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Use The Method Of Cylindrical Shells To Find The Volume V Generated By
Rotating The Region Bounded By a given region is a fundamental technique in calculus
for determining the volume of a solid of revolution. This method is particularly useful when
the region is bounded by curves that are more conveniently integrated with respect to the
axis parallel to the axis of rotation, especially when the shell method simplifies the process
compared to disk or washer methods. In this comprehensive guide, we will explore the
steps involved in applying the method of cylindrical shells, understand the underlying
principles, and work through detailed examples to solidify your understanding.

Understanding the Method of Cylindrical Shells

What Is the Shell Method?

The shell method is a technique for calculating the volume of a three-dimensional solid
obtained by rotating a planar region around a specified axis. Instead of slicing the solid
perpendicular to the axis of rotation (as in the disk method), the shell method involves
imagining the solid as composed of cylindrical shells.

Each shell is a hollow cylinder with a certain radius, height, and thickness. By integrating
the lateral surface areas of these shells along the axis of the region, we can find the total
volume.

When to Use the Shell Method

The shell method is particularly advantageous in the following scenarios:

- When the region is bounded by functions expressed as \( y = f(x) \) and \( y = g(x) \), and
the axis of rotation is vertical (e.g., the y-axis).

- When the region is better described in terms of x rather than y, making the shell method
more straightforward than the disk/washer method.

- When the boundaries are complicated for disk/washer slicing but become simple
cylindrical shells.

Mathematical Foundation of the Shell Method



Formula for the Shell Method

Suppose you are rotating a region around a vertical axis (e.g., the y-axis). The volume \( V
\) can be computed as:

\[
V = 2\pi\int_{a}"~{b} \text{(radius)} \times \text{(height)} \, dx
\]

where:

- radius is the distance from the axis of rotation to the shell (e.g., \( x ) if rotating around
the y-axis).

- height is the length of the shell, corresponding to the function values at \( x\).

Similarly, if rotating around a horizontal axis (e.qg., the x-axis), the formula becomes:

\[
V = 2\pi\int_{c} "~ {d} \text{(radius)} \times \text{(height)} \, dy
\]

where the roles of \( x\) and \( y \) are interchanged.

Derivation of the Formula

The formula arises from approximating the volume as a sum of cylindrical shells:
- Each shell has a circumference \( 2\pi \times \text{radius} \).

- Its height is determined by the boundary functions.

- The thickness is an infinitesimal change in \( x \) (or\( y \)).

By summing all shells from \(a\) to\( b\) (or\( c\) to\(d\)), and taking the limit as the
thickness approaches zero, we arrive at the integral formula.

Step-by-Step Procedure for Applying the Shell
Method

To effectively use the shell method, follow these steps:

1. Identify the Region and Axis of Rotation

- Sketch the region bounded by the given curves.
- Determine the axis around which to rotate (vertical or horizontal).

2. Decide the Variable of Integration

- Choose \( x) if the region is bounded by functions \( y = f(x) \), especially if rotating
around the y-axis.



- Choose \( y ) if the region is bounded by functions \( x = g(y) \), especially if rotating
around the x-axis.

3. Express the Shell Radius and Height

- For rotation around a vertical axis:
- Radius: distance from the shell to the axis, typically \( x \) or \( |x - x_{axis}| \).
- Height: difference between boundary functions, e.g., \( f(x) - g(x) \).

- For rotation around a horizontal axis:
- Radius: \(y\) or \( |y - y_{axis}|\).
- Height: difference between functions in \( x \) or \( y \).

4. Set Up the Integral

- Write the volume as an integral of \( 2\pi \times \text{radius} \times \text{height} \) over
the appropriate bounds.

5. Determine the Limits of Integration

- Find the intersection points of the boundary curves to establish the bounds \( a\) and \( b
\).

6. Compute the Integral

- Carry out the integration carefully, simplifying where possible.

Worked Examples of the Shell Method

Example 1: Rotating a Region Around the y-Axis

Problem: Find the volume generated by rotating the region bounded by \(y = x~2\),\(y =
4), and the y-axis about the y-axis.

Solution:

Step 1: Sketch the region.

- The parabola \( y = x~2\) opens upward.

-The line\(y = 4) is a horizontal boundary.

- The region is between \( x=0) (y-axis) and the parabola, up to \( y=4\).

Step 2: Variable of integration.
- Since rotation is around the y-axis, integrate with respect to \( x\).



Step 3: Express radius and height.
- Radius of each shell: \( x\).
- Height of each shell: \(y = x™~2\) to \( y=4), so the shell's heightis\( 4 - x~2).

Step 4: Limits of integration.
- Find \( x \) bounds where \(y = x™2) intersects \( y=4):

\[

x"2 = 4 \Rightarrow x = 0 \text{ (at the y-axis)} \text{ and } x=2
\]

Since \( x \ge 0), bounds are from \( 0\) to \( 2\).

Step 5: Set up the integral.

\[
V = 2\pi\int {0}"~{2} x\times (4 - x™~2)\, dx
\]

Step 6: Compute the integral.

\[
V = 2\pi\int {0}"~{2} (4x-x"3)\, dx
\]

Calculate:

\[
V = 2\pi \left[ 2x"2 - \frac{x~4} {4} \right] 0"2
\]

Plug in \( x=2):

\[

2 \times (2)72 -\frac{(2)"~4}{4} = 2 \times 4 - \frac{16}{4} =8-4=4
\]

At \( x=0), the expression is 0.

Thus:

\[

V = 2\pi \times 4 = 8\pi
\]

Answer: The volume of the solid is \( 8\pi \) cubic units.



Example 2: Rotating a Region Around the x-Axis

Problem: Find the volume generated by rotating the region bounded by \( y = \sqrt{x} \), \(
x=11), and \( y=0\) about the x-axis.

Solution:
Step 1: Sketch the region.
-\(y = \sqrt{x} \) from \( x=0\) to \( x=1).

- The region is under the curve from \( x=0\) to \( x=1).

Step 2: Variable of integration.
- Since rotation is around the x-axis, integrate with respect to \( y \).

Step 3: Express radius and height.
- Radius of each shell: \( y \).
- Fora fixed \(y\), \( x =y~2\). The boundary in \( x\) is from 0 to \( y"~2\).

Step 4: Limits of integration.
-\(y\) varies from O to 1, sinceat\( x=1\),\(y=1\).

Step 5: Set up the integral.

\[
V = 2\pi\int {0}~{1} y\times y"~2\, dy = 2\pi\int_{0}"~{1} y"~3\, dy
\]

Step 6: Compute the integral.

\[
V = 2\pi \left[ \frac{y~4}{4} \right] 071 = 2\pi \times \frac{1}{4} = \frac{\pi}{2}
\]

Answer: The volume is \( \frac{\pi} {2} \) cubic units.

Advantages of Using the Shell Method

- Simplifies volume calculations when the region is

Frequently Asked Questions

What is the method of cylindrical shells used for in
calculating volume?

The method of cylindrical shells is used to find the volume of a solid of revolution by



integrating the lateral surface areas of cylindrical shells formed when revolving a region
around an axis.

How do you set up the integral for using the cylindrical
shells method?

To set up the integral, identify the region bounded by the curves, determine the radius and
height of a typical shell, then integrate 2mn times the radius times the height over the
interval that defines the region.

When should I use the cylindrical shells method instead
of disks or washers?

Use the cylindrical shells method when the axis of rotation is parallel to the axis of the
slices (e.g., rotating around the y-axis when integrating with respect to x), especially when
the shell method simplifies the integral compared to disks or washers.

What is the general formula for volume using the shells
method for rotation around the y-axis?

The volume V = [ {a}"~{b} 2n x - h(x) dx, where x is the radius from the y-axis and h(x) is
the height of the region at x.

How do you determine the bounds of integration when
using shells?

The bounds are determined by the interval over which the region extends along the axis
perpendicular to the axis of rotation, typically from the minimum to maximum x-values or
y-values of the region.

Can the method of cylindrical shells be applied to
rotation around any axis?

While most commonly used around the y-axis or x-axis, the method can be adapted for
rotation around any vertical or horizontal line, but the setup of the integral will change
accordingly.

What are some common pitfalls when using the shells
method?

Common pitfalls include incorrect identification of the radius and height of shells, mixing up
limits of integration, and not properly setting up the integral based on the region's
boundaries.



How do you find the volume of a region bounded by two
curves using shells?

Determine the region's bounds, express the radius and height of shells based on the
curves, then integrate 2n times the radius times height over the relevant interval.

What are the advantages of using the shells method
over the disks method?

The shells method often simplifies the integral when the region is better described in terms
of the variable perpendicular to the axis of rotation, especially for regions that are more
naturally sliced into cylindrical shells.

Can the cylindrical shells method be used for non-
rotational volume problems?

No, the method is specifically designed for calculating volumes of solids generated by
revolving a region around an axis. It is not applicable to non-rotational volume problems.

Additional Resources

Use The Method Of Cylindrical Shells To Find The Volume V Generated By Rotating The
Region Bounded By a given region is a fundamental technique in calculus, especially when
dealing with volumes of revolution. This method offers an intuitive approach to calculating
the volume of a solid formed when a region in the plane is revolved around an axis. Unlike
the disk or washer methods, which revolve the region directly and slice perpendicular to the
axis, the method of cylindrical shells revolves the region and slices it into vertical or
horizontal shells. This technique is particularly powerful when the region is more naturally
described in terms of x or y, or when the axis of rotation is parallel to the coordinate axes.

Introduction to the Method of Cylindrical Shells

The method of cylindrical shells is a way to compute the volume of a solid of revolution by
integrating the volume of infinitesimally thin cylindrical shells. When a region in the plane is
rotated about an axis, each shell resembles a hollow cylinder with a certain radius, height,
and thickness.

Why Use the Shell Method?

- Flexibility with the Axis of Rotation: It is especially advantageous when the axis of rotation
is parallel to the axis of the variable of integration.

- Handling Complex Boundaries: It simplifies the integration process for regions with
complicated boundaries that are easier expressed as functions of x ory.

- Alternative to Disk/Washer Methods: It provides an alternative when the disk/washer
method leads to complicated integrals or when the region's shape makes the shell method
more straightforward.



Setting Up the Shell Method
Basic Concept

Suppose you have a region B in the xy-plane bounded by certain curves. To find the volume
V generated by rotating B about a specified axis, the shell method involves:

1. Choosing the axis of rotation: Common axes are x-axis, y-axis, or any vertical/horizontal
line.

2. Slicing the region into shells: Depending on the axis, you select a variable (x or y) and
slice the region into thin shells perpendicular to that variable.

3. Expressing the shell dimensions:

- Radius (r): Distance from the shell to the axis of rotation.

- Height (h): Length of the shell in the direction perpendicular to the radius.

- Thickness (Ax or Ay): Infinitesimal change in the variable of integration.

4. Formulating the integral: Integrate the lateral surface area of each shell over the
relevant bounds.

Volume Element of a Shell

The volume of an individual shell is approximately:

\[ dV = 2\pi \times (\text{radius}) \times (\text{height}) \times (\text{thickness}) \]
which, in the limit, becomes an integral:

\[ V =\int 2\pi r h'\, dx \quad \text{or} \quad V = \int 2\pi r h'\, dy \]

depending on the variable of integration.

Step-by-Step Guide to Applying the Shell Method
Step 1: Identify the Region Bounded by Curves

- Determine the region in the xy-plane bounded by given functions.
- Sketch the region to visualize the shape and the axes involved.

Step 2: Decide the Axis of Rotation

- For example, if rotating about the y-axis, slicing into shells parallel to the y-axis is natural.
- If rotating about the x-axis, slices are parallel to the x-axis.

Step 3: Express the Boundaries in Terms of the Variable of Integration

- For rotation about the y-axis, express x as a function of y, or identify the x-limits.



- For rotation about the x-axis, express y as a function of x.

Step 4: Determine the Shell Dimensions

- Radius (r): Distance from the shell to the axis of rotation.

- Height (h): Length of the region in the direction perpendicular to the axis.
- Thickness: The differential element (dx or dy).

Step 5: Write the Integral Expression

- Use the formula:

\[ V =\int_{a}"~{b} 2\pi r(y) h(y) \, dy \quad \text{or} \quad V =\int_{c}~{d} 2\pi r(x) h(x)
\, dx \]

- The limits correspond to the bounds of the region in the variable of integration.
Step 6: Evaluate the Integral

- Carry out the integration using standard calculus techniques.
- Simplify the expression to obtain the volume.

Practical Example
Let's consider a concrete example to solidify the method.

Problem: Find the volume generated by rotating the region bounded by \(y = x™~2\) and \(
y = 4) about the y-axis.

Solution Outline:

1. Identify the region B:
- The parabola \(y = x~2\) and the line\(y = 4).
- Bounded between \( x =-2\)and \( x = 2\), as\( x~2\leq 4 ).

2. Axis of rotation: y-axis.

3. Express x in terms of y:
-\(x =\pm\sqrt{y} \).

4. Set up shells:

- Slicing along y, the shells are horizontal.

- The radius of each shell at height y is\( r = |x| = \sqrt{y} \).

- The height of the shell corresponds to the width in x: from \( -\sgrt{y} \) to \( \sqrt{y} \),
so the shell's circumference is generated by revolving the vertical strip.

Alternatively, for shells, it's often easier to consider shells generated by revolving vertical
strips:



- Each vertical strip at position x (from \( -2 \) to 2) revolves to create a shell.
Let's proceed with the shells generated by vertical slices at x:

5. Express y in terms of x:
-\(y =x72)).

6. Set up the integral for shells:
Since we're revolving around the y-axis, and the shells are generated by vertical strips:

- Radius of each shell: \( r = |x| \).
- Height of each shell: \( y_{top} - y_{bottom} =4 - x"~2\).

- The differential thickness: \( dx\).

The volume:

\[ V =\int_{x=-2}"{2} 2\pi r\times h\, dx =\int_{-2} {2} 2\pi |x] (4 - x™2) \, dx \]

By symmetry, the integral from \( -2 \) to \( 2\) is twice the integral from 0 to 2:

\[V =2\times\int {0}"~{2} 2\pi x (4 -x7"2)\, dx = 4\pi\int_ {0}~ {2} x (4 -x72)\, dx\]
Compute the integral:

\[\int_{0}~ {2} x (4 -x72)\, dx =\int_{0}~{2} (4x - x"3)\, dx\]

\[ = \left[ 2x™2 - \frac{x"~4}{4} \right] 0™~{2} = \left( 2 \times 4 - \frac{16}{4} \right) - 0
=(8-4)=4\]

Finally, multiply:

\[ V = 4\pi \times 4 = 16 \pi \]

Variations and Tips for Using the Shell Method

- When rotating around the y-axis, it's often easier to integrate with respect to x,
considering vertical slices.

- When rotating around the x-axis, it might be more straightforward to use horizontal slices,
integrating with respect to y.

- For regions bounded by functions \( y = f(x) \) and \( y = g(x) \), the shell method
simplifies when the axis of rotation is parallel to the variable's axis.

- Always sketch the region and the shells to ensure correct bounds and dimensions.

- Be mindful of absolute values when calculating radii, especially for regions spanning
negative x ory.



Common Challenges and How to Overcome Them

- Incorrect bounds: Carefully analyze the region to determine the correct limits of
integration.

- Misidentifying the shell dimensions: Cross-verify the radius and height expressions with
the geometry of the region.

- Difficulty with absolute values: Use symmetry or split the integral into parts if necessary.
- Choosing the wrong variable: Consider the axis of rotation and the shape of the region;
sometimes switching between x and y helps simplify the integral.

Conclusion

The method of cylindrical shells is a versatile and powerful tool for calculating volumes of
solids of revolution, especially when the region's shape aligns naturally with slices parallel
to the axis of rotation. By carefully identifying the region, choosing the appropriate variable
of integration, and properly expressing the shell dimensions, you can tackle complex
volume problems with confidence. Practice with various functions and regions to develop an
intuition for when and how to best apply this technique, and you'll find it an invaluable part
of your calculus toolkit.
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