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Understanding how to determine the quadratic function that best fits a set of data points is
essential in data analysis, scientific research, and various engineering applications.
Quadratic regression is a statistical method used to model the relationship between a
dependent variable and an independent variable when the data exhibits a parabolic trend.
In this article, we will explore the concept of quadratic regression, how to apply it to find
the equation of a quadratic function that fits given points, and the practical steps involved
in this process.

What Is Quadratic Regression?

Quadratic regression is a form of polynomial regression where the data is modeled using a
second-degree polynomial:

\[y=ax"2+ bx+c\]

Here, a, b, and c are coefficients that need to be determined. The goal of quadratic
regression is to find the best-fitting parabola that minimizes the difference between the
observed data points and the predicted values from the model.

Why Use Quadratic Regression?

- When data points form a parabolic trend.

- To model phenomena with acceleration or deceleration.
- When linear regression does not provide an adequate fit.

Understanding the Given Data Points

Suppose you are provided with a set of data points, for example:



Your task is to find a quadratic function:

\[y=ax™2 + bx + c\]

that best fits these points.

Special Note: The mention of "X 0" in the prompt suggests that one of the points may be at

\( x = 0\). This can simplify some calculations since when \( x=0), the quadratic equation
reducesto\(y = c\).

Steps to Find the Quadratic Equation Using
Regression

Applying quadratic regression involves a systematic process, often facilitated by statistical
software or calculator functions, but understanding the underlying method is valuable.

1. Collect and Organize Data

Ensure your data points are organized in a tabular format, with clear x and y values. For
example:

" plaintext

x:0,1,2, 3,4
y: Yo, Y1, Y2, y3, Y4

If \( x = 0\) is among the points, note that the corresponding y-value is directly related to \(
c\).

2. Set Up the System of Equations

Quadratic regression aims to minimize the sum of squared residuals:
\[S=\sum {i=1}"n(yi-(axi™2+bxi+c)"2\]

To find the coefficients \( a \), \( b'\), and \( c \) that minimize \( S \), take partial derivatives
with respect to each coefficient, set them to zero, and solve the resulting normal equations.

This leads to the following system:

\[
\begin{cases}



\sumy i=a\sumx_i™2 + b\sum x_i +cn\\

\sum x_ iy i=a\sum x_i™3 + b\sum x_i™2 + c \sum x_i\\

\sum x_i”~2y i=a\sum x_i™4 + b\sum x_i™3 + c\sum x_i~2 \\
\end{cases}

\]

Where:

-\( n\) is the number of data points.
- Summations are taken over all data points.

3. Calculate Summations

Calculate the following sums based on your data:

-\(\sum x_i\)
-\(\sumy_i}\)
-\(\sum x_i~2)
-\(\sum x_ iy i\)
-\(\sum x_i~3)
-\(\sum x_i~2y.i\)
-\(\sum x_i~4)

These are essential for solving the normal equations.

4. Solve the Normal Equations

Using the calculated sums, solve the system of three equations for\(a\), \( b\), and \( c\).
This can be done through methods such as substitution, elimination, or matrix algebra.

Note: For practical purposes, most users prefer to use statistical software, calculator

functions, or programming languages like Python (with libraries such as NumPy or SciPy) to
perform these calculations efficiently.

5. Interpret the Resulting Equation

Once coefficients \( a \), \( b\), and \( c\) are obtained, write the quadratic function:
\[y =ax"2 + bx + c\]

This equation represents the parabola that best fits the data points in the least squares
sense.



Using Software and Tools for Quadratic
Regression

While manual calculations provide valuable insight into quadratic regression, modern tools
simplify the process significantly.

1. Using Graphing Calculators

Most scientific graphing calculators have built-in regression functions:
- Enter data points.

- Select quadratic regression (often labeled as "QuadReg" or similar).
- The calculator outputs the coefficients \(a\), \( b\), and \( c ).

2. Excel and Google Sheets

- Input your data into two columns.
- Use the "LINEST" function or chart trendline options.
- Add a trendline to your scatter plot and select "Quadratic" to display the equation.

3. Python and R Programming

- Python's “numpy.polyfit()" function can perform quadratic regression:

" python
import numpy as np

X = np.array([xi1, X2, ..., Xn])
y = np.array([ys, y2, ..., ynl)

coefficients = np.polyfit(x, y, 2)
a, b, ¢ = coefficients
print(f"Quadratic equation: y = {a}x~2 + {b}x + {c}")

-R's "Im()" function with “poly()" can be used similarly.

Practical Example: Fitting a Quadratic Function to



Data Points

Suppose you are given the following data points:

Step 1: Recognize that \( x=0), and \( y=1), suggests \( c=1).
Step 2: Calculate the necessary sums:

-\(\sumx i=0+1+2+3+4=10)\)

-\(\sumy i=1+4+3+7+13+21=45))

-\(\sumx i"~2=0+1+4+9+16=30))

-\(\sumx iy i=01+13+27+313+421 =0+ 3+ 14+ 39 + 84 =140))
-\(\sumx i"3=0+1+8+27 +64=100)\)

-\(\sumx_i"2y i=0+13+47 +913 +1621 =0+ 3+ 28 + 117 + 336 = 484))
-\(\sumx i"4=0+1+ 16 + 81 + 256 = 354 )

Step 3: Set up the normal equations:

\[

\begin{cases}

45 = a \times 30 + b \times 10 + c \times 5 \\

140 = a \times 100 + b \times 30 + c \times 10 \\
484 = a \times 354 + b \times 100 + c \times 30 \\
\end{cases}

\]

(Adjust the equations to match the correct number of data points and sums.)

Step 4: Solve for\(a\), \( b\), and \( c\). Since \( c) is approximately 1, verify this
assumption by substituting back or solving the system fully.

Result: The quadratic function that fits the data is approximately:
\[y=2x"2+x+ 1\]

which models the data points accurately.



Applications of Quadratic Regression

Quadratic regression has wide-ranging applications across disciplines:

- Physics: Modeling projectile motion.

- Economics: Analyzing profit or cost functions.

- Biology: Describing growth rates with acceleration.

- Engineering: Designing parabola-shaped structures.

- Environmental Science: Modeling pollutant dispersion patterns.

Limitations and Considerations

While quadratic regression is powerful, it's important to recognize its limitations:

- Overfitting: Using a quadratic model for data better suited to linear or higher-order models
can lead to inaccuracies

Frequently Asked Questions

How do | set up a quadratic regression to find the
equation of a parabola passing through given points?

To set up a quadratic regression, you need to find coefficients a, b, and c such that y = ax?
+ bx + ¢ best fits your data points. Using the given points, you create a system of
equations and solve for these coefficients, often via least squares or matrix methods.

What role does the point (0, y0) play when using
quadratic regression?

When a quadratic function passes through the point (0, y0), it directly indicates that ¢ = yO0,
simplifying the regression process by fixing ¢ and reducing the number of variables to solve
for.

How can | use the point (0, y0) to find the quadratic
function from other points?

Since the quadratic passes through (0, y0), the constant term c equals y0. Then, substitute
the other points into y = ax? + bx + y0 and solve for a and b.



What are the steps to find the quadratic equation
passing through multiple points including (0, y0)?

First, set c = y0. Next, plug the other points into y = ax? + bx + y0 to create equations.
Solve these equations simultaneously to determine a and b, resulting in the quadratic
equation.

Can quadratic regression be used when the point (O,
yO0) is given? If so, how does it simplify the process?

Yes, knowing the point (0, y0) simplifies the process by fixing c = y0, reducing the number
of unknowns. This allows you to focus on solving for a and b using the remaining points.

What tools or software can | use to perform quadratic
regression with a specific point like (0, y0)?

You can use graphing calculators, Excel, MATLAB, Python libraries (like NumPy or SciPy), or
online regression tools. Many of these allow you to input data points and specify constraints
such as passing through (0, y0).

How does knowing that the quadratic passes through
(0, yO) impact the interpretation of the model?

It indicates that the quadratic's constant term is y0, providing insight into the initial value of
the function at x=0. This helps in understanding the starting point or baseline of the
modeled relationship.

Is it possible to determine the quadratic equation with
only the point (0, yO) given? Why or why not?

No, with only the point (0, y0) given, you cannot determine a unique quadratic equation
since infinitely many parabolas pass through a single point. Additional points are needed to
uniquely define the quadratic.

Additional Resources
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When working with data or modeling real-world phenomena, it's often necessary to find a
function that accurately describes the relationship between variables. Use quadratic
regression to find the equation of a quadratic function that fits the given points, especially
when the data exhibits a parabolic trend. This method is essential in fields like physics,
economics, biology, and engineering, where quadratic relationships frequently occur. In this
guide, we'll explore the step-by-step process to determine the quadratic function that best
fits a set of data points, with a particular focus on the significance of the point where \( x =



0\). Whether you're a student, teacher, or professional, understanding how to perform
guadratic regression enhances your ability to analyze data effectively.

Understanding Quadratic Functions and Regression

Before diving into the process, let’s clarify what quadratic functions are and why quadratic
regression is necessary.

Quadratic functions have the general form:

\[

f(x) =ax™2 + bx + ¢

\]

where:

-\(a\neq 0)),

-\( b\) and \( c\) are real coefficients.

These functions produce parabolas that open upwards if \( a > 0\), and downwards if \( a <

0\). Quadratic regression is a statistical technique used to find the coefficients \(a\), \( b ),
and \( c\) that best fit a set of data points.

When to Use Quadratic Regression

Quadratic regression is particularly useful when data points:
- Form a clear parabolic trend.

- Cannot be adequately modeled by a linear regression.

- Show a turning point (minimum or maximum).

If the data points are such that \( x = 0) is a known point on the parabola, this information
can be incorporated into the regression process to refine the estimate of the coefficients.

Step-by-Step Guide to Using Quadratic Regression
1. Organize Your Data

Suppose you are given a set of points:



In our case, since the focus is on the point where \( x = 0), ensure that the data includes
this point or that you understand its significance.

2. Recognize the Special Case at\(x =0)

If one of your data points is at \( (0, y_0)\), then plugging \( x = 0) into the quadratic
function:

\[
f(0) =c
\]

This simplifies the process because the coefficient \( ¢ ) is directly equal to the \( y \)-value
at\( x = 0\). This is a key advantage because it reduces the number of unknowns and
helps anchor the parabola.

3. Set Up the System of Equations
For each data point \( (x_i, y_i) \), the quadratic function must satisfy:

\[
yi=axi™2+bxi+c
\]

If the point at \( x = 0) is known, then:

\[
c=y0
\]

This simplifies calculations.

For the other points, substitute the \( x_i\) and \( y_i\) values to create a system of
equations:

\[

\begin{cases}
yl=ax1"2+bx1+c\\
y2=ax2"2+bx2+c\\
\vdots \\

y {n} =ax {n}"2+bx {n}+c
\end{cases}

\]

4. Use Least Squares Method for Regression

When the data points are noisy or do not perfectly fit a quadratic, the least squares method
finds the coefficients \( a\), \( b'\), and \( c\) that minimize the sum of squared residuals:



\[
S =\sum_{i=1}"n\left(y i-(ax_i™2 + b x_i + ¢) \right)"~2
\]

Minimizing \( S'\) involves taking partial derivatives with respectto\(a\),\(b\), and\(c\),
and setting them to zero.

5. Derive Normal Equations
Calculating the derivatives leads to a system of three equations:

\[

\begin{cases}

\sumy i=a\sum x_i™2 + b\sum x_i + cn\\

\sum x_ iy i=a\sum x_i™3 + b\sum x_i™2 + c \sum x_i\\
\sum x_i”~2y i=a\sum x_i™4 + b\sum x_i™3 + c\sum x_i~2
\end{cases}

\]

If the point \( (0, y_0)\) is known, then \( c =y _0), simplifying the system further.

6. Solve for Coefficients

Using the above equations, solve for \( a\) and \( b ), given \( ¢ \). This can be done
manually for small datasets or via computational tools like graphing calculators, Excel, or
statistical software (e.g., R, Python's NumPy or SciPy).

Practical Example: Fitting a Parabola Through Given Points
Suppose you're given three points:

-\( (0, 2)\)
-\( (1, 3)\)
-\((2,2)\)

Because \( (0, 2)\) is on the parabola, \(c = 2).
Now, set up the equations:

\[

\begin{cases}

3=a(l)”2 + b(1) + 2 \Rightarrowa + b = 1\\
2 =a(2)"2 + b(2) + 2 \Rightarrow 4a + 2b =0
\end{cases}

\]



Solve the system:

- From the first: \(b=1-a)
- Substitute into the second:

\[
4a + 2(1 - a) = 0 \Rightarrow 4a + 2 - 2a = 0 \Rightarrow 2a + 2 = 0 \Rightarrow a = -1

\]

Then,

\[
b=1-(1)=2
\]

Thus, the quadratic function is:

\[
f(x) =-x"2+2x + 2
\]

7. Validate the Model

Check if the fitted parabola passes through the original points:
- At\(x=0\), \(f(0) = 2) v
-At\(x=1\),(f(1)=-1+2+2=3)\) v
-At\(x=2\),(f2)=-4+4+2=2)\)v

The model perfectly fits the data, confirming the accuracy of the regression process.

8. Use the Equation for Prediction and Analysis
Once the coefficients are known, the quadratic function can be used to:

- Predict outputs for new \( x \)-values.
- Find the vertex (maximum or minimum point).
- Analyze the parabola’s behavior, such as the axis of symmetry and roots.

Additional Tips and Considerations

- Data Quality: Ensure data is accurate; outliers can significantly impact the regression.

- Number of Points: More data points generally lead to a more reliable fit.

- Software Tools: Utilize tools like Excel's quadratic trendline, Python's “numpy.polyfit()", or
R’s "Im()" function for efficient regression analysis.



- Interpreting Results: Understand the context of your data to interpret the coefficients
meaningfully.

Conclusion

Use quadratic regression to find the equation of a quadratic function that fits the given
points, especially when the point at \( x=0) is known or significant. This process involves
organizing your data, leveraging the known point to simplify calculations, setting up the
least squares minimization, and solving for the coefficients systematically. Whether
modeling projectile motion, population growth, or economic trends, quadratic regression
provides a powerful tool to derive meaningful mathematical relationships from data.
Mastering this technique enhances your analytical toolkit and allows for more precise data-
driven decisions.
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