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Taylor's inequality is a fundamental tool in mathematical analysis, especially in
approximation theory. It allows us to quantify the error involved when approximating a
function by its Taylor polynomial within a specific interval. Understanding how to effectively
use Taylor's inequality helps mathematicians, engineers, and scientists assess the reliability
of approximations, ensuring the accuracy of computations and models. In this article, we
explore the concept of Taylor's inequality, how it is applied to estimate approximation
errors, and provide practical examples to illustrate its utility.

Understanding Taylor's Inequality

Before delving into the application of Taylor's inequality, it is essential to understand what
it states and the context in which it is used.

Definition and Purpose

Taylor's inequality provides an upper bound on the remainder term (or error) when
approximating a function \(f(x)\) by its Taylor polynomial of degree \(n\). Specifically, if a
function \(f\) is sufficiently smooth (i.e., has derivatives up to order \(n+1\)) on an interval,
Taylor's inequality helps to estimate how close the polynomial approximation is to the
actual function.

The Mathematical Statement

Suppose \(f\) is \((n+1)\)-times differentiable on an interval \(I\) containing the point \(a\),
and \(x\) is a point within this interval. The Taylor polynomial of degree \(n\) centered at
\(a\) is:

\[
T_n(x) = \sum_{k=0}"n \frac{f~{(k)}(a)}{k!}(x - a)~k
\]

The remainder (or error) term \(R_n(x)\), which measures how much \(f(x)\) deviates from
\(T_n(x)\), is given by:

\[
R_n(x) = f(x) - T_n(x)
\]



Taylor's inequality states that if there exists a constant \(M\) such that:

\[

[f~{(n+1)} ()] \leq M

\quad \text{for all} \quad t \quad \text{between} \quad a \quad \text{and} \quad x
\]

then the absolute value of the remainder satisfies:

\[
[R_n(x)| \leg \frac{M}{(n+1)!} |x - a|~{n+1}
\]

This inequality provides a concrete way to estimate the maximum possible error in the
approximation over the interval.

Applying Taylor's Inequality to Estimate
Approximation Accuracy

Once the conditions of Taylor's inequality are satisfied, it becomes a powerful method for
estimating the error in polynomial approximations. The process involves several steps:

Step 1: Choose the Expansion Point \(a\)

Decide at which point the Taylor polynomial will be centered. Typically, this is a point where
the function's behavior is well-understood or where the approximation is required.

Step 2: Determine the Degree \(n\) of the Polynomial

Select the degree based on the desired accuracy and computational resources. Higher
degrees generally provide better approximations but involve more complex calculations.

Step 3: Find or Bound the Derivatives

Calculate or estimate the \((n+1)” {th}\) derivative of the function on the interval. For error
estimation, an upper bound \(M\) for \(|f~{(n+1)}(t)|\) within the interval is necessary.

Step 4: Calculate the Error Bound
Apply Taylor's inequality:
\[

[R_n(x)| \leg \frac{M}{(n+1)!} |x - a|~{n+1}
\]



to determine the maximum possible deviation of the approximation from the actual
function in the interval.

Practical Examples of Using Taylor's Inequality

To solidify understanding, let's consider some practical examples demonstrating how to
estimate approximation errors.

Example 1: Approximating \(e”x\) near \(x=0\)

Suppose we want to approximate \(e”x\) at \(x=0.1\) using a second-degree Taylor
polynomial centered at 0.

Step 1: \(a=0\)
Step 2: Degree \(n=2\)
Step 3: Derivatives of \(e”™x\):

\[
f~{(k)}(x) = e”x
\]

Since \(e”™x\) is increasing and positive, on the interval \(0 \leq t \leq 0.1\):

\[
[f~{(3)}(t)] = e~t\leqe™{0.1} \approx 1.1052
\]

So, \(M\approx 1.1052\).
Step 4: Error bound:

\[
IR _2(0.1)| \leq \frac{M}{3!} |0.1 - 0]~ {3} = \frac{1.1052}{6} \times 0.001 = 0.0001842
\]

This suggests the approximation of \(e~{0.1}\) by its quadratic Taylor polynomial at 0 has
an error less than approximately 0.0001842.

Example 2: Approximating \(\sin x\) near
\(x=\frac{\pi}{4}\)

Suppose we approximate \(\sin x\) near \(x = \frac{\pi}{4}\) using the first-degree Taylor
polynomial.



Step 1: \(a=\frac{\pi}{4}\)
Step 2: Degree \(n=1\)
Step 3: Derivatives:

\[
f~{(2)}(x) = -\sin x
\]

On the interval around \(\frac{\pi}{41}\), say \(\left[\frac{\pi} {4} - 0.1, \frac{\pi}{4} + 0.1
\right]\), the maximum of \(|f™ {(2)}(x)|\) is:

\[
[\sin x| \leq |\sin (\frac{\pi}{4} + 0.1)| \approx 0.7071 + 0.0998 \approx 0.8069

\]

Similarly, the third derivative:

\[
f~{(3)}(x) = -\cos x
\]

and:

\[
[T~ {(3)}(x)| \leq |\cos (\frac{\pi}{4} + 0.1)| \approx 0.7071 + 0.0707 \approx 0.7778

\]

But for the error bound, the second derivative is relevant (since \(n=1\)), and the remainder
involves the second derivative. The Taylor remainder bound for the first-degree
approximation:

\[
IR_L(x)| \leg \frac{M}{2!} [x - a|~ {2}
\]

with \(M\) being an upper bound on \(|f~{(2)}(t)|\), which is approximately 0.8069. For \(x =
\frac{\pi} {4} + 0.1\):

\[
|R_1| \leqg \frac{0.8069}{2} \times (0.1)~2 = 0.40345 \times 0.01 = 0.0040345

\]

Thus, the approximation of \(\sin x\) near \(\pi/4\) using a linear Taylor polynomial has an
error less than approximately 0.004.



Choosing the Interval and Its Significance

The accuracy of Taylor's approximation heavily depends on the interval considered. When
applying Taylor's inequality:

- The interval should be chosen so that the derivatives' bounds are tight and valid
throughout.

- The maximum of \(|f~ {(n+1)}(t)|\) must be known or estimable within the interval.
- The closer \(x\) is to the center point \(a\), the smaller the error bound tends to be,
emphasizing the importance of selecting an appropriate expansion point.

For accurate estimation, it is essential to analyze the function's behavior over the entire
interval, especially if the derivatives change significantly.

Limitations and Considerations in Using Taylor's
Inequality

While Taylor's inequality is a powerful tool, it has certain limitations:

e Conservativeness of the Bound: The inequality provides an upper bound, which
might be conservative, especially if the derivative bounds are loose.

* Requirement of Derivative Bounds: Precise bounds on derivatives are necessary.
If these are difficult to compute, the error estimate may be less reliable.

¢ Interval Restrictions: The error bound applies only within the interval where the
bounds on derivatives hold. Outside this interval, the estimate may not be valid.

e Smoothness of Function: The function must be sufficiently smooth (having
derivatives up to order \(n+1\)) for the inequality to hold.

Understanding these limitations helps in interpreting the error bounds correctly and in
making informed decisions about the degree of

Frequently Asked Questions

What is Taylor's inequality and how is it used to
estimate the error of a Taylor polynomial
approximation?

Taylor's inequality provides an upper bound on the absolute value of the remainder (error)



when approximating a function by its Taylor polynomial. It states that if the (n+1)th
derivative of the function is bounded on an interval, then the error is less than or equal to
that bound multiplied by a certain power of the distance from the expansion point. This
helps estimate the accuracy of the approximation within a specified interval.

How do you determine the error bound for a Taylor
polynomial approximation using Taylor's inequality?

To determine the error bound, identify an upper bound M for the absolute value of the
(n+1)th derivative of the function on the interval of interest. Then, apply Taylor's inequality:
the error is less than or equal to (M / (n+1)!) [x - a|~{n+1}, where a is the expansion point
and x is in the interval. This provides a quantitative measure of the approximation's
accuracy.

Why is it important to know the interval when
estimating the approximation error using Taylor's
inequality?

The interval is crucial because the bound on the (n+1)th derivative may vary across
different regions. Taylor's inequality requires a uniform bound M on this derivative over the

interval, ensuring the error estimate is valid throughout the entire interval. Without
considering the interval, the error estimate may be inaccurate or invalid.

Can you give an example of using Taylor's inequality to
estimate the error of approximating e”x near x=0?

Yes. For approximating e”~x near x=0 using a second-degree Taylor polynomial, the
remainder term involves the third derivative, which is e”~x. On the interval [0, 1], e™Xx < e.
Therefore, M = e. The error bound is (e / 3!) [x- 0|"3 = (e / 6) |x|"3. For xin [0, 1], the
maximum erroris (e / 6) 1°3 = 0.453.

What are the limitations of using Taylor's inequality to
estimate approximation errors?

The main limitations include the need to find a suitable bound M for the (n+1)th derivative
over the interval, which can be challenging if the derivative is not easily bounded.
Additionally, the inequality provides an upper bound, which may be conservative, and does
not specify the actual error. It also assumes the derivatives are continuous and bounded,
which may not hold for all functions.

Additional Resources
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Introduction

In the realm of mathematical analysis, the approximation of functions by polynomials is a
foundational technique with widespread applications across science, engineering, and
mathematics. Among the various tools used to evaluate the accuracy of such
approximations, Taylor’s inequality stands out as a powerful and elegant method. It
provides a systematic way to bound the error when approximating a function by its Taylor
polynomial within a specified interval.

This article embarks on a comprehensive exploration of Use Taylor’s Inequality To Estimate
The Accuracy Of The Approximation When Lies In The Given Interval. We will delve into the
theoretical underpinnings, practical applications, and illustrative examples, aiming to
provide clarity and insight into how Taylor’s inequality can serve as a critical instrument for
error estimation in polynomial approximations.

Theoretical Foundations of Taylor’'s Inequality
Taylor Series and Polynomial Approximation

The Taylor series of a sufficiently smooth function \(f(x)\) expanded around a point \(a\) is
expressed as:

\[

f(x) = \sum_{k=0}"~{n} \frac{f~{(k)}(a)}{k'} (x - a)”~k + R_n(x),
\]

where:

-\(f~{(k)}(a)\) is the \(k\)-th derivative of \(f\) evaluated at \(a\),
- \(R_n(x)\) is the remainder or error term after truncating at degree \(n\).

The polynomial

\[

P n(x) =\sum_{k=0}"{n} \frac{f~{(k)}(a)}{k!'} (x - a)~k

\]

serves as an approximation to \(f(x)\).

The Remainder Term and Its Significance

The accuracy of the approximation hinges on understanding the behavior of the remainder
\(R_n(x)\). Precise computation of \(R_n(x)\) can be complex, especially for higher

derivatives and large intervals. This is where Taylor’s inequality becomes invaluable, as it
offers an upper bound on \(|R_n(x)|\) without requiring the explicit form of the remainder.

Taylor’s Inequality: Statement and Derivation



Formal Statement

Suppose \(f\) is \((n+1)\)-times differentiable on an interval \(I\) containing \(a\) and \(x\). If
there exists a constant \(M\) such that:

\[
[f~{(n+1)}(t)| \leq M \quad \text{for all } t \text{ between } a \text{ and } x,

\]

then the Taylor’s inequality states that:

\[
[IR_n(x)| \leg \frac{M}{(n+1)!} |x - a]”~{n+1}.
\]

This inequality provides a bound on the error term based solely on the maximum of the
\((n+1)\)-th derivative over the interval.

Derivation Sketch

The derivation relies on the mean value theorem and properties of derivatives. By
considering the integral form of the remainder and applying the bounds on the derivatives,
one can establish the inequality as an upper limit of the error.

Practical Application of Taylor’s Inequality
Estimating Approximation Error in a Given Interval
To employ Taylor’s inequality effectively, the process generally involves:

1. Identifying the interval: Determine the interval \([a, x]\) where the approximation is
intended.

2. Calculating derivatives: Compute or estimate the \((n+1)\)-th derivative \(f~ {(n+1)}(t)\).
3. Finding the bound \(M\): Establish an upper bound \(M\) such that \(|f~{(n+1)}(t)| \leq
M\) for all \(t\) in the interval.

4. Applying the inequality: Use the formula:

\[

[IR_n(x)| \leg \frac{M}{(n+1)!} |x - a|~{n+1}
\]

to estimate the maximum error.

This systematic approach allows practitioners to confidently assess how closely the Taylor
polynomial approximates the true function within the interval.

Deep Dive into Estimation Strategies



Choosing the Expansion Point \(a\)

The choice of \(a\) significantly influences the accuracy. Typically, \(a\) is chosen as a point
where the function is well-understood or where the approximation is centered. For example,
when approximating \(f(x)\) near \(x=0\), \(a=0\) simplifies computations.

Determining the Derivative Bound \(M\)

- For functions with known derivatives, \(M\) can be directly computed.

- For complex functions, bounds are obtained using inequalities or known properties of
derivatives.

- Numerical methods or plotting can assist in estimating \(M\).

Interval Selection

The size of the interval \([a, x]\) directly affects the error bound—smaller intervals yield
tighter bounds, whereas larger intervals may require more conservative estimates.

[llustrative Examples
Example 1: Approximating \(\sin x\) near \(x=0\)

Suppose we wish to approximate \(\sin x\) using its Taylor polynomial of degree 3 around
\(a=0\), for \(x \in [0, 0.5]\).

- The 4th derivative of \(\sin x\) is \(\sin x\) or \(-\sin x\), which is bounded by 1.
- Therefore, \(M=1\).
- The error bound is:

\[

[R_3(x)| \leq \frac{1}{4!'} [x - 0|~4 = \frac{1} {24} x"4.
\]

At \(x=0.5\):

\[

|R_3(0.5)| \leq \frac{1}{24} (0.5)"4 = \frac{1}{24} \times 0.0625 \approx 0.0026.
\]

This confirms that the polynomial approximation of \(\sin x\) at \(x=0.5\) has an error less
than approximately 0.0026.

Example 2: Approximating \(e”™x\) over \([0,1]\)
Using the second-degree Taylor polynomial centered at O:
\[

P2(x) =1+ x+ \frac{x"2}{2}.
\]



- The third derivative \(f~ {(3)}(x) = e™x\), which is bounded by \(e\) over \([0,1]\).
- The error bound:

\[
[R_2(x)| \leq \frac{e}{3!'} |x - 0|~ {3} = \frac{e}{6} x~{3}.
\]

At \(x=1\):

\[
[R_2(1)| \leg \frac{e}{6} \approx \frac{2.718} {6} \approx 0.453.
\]

This suggests that the quadratic approximation of \(e”™x\) over \([0,1]\) incurs an error less
than roughly 0.453 at the endpoint.

Limitations and Considerations

While Taylor’s inequality provides a straightforward way to estimate errors, it has
limitations:

- Conservativeness of Bounds: The bounds are often conservative, especially if the
maximum derivative \(M\) is chosen as an absolute upper limit.

- Smoothness Requirements: The function must be sufficiently differentiable within the
interval.

- Interval Size: Larger intervals tend to produce less tight bounds, potentially
overestimating errors.

- Derivative Complexity: For functions with complicated derivatives, estimating \(M\) can be
challenging.

Advanced Topics and Extensions
Use of Remainder Forms

In some contexts, employing the Lagrange or Cauchy forms of the remainder can yield
more precise or tighter bounds than Taylor’s inequality.

Adaptive Error Estimation

Adaptive methods combine Taylor’s inequality with numerical techniques to refine bounds
dynamically based on function behavior.

Multivariate Extensions

Generalizations of Taylor’s inequality exist for multivariate functions, aiding in error
estimation in higher dimensions.



Conclusion

Use Taylor’s Inequality To Estimate The Accuracy Of The Approximation When Lies In The
Given Interval is a fundamental concept that empowers mathematicians, scientists, and
engineers to quantify the reliability of polynomial approximations. By leveraging bounds on
higher derivatives, it offers a practical and theoretically sound approach to error estimation,
ensuring that approximations are both meaningful and dependable within specified
domains.

In applied mathematics and computational analysis, understanding and applying Taylor’s
inequality enhances the precision of models, algorithms, and simulations, fostering greater
confidence in the results derived from polynomial approximations. As with all tools,
awareness of its assumptions, limitations, and proper implementation is crucial for
harnessing its full potential.

References

- Apostol, T. M. (1967). Mathematical Analysis. Addison-Wesley.

- Stewart, J. (2015). Calculus: Concepts and Contexts. Cengage Learning.

- Kreyszig, E. (2011). Advanced Engineering Mathematics. John Wiley & Sons.

- Rudin, W. (1976). Principles of Mathematical Analysis. McGraw-Hill Education.

End of Article

Use Taylors Inequality To Estimate The Accuracy Of The
Approximation When Lies In The Given Interval

Use Taylors Inequality To Estimate The Accuracy Of The Approximation When Lies In The Given
Interval

Related Articles

e Whether Supplier-seller Relationships In An Industry Represent A Strong Or Weak Source Of
Competitive

e You Work For A Pharmaceutical Company That Has Developed A New Drug. The Patent On
The Drug Will Last

e Using The Discounted Cash Flow (DCF) Valuation Method, What Is The Maximum Loan That
Can Be Made On A

Back to Home


https://sip.evo9x.com/ma22/use-taylors-inequality-to-estimate-the-accuracy-of-the-approximation-when-lies-in-the-given-interval.pdf
https://sip.evo9x.com/ma22/use-taylors-inequality-to-estimate-the-accuracy-of-the-approximation-when-lies-in-the-given-interval.pdf
https://sip.evo9x.com/ma22/whether-supplier-seller-relationships-in-an-industry-represent-a-strong-or-weak-source-of-competitive.pdf
https://sip.evo9x.com/ma22/whether-supplier-seller-relationships-in-an-industry-represent-a-strong-or-weak-source-of-competitive.pdf
https://sip.evo9x.com/ma22/you-work-for-a-pharmaceutical-company-that-has-developed-a-new-drug-the-patent-on-the-drug-will-last.pdf
https://sip.evo9x.com/ma22/you-work-for-a-pharmaceutical-company-that-has-developed-a-new-drug-the-patent-on-the-drug-will-last.pdf
https://sip.evo9x.com/ma22/using-the-discounted-cash-flow-dcf-valuation-method-what-is-the-maximum-loan-that-can-be-made-on-a.pdf
https://sip.evo9x.com/ma22/using-the-discounted-cash-flow-dcf-valuation-method-what-is-the-maximum-loan-that-can-be-made-on-a.pdf
https://sip.evo9x.com

