning the
error roughly squares with each iteration:

\ [

|X {n+1} - r| \approx C \cdot |X n - r|"2,

\1

where \( C \) 1is a constant depending on \( f \). The rapid convergence makes

it highly efficient once near the root, but poor initial guesses can lead to
divergence or slow convergence.

Practical Implementation: From \( X 1 \) to \( X 3 \)
Step-by-Step Computational Procedure

Given an initial approximation \( X 1 \), the process to find \( X 3 \)
involves:

1. Calculate \( X 2 \):

\ [
X2=X1-\frac{f(X 1)}{f"'(X 1)}.
\]

2. Calculate \( X 3 \):

\ [
X3 =X2 - \frac{f(X 2)}{f"'(X 2)}.
\]

This sequence explicitly demonstrates how each approximation depends on the
previous one, emphasizing the iterative nature of the method.

Example Illustration

Suppose we want to find a root of \( f(x) = x*3 - 2x + 1 \), starting with an
initial approximation \( X 1 = 1.5 \).

- Compute \( f(1.5) = (1.5)"3 - 2(1.5) + 1 =3.375 - 3 +1=1.375\).
(x)

- Compute \( f'(x) = 3x™2 - 2 \).

Evaluate \( f'(1.5) = 3 \times (1.5)"2 - 2
4.75 \).

3 \times 2.25 - 2 =6.75 - 2 =

- Find \( X 2 \):

\ [



X 2 =1.5 - \frac{1.375}{4.75} \approx 1.5 - 0.2895 \approx 1.2105.

Next, evaluate at \( X 2 \):

- \( f(1.2105) \approx (1.2105)"3 - 2(1.2105) + 1 \approx 1.775 - 2.421 + 1
\approx 0.354 \).

- \( f'(1.2105) = 3 \times (1.2105)"2 - 2 \approx 3 \times 1.464 - 2 \approx
4.392 - 2 =2.392 \).

- Find \( X 3 \):

\ [
X 3 = 1.2105 - \frac{0.354}{2.392} \approx 1.2105 - 0.148 \approx 1.0625.
\1

Thus, starting with \( X 1 = 1.5 \), the third approximation \( X 3 \) is
approximately 1.0625.

Convergence Behavior and Analysis
Factors Influencing Convergence

- Choice of initial approximation \( X 1 \): A value close to the actual root
accelerates convergence.

- Function properties: Non-smooth functions or those with inflection points
near the root can hinder convergence.

- Derivative values: When \( f'(X n) \) is small, the correction step can
become large, risking divergence or instability.

Error Estimates
The error after the \( n \)-th iteration:

\ [
En=|Xn-r]|.
\1]

In practice, after two iterations, the error diminishes roughly quadratically
if the method converges and the initial guess is suitable.

Limitations and Challenges

- Multiple roots: The method can converge to the wrong root if multiple roots
exist.

- Zero derivatives: When \( f'(X n) = 0 \), the iteration fails.

- Divergence: Poor initial guesses or functions with complex behavior may
cause divergence.



Advanced Considerations
Modifications and Variants

- Modified Newton's Method: Adjusts the iteration to improve convergence
properties.

- Secant Method: Uses finite differences to approximate derivatives, reducing
the need for explicit derivative calculation.

- Higher-Order Methods: Incorporate second derivatives for even faster
convergence.

Numerical Stability and Implementation Tips

- Use high-precision arithmetic if necessary.

- Implement safeguards for small derivatives to avoid division by zero.

- Limit the number of iterations or check for convergence within a specified
tolerance.

Applications and Significance
Newton's Method is pivotal in:

- Solving nonlinear algebraic equations.

- Optimization problems (finding extrema).

- Root-finding in control systems and signal processing.
- Computational physics and engineering simulations.

Its ability to rapidly approximate roots makes it invaluable, especially when
combined with other methods for robustness.

Conclusion

Applying Newton's Method with a specified initial approximation \( X 1 \) to
find \( X 3 \) exemplifies the power and elegance of iterative techniques in
numerical analysis. The process underscores the importance of understanding
convergence criteria, function behavior, and implementation considerations.

While straightforward in concept, the practical success hinges on careful
initial guess selection and awareness of potential pitfalls. As demonstrated
through example and analysis, Newton's Method remains a cornerstone
algorithm—efficient, powerful, yet requiring prudent application—-making it an
essential tool in the computational mathematician's arsenal.
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Note: The specific initial approximation \( X 1 \) and the function \( f(x)
\) greatly influence the convergence and accuracy of \( X 3 \). Practitioners
should verify the suitability of their initial guess and function properties
before employing Newton's Method for root-finding tasks.
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