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Introduction

In calculus, understanding the concept of continuity is fundamental for analyzing the behavior of
functions. Continuity at a point ensures that a function's graph can be drawn without lifting the pen,
indicating no abrupt jumps or interruptions. To rigorously establish whether a function is continuous
at a specific point or over an interval, mathematicians rely on the formal definition of continuity and
properties of limits. This article provides a comprehensive guide on how to use these foundational
concepts to demonstrate the continuity of a function systematically.

---

Understanding Continuity and Limits

What Is Continuity?

A function \(f(x)\) is said to be continuous at a point \(x = c\) if the following three conditions are
satisfied:

1. The function is defined at \(c\): \(f(c)\) exists.
2. The limit of the function as \(x\) approaches \(c\) exists: \(\lim_{x \to c} f(x)\) exists.
3. The value of the function equals the limit at \(c\): \(\lim_{x \to c} f(x) = f(c)\).

When these conditions are met, the function has no breaks, jumps, or holes at that point.

Limits and Their Properties

The limit \(\lim_{x \to c} f(x)\) describes the behavior of \(f(x)\) as \(x\) approaches \(c\). Certain
properties of limits are instrumental in establishing continuity:

- Limit of a constant: \(\lim_{x \to c} k = k\)
- Sum rule: \(\lim_{x \to c} [f(x) + g(x)] = \lim_{x \to c} f(x) + \lim_{x \to c} g(x)\)
- Product rule: \(\lim_{x \to c} [f(x) \cdot g(x)] = \lim_{x \to c} f(x) \cdot \lim_{x \to c} g(x)\)
- Quotient rule: \(\lim_{x \to c} \frac{f(x)}{g(x)} = \frac{\lim_{x \to c} f(x)}{\lim_{x \to c} g(x)}\)
provided \(\lim_{x \to c} g(x) \neq 0\)
- Power rule: \(\lim_{x \to c} [f(x)]^n = [\lim_{x \to c} f(x)]^n\)

Utilizing these properties allows us to manipulate and evaluate limits effectively.
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Step-by-Step Approach to Show Continuity

Step 1: Verify the Function Is Defined at \(c\)

Before proceeding, confirm that \(f(c)\) exists. If \(f(c)\) is undefined, the function cannot be
continuous at \(c\). If it is defined, note its value for later comparison.

Step 2: Calculate \(\lim_{x \to c} f(x)\)

Determine whether the limit exists as \(x\) approaches \(c\). Techniques include:

- Direct substitution: Plug in \(x = c\) into the function.
- Factoring: Simplify the expression to eliminate indeterminate forms.
- Rationalizing: Use conjugates to simplify radicals.
- Using limit laws: Break down complex functions into simpler parts.

Step 3: Check if Limit Equals Function Value

Compare the limit with \(f(c)\). If \(\lim_{x \to c} f(x) = f(c)\), then the function is continuous at \(c\).

Step 4: Use Limit Properties to Simplify and Confirm

Employ the properties of limits to manipulate the expression for \(\lim_{x \to c} f(x)\). This may
involve:

- Factoring numerator or denominator to cancel indeterminate factors.
- Applying the sum, product, or quotient rules as needed.
- Simplifying complex expressions to evaluate the limit.

Step 5: Conclude Continuity

If all conditions are satisfied—\(f(c)\) exists, the limit exists, and both are equal—then the function is
continuous at \(c\).

---

Applying the Method: An Illustrative Example

Suppose we are asked to show that the function

\[
f(x) = \frac{x^2 - 4}{x - 2}
\]

is continuous at \(x = 2\).

Step 1: Is \(f(2)\) defined?

Evaluate \(f(2)\):



\[
f(2) = \frac{(2)^2 - 4}{2 - 2} = \frac{4 - 4}{0} = \frac{0}{0}
\]

This is an indeterminate form; \(f(2)\) is undefined. Therefore, we cannot directly verify continuity at
\(x=2\) without simplifying.

Step 2: Simplify \(f(x)\)

Factor numerator:

\[
x^2 - 4 = (x - 2)(x + 2)
\]

Rewrite \(f(x)\):

\[
f(x) = \frac{(x - 2)(x + 2)}{x - 2}
\]

For \(x \neq 2\), cancel \((x - 2)\):

\[
f(x) = x + 2, \quad x \neq 2
\]

Step 3: Find \(\lim_{x \to 2} f(x)\)

Since for \(x \neq 2\), \(f(x) = x + 2\), then:

\[
\lim_{x \to 2} f(x) = \lim_{x \to 2} (x + 2) = 2 + 2 = 4
\]

Step 4: Define \(f(2)\) to make \(f\) continuous at \(x=2\)

To ensure continuity, define:

\[
f(2) = 4
\]

Now, the function is:

\[
f(x) =
\begin{cases}
\frac{x^2 - 4}{x - 2}, & x \neq 2 \\
4, & x = 2
\end{cases}



\]

Step 5: Confirm continuity at \(x=2\)

- \(f(2)\) is defined as 4.
- \(\lim_{x \to 2} f(x) = 4\).
- Since \(\lim_{x \to 2} f(x) = f(2) = 4\), \(f\) is continuous at \(x=2\).

---

Extending to Intervals and Other Points

The above approach can be extended to examine the continuity over intervals or at multiple points
within a domain:

- At endpoints: Use one-sided limits to verify continuity.
- On intervals: Show that the function is continuous at every point within the interval, often by
analyzing the function's form.
- Piecewise functions: Verify continuity at the junction points by checking limits from the left and
right.

---

Common Techniques for Proving Continuity

1. Direct Substitution

When the function is well-behaved (polynomials, rational functions where the denominator is not
zero), directly substituting \(x = c\) suffices.

2. Factoring and Simplifying

Identify common factors to eliminate indeterminate forms, as shown in the example.

3. Rationalizing

For functions involving radicals, rationalize numerator or denominator to simplify limits.

4. Using Known Limit Results

Apply standard limits and properties for common functions like sine, cosine, exponential, and
logarithmic functions.

5. Composition of Continuous Functions

Remember that the composition of continuous functions is continuous. If \(f\) and \(g\) are
continuous at \(c\), then so is \(f(g(x))\).

---

Summary and Key Takeaways



- To prove a function is continuous at a point \(c\), verify that \(f(c)\) exists, \(\lim_{x \to c} f(x)\)
exists, and they are equal.
- Use the properties of limits to simplify and evaluate limits.
- For rational functions, factor and cancel to resolve indeterminate forms.
- For piecewise functions, check limits from both sides at junction points.
- When necessary, redefine the function at points where it is undefined to ensure continuity.

---

Final Remarks

Mastering the use of the definition of continuity and the properties of limits is essential for rigorous
analysis in calculus. This approach not only helps in proving continuity but also deepens the
understanding of how functions behave near specific points. By systematically applying these
principles, students and mathematicians can confidently analyze complex functions and establish
their continuity properties with clarity and precision.
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Frequently Asked Questions

What is the formal definition of continuity at a point for a
function?
A function f(x) is continuous at a point c if the limit of f(x) as x approaches c exists, the value f(c) is
defined, and the limit equals the function's value, i.e., lim x→c f(x) = f(c).

How can the properties of limits be used to prove a function is
continuous at a point?
By showing that the limit of the function as x approaches the point exists and equals the function's
value at that point, using properties like the limit of sums, products, and constant multiples, we can
establish continuity.



What steps are involved in demonstrating a function's
continuity using the limit definition?
First, verify the function is defined at the point; second, compute the limit of the function as x
approaches the point; third, confirm the limit exists; and finally, verify that the limit equals the
function's value at that point.

Can the properties of limits help in showing the continuity of
composite functions?
Yes, by applying the limit of a composition and the known limits of the individual functions, along
with limit properties, we can demonstrate the continuity of composite functions.

How does the limit law for sums and products assist in proving
continuity?
Limit laws for sums and products allow us to evaluate the limit of complex functions by breaking
them into simpler parts, facilitating the demonstration that the overall limit equals the function's
value at the point.

Why is it important to show that the limit of a function equals
its value at a point when proving continuity?
Because, according to the formal definition of continuity, the limit of the function as x approaches
the point must be equal to the function's value at that point, ensuring no discontinuity exists there.

Additional Resources
Use The Definition Of Continuity And The Properties Of Limits To Show That The Function Is
Continuous
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Introduction to Continuity and Its Significance

Continuity is a fundamental concept in calculus that describes the smoothness or unbroken nature of
a function at a specific point or over an interval. Intuitively, a function is continuous at a point if you
can draw its graph at that point without lifting your pen. This notion is critical because it underpins
many advanced topics in calculus, such as differentiation and integration, and helps in
understanding the behavior of functions in real-world applications, including physics, engineering,
and economics.

In formal mathematical terms, the concept of continuity is defined precisely using limits and function
values. This formalism allows us to rigorously verify whether a function is continuous at a certain
point or over an interval by leveraging the properties of limits and the function's definition.
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Formal Definition of Continuity at a Point

To examine whether a function \(f\) is continuous at a specific point \(a\), we rely on the following
formal definition:

Definition:
A function \(f\) is continuous at a point \(a\) if:

\[
\lim_{x \to a} f(x) = f(a)
\]

This definition encompasses three key components:

1. The limit \(\lim_{x \to a} f(x)\) exists.
2. The function \(f\) is defined at \(a\), i.e., \(f(a)\) exists.
3. The limit at \(a\) equals the function value at \(a\), i.e.,
\(\lim_{x \to a} f(x) = f(a)\).

This formal approach ensures a rigorous understanding of what it means for a function to be
continuous at a point.

---

Understanding Limits and Their Properties

Before demonstrating continuity, it's essential to grasp the properties of limits, as they form the
backbone of the formal definition.

Key Limit Properties

The properties of limits include:

- Linearity:
\[
\lim_{x \to a} [c \cdot f(x) + d \cdot g(x)] = c \cdot \lim_{x \to a} f(x) + d \cdot \lim_{x \to a} g(x)
\]
for constants \(c, d\).

- Limit of a Constant:
\[
\lim_{x \to a} c = c
\]



where \(c\) is a constant.

- Product Rule:
\[
\lim_{x \to a} [f(x) \cdot g(x)] = \left( \lim_{x \to a} f(x) \right) \cdot \left( \lim_{x \to a} g(x) \right)
\]

- Quotient Rule:
\[
\lim_{x \to a} \frac{f(x)}{g(x)} = \frac{\lim_{x \to a} f(x)}{\lim_{x \to a} g(x)}
\]
provided \(\lim_{x \to a} g(x) \neq 0\).

- Limits of Compositions:
\[
\lim_{x \to a} f(g(x)) = f(\lim_{x \to a} g(x))
\]
if the inner limit exists and \(f\) is continuous at that point.

These properties allow us to manipulate and evaluate limits more straightforwardly, which is crucial
when establishing the continuity of a function.

---

Using Limit Properties to Show Continuity

To show that a function \(f\) is continuous at a point \(a\), we typically follow these steps:

1. Verify that \(f(a)\) is defined.
2. Evaluate \(\lim_{x \to a} f(x)\).
3. Compare the limit with the function value.
4. Use the properties of limits to evaluate the limit.
5. Conclude that if \(\lim_{x \to a} f(x) = f(a)\), then the function is continuous at \(a\).

This process hinges on the properties of limits previously discussed, enabling us to reduce complex
functions to manageable expressions where limits can be directly computed.

---

Step-by-Step Approach with Examples

Let's explore an illustrative example to demonstrate the method:

Example:
Suppose \(f(x) = \frac{x^2 - 1}{x - 1}\), and we want to determine whether \(f\) is continuous at
\(a=1\).



Step 1: Check if \(f(1)\) is defined.
Since substituting \(x=1\) gives:

\[
f(1) = \frac{1^2 - 1}{1 - 1} = \frac{0}{0}
\]

which is indeterminate, indicating \(f(1)\) is undefined directly. However, the function may have a
removable discontinuity at \(x=1\). To check, we proceed to evaluate the limit.

Step 2: Compute \(\lim_{x \to 1} f(x)\).
Factor numerator:

\[
f(x) = \frac{(x - 1)(x + 1)}{x - 1}
\]

for \(x \neq 1\). Simplify:

\[
f(x) = x + 1
\]

for all \(x \neq 1\).

Now, evaluate the limit:

\[
\lim_{x \to 1} f(x) = \lim_{x \to 1} (x + 1) = 2
\]

Step 3: Define \(f(1)\) suitably.
Since \(f(1)\) is not originally defined, but the limit exists and equals 2, we can define \(f(1) = 2\).

Step 4: Conclude continuity.
By defining \(f(1) = 2\), the function becomes continuous at \(x=1\), because:

\[
\lim_{x \to 1} f(x) = f(1) = 2
\]

This example demonstrates how the properties of limits (here, limit of a simplified expression) assist
in establishing continuity.

---

Proving Continuity Using Limit Properties for Common



Function Types

Different types of functions have standard properties that facilitate their analysis concerning
continuity. Here, we discuss how to use the properties of limits to show continuity for common
classes of functions.

Polynomial Functions

- Properties: Polynomials are composed of sums, products, and powers of \(x\).
- Limit Behavior: The limit of a polynomial as \(x \to a\) is simply the polynomial evaluated at \(a\).
- Continuity: Since polynomials are composed of continuous operations (addition, multiplication,
powers), every polynomial is continuous everywhere.

Proof Sketch:
Given \(f(x) = a_n x^n + a_{n-1} x^{n-1} + \dots + a_0\), then:

\[
\lim_{x \to a} f(x) = f(a)
\]

by applying the limit properties to each term, confirming the function's continuity at every point.

---

Rational Functions

- Properties: Rational functions are ratios of polynomials.
- Limit Behavior: To prove continuity at \(a\), ensure \(f(a)\) is defined and \(\lim_{x \to a} f(x)\)
exists.
- Key Point: The limit exists if the denominator does not approach zero at \(a\).
- Method: Use the quotient rule for limits and factorization to evaluate limits.

Example:
\(f(x) = \frac{x^2 - 4}{x - 2}\)

At \(x=2\), the numerator becomes 0, denominator becomes 0, so direct substitution fails. Factor
numerator:

\[
x^2 - 4 = (x - 2)(x + 2)
\]

then:

\[
f(x) = \frac{(x - 2)(x + 2)}{x - 2} = x + 2, \quad x \neq 2



\]

The limit:

\[
\lim_{x \to 2} f(x) = \lim_{x \to 2} (x + 2) = 4
\]

Since \(f(2)\) is not defined, defining \(f(2) = 4\) makes \(f\) continuous at \(x=2\).

---

Piecewise Functions

- Properties: Piecewise functions are defined by different expressions over different intervals.
- Limit Analysis: To show continuity at a point where pieces meet, analyze the limits from the left
and right separately using the properties of limits.

Example:
Suppose:

\[
f(x) = \begin{cases}
x^2, & x < 1 \\
2x + 1, & x \geq 1
\end{cases}
\]

Check continuity at \(x=1\):

- Left limit:

\
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