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W/HEN TACKLING INTEGRAL APPROXIMATION PROBLEMS IN CALCULUS, THE MIDPOINT RULE STANDS OUT AS A
STRAIGHTFORW ARD AND EFFECTIVE NUMERICAL METHOD. |T ALLOWS US TO ESTIMATE THE DEFINITE INTEGRAL OF A FUNCTION
OVER A SPECIFIC INTERVAL BY DIVIDING THE AREA UNDER THE CURVE INTO SMALLER, MANAGEABLE SECTIONS. BY USING THE GIVEN
VALUE OF N, WHICH REPRESENTS THE NUMBER OF SUBINTERVALS, AND ROUNDING THE FINAL ANSWER TO FOUR DECIMAL PLACES,
WE CAN ACHIEVE A HIGH DEGREE OF ACCURACY SUITABLE FOR VARIOUS APPLICATIONS IN ENGINEERING, PHYSICS, AND DATA
ANALYSIS. THIS ARTICLE PROVIDES A COMPREHENSIVE GUIDE ON HOW TO APPLY THE MIDPOINT RULE EFFICIENTLY, WITH STEP-
BY-STEP INSTRUCTIONS, EXAMPLES, AND TIPS TO ENHANCE YOUR UNDERSTANDING AND IMPLEMENTATION SKILLS.

UNDERSTANDING THE MIDPOINT RULE

THE MIDPOINT RULE IS A NUMERICAL TECHNIQUE USED TO APPROXIMATE THE DEFINITE INTEGRAL OF A FUNCTION, ESPECIALLY
\WHEN AN ANTIDERIVATIVE IS DIFFICULT OR IMPOSSIBLE TO FIND ANALYTICALLY. |T BELONGS TO THE FAMILY OF RIEMANN SUM
METHODS AND IS PARTICULARLY FAVORED FOR ITS SIMPLICITY AND IMPROVED ACCURACY OVER OTHER SIMPLE METHODS LIKE THE
TRAPEZOIDAL RULE OR LEFT/RIGHT RIEMANN SUMS.

DeriNITION AND CONCEPT

THE MIDPOINT RULE APPROXIMATES THE INTEGRAL OF A FUNCTION \( F(x) \) over THE INTERVAL \([A, B]\) BY DIVIDING THE
INTERVAL INTO N EQUAL PARTS AND THEN SUMMING THE AREAS OF RECTANGLES WHOSE HEIGHTS ARE DETERMINED AT THE
MIDPOINTS OF THESE SUBINTERVALS.

MATHEMATICALLY, THE APPROXIMATION \( M_N\) IS GIVEN BY:

\[
M_N=\DeLTA x \sum_{i=13"{N} £ \LerT( x_1" \RIGHT)
\]

\WHERE:

-\C\DeLTa x = \rrac{e - A}{N} \) IS THE WIDTH OF EACH SUBINTERVAL.
- \(x_1" \) IS THE MIDPOINT OF THE ITH SUBINTERVAL, CALCULATED AS:

\l

x_ 1N =a + \LerT( - \FrrAc{ TH 2}\rIGHT) \DELTA X

\l

THIS METHOD EFFECTIVELY “SAMPLES” THE FUNCTION AT THE CENTER OF EACH SUBINTERVAL, OFTEN LEADING TO BETTER
ACCURACY THAN SAMPLING AT THE ENDPOINTS.

ADVANTAGES OF THE MIDPOINT RULE

- SIMPLICITY IN CALCULATION AND IMPLEMENTATION.
- GENERALLY PROVIDES MORE ACCURATE ESTIMATES THAN LEFT OR RIGHT RIEMANN SUMS FOR THE SAME N.



- USEFUL IN SITUATIONS WHERE THE FUNCTION IS SMOOTH AND WELL-BEHAVED WITHIN THE INTERVAL.
- EASILY ADAPTABLE TO COMPUTATIONAL ALGORITHMS FOR QUICK CALCULATIONS.

STeP-BY-STEP PROCEDURE FOR APPLYING THE MIDPOINT RULE

APPLYING THE MIDPOINT RULE INVOLVES A SYSTEMATIC APPROACH. HERE IS A DETAILED PROCESS TO FOLLOW:

1. IDENTIFY THE FUNCTION AND INTERVAL

- DeTerMINE THE FUNCTION \( F(X) \) YOU NEED TO INTEGRATE.
- SpeciFy THE INTERVAL \([A, B]\) OVER WHICH THE INTEGRATION OCCURS.

2. NOTE THE GIVEN VALUE OF N

- N REPRESENTS THE NUMBER OF SUBINTERVALS.
- ENSURE THE VALUE OF N IS POSITIVE AND AN INTEGER.

3. CaLcuLATE THE WIDTH OF EACH SUBINTERVAL (\( \DeLTa x \))

USE THE FORMULA:

\[
\DeLTA x = \rrac{s - AXN}
\]

THIS VALUE REMAINS CONSTANT FOR ALL SUBINTERVALS.

4. DeTerMINE THE MIDPOINTS (\( X_1™ \)) OF EACH SUBINTERVAL

For EACHIFROM 1 TO N:

\[
x_ 1™ = A+ \LerT( - \rrAC{ 13{23\rIGHT) \DELTA X

\]

- THESE MIDPOINTS ARE WHERE THE FUNCTION WILL BE EVALUATED.

5. EVALUATE THE FUNCTION AT EACH MIDPOINT

CompuTe \( F(x_1™) \) ForR ALL 1.



6. SUM THE FUNCTION VALUES AND MULTIPLY BY \( \DeLTA x \)

CALCULATE:

\[
M _N=\DeLTa x \sum_{i=13"{N} r(x_1")
\]

- THIS SUM PROVIDES THE APPROXIMATE VALUE OF THE INTEGRAL.

7. ROUND THE RESULT TO FOUR DECIMAL PLACES

ROUND THE COMPUTED VALUE TO FOUR DECIMAL DIGITS FOR PRECISION AND CLARITY.

PrRACTICAL EXAMPLE: APPROXIMATING AN INTEGRAL USING THE MIDPOINT
RuULE

LET’S CONSIDER AN EXAMPLE TO ILLUSTRATE THE PROCESS:

PrOBLEM: APPROXIMATE THE INTEGRAL OF \( F(x) = x"2 \) over THE INTERVAL \([O, 2]\), wiTH \(N = 4 \). Rounp THE
ANSWER TO FOUR DECIMAL PLACES.

STeP 1: IDENTIFY THE FUNCTION AND INTERVAL

-\CF(x) =x"2\)
- INTervaL: \([A, 8] = [0, 2]\)

Step 2: GIveN N

-\(N=41)

Step 3: CarcuLaTe \( \DeLta x \)

\[
\DeLTA x = \rrac{2 - 0}{4} = \rrac{2}{4}=0.5
\]

STep 4: DeTERMINE THE MIDPOINTS \( x_1" \)

FOR EACH I:



-\G =1\

\[
x_ 1% =0+ \Lerr(1 - \rRAC{ 1H 2}\rIGHT) \TiMES 0.5 = 0 + 0.5 \TimMes 0.5 = 0.25

\]
-\ =2\
\l

x_2" =0+ \Lerr(2 - \rRAC{ 1}{2}\rIGHT) \TIMes 0.5 =0 + 1.5 \TiMes 0.5 = 0.75
\]

-\(1=3\:

\[

x 3"=0+25\1Mes 0.5 =1.25
\]

-\(1=4\):

\[

x 4"=0+3.5\1Mes 0.5 =1.75
\]

Step 5: EvALUATE \( F(x_1") \) AT EACH MIDPOINT

-\(r(0.25) =(0.25)"2 =0.0625 \)
-\(r(0.75)=(0.75)"*2=0.5625\)
-\(r(1.25)=(1.25)"2=1.5625\)
-\(r(1.75)=(1.75)"2=3.0625 )

STeP &: SUM THE FUNCTION VALUES AND MULTIPLY BY \( \DeLta x \)

Sum:

\[
0.0625 +0.5625 + 1.56625 + 3.0625 = 5.75

\]

MULTIPLY:

\[
M 4=0.5\TiMes 5.75=2.875
\]

ANSWER: THE APPROXIMATE VALUE OF THE INTEGRAL IS 2.8 750 WHEN ROUNDED TO FOUR DECIMAL PLACES.

Tips For EFFecTIVE USE OF THE MIDPOINT RULE

- ALWAYS VERIFY THE INTERVAL AND FUNCTION BEFORE STARTING CALCULATIONS.
- CHoOSE N WISELY: LARGER VALUES OF N TYPICALLY LEAD TO MORE ACCURATE APPROXIMATIONS.



- USE COMPUTATIONAL TOOLS OR CALCULATORS FOR EVALUATING FUNCTIONS AT MULTIPLE POINTS, ESPECIALLY FOR
COMPLEX FUNCTIONS.

- BE CONSISTENT WITH ROUNDING TO AVOID ACCUMULATION OF ERRORS.

- COMPARE WITH ANALYTICAL SOLUTIONS WHEN POSSIBLE TO ASSESS THE ACCURACY OF YOUR APPROXIMATION.

APPLICATIONS OF THE MIDPOINT RULE IN REAL-\W ORLD SCENARIOS

THE MIDPOINT RULE IS EXTENSIVELY USED IN VARIOUS FIELDS:

- ENGINEERING: ESTIMATING AREAS UNDER STRESS-STRAIN CURVES.

- PHYsIcs: CALCULATING WORK DONE OR ENERGY TRANSFER OVER AN INTERVAL.
- EconoMIcs: APPROXIMATING CONSUMER SURPLUS OR PRODUCER REVENUE.

- ENVIRONMENTAL SCIENCE: ESTIMATING POLLUTANT LOADINGS OVER TIME.

- DATA ANALYSIS: NUMERICAL INTEGRATION OF EXPERIMENTAL DATA POINTS.

[TS SIMPLICITY MAKES IT PARTICULARLY USEFUL IN SITUATIONS WHERE DATA IS DISCRETE, OR QUICK APPROXIMATIONS ARE
NECESSARY.

CoNcLUSION

APPLYING THE MIDPOINT RULE TO APPROXIMATE INTEGRALS IS A FUNDAMENTAL SKILL IN CALCULUS THAT COMBINES
MATHEMATICAL UNDERSTANDING WITH PRACTICAL COMPUTATION. BY CAREFULLY DIVIDING THE INTERVAL INTO N
SUBINTERVALS, CALCULATING MIDPOINTS, EVALUATING THE FUNCTION AT THOSE POINTS, AND SUMMING THE RESULTS, YOU CAN
OBTAIN RELIABLE ESTIMATES OF DEFINITE INTEGRALS. ROUNDING THE FINAL ANSWER TO FOUR DECIMAL PLACES ENSURES CLARITY
AND PRECISION, ESPECIALLY WHEN COMMUNICATING RESULTS. W/HETHER YOU ARE SOLVING TEXTBOOK PROBLEMS OR ANALYZING
REAL-\WORLD DATA, MASTERING THE MIDPOINT RULE ENHANCES YOUR TOOLBOX FOR TACKLING COMPLEX INTEGRATION
CHALLENGES.

REMEMBER, THE ACCURACY OF YOUR APPROXIMATION DEPENDS ON THE CHOICE OF N, INCREASING N GENERALLY IMPROVES
PRECISION. USE THIS METHOD WISELY, AND IT WILL SERVE AS A VALUABLE TECHNIQUE IN YOUR MATHEMATICAL AND
ANALYTICAL ENDEAVORS.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE MIDPOINT RULE IN NUMERICAL INTEGRATION?

THE MIDPOINT RULE IS A NUMERICAL METHOD USED TO APPROXIMATE THE VALUE OF A DEFINITE INTEGRAL BY DIVIDING THE
INTERVAL INTO SUBINTERVALS, THEN SUMMING THE AREAS OF RECTANGLES WHOSE HEIGHTS ARE DETERMINED BY THE FUNCTION'S
VALUE AT THE MIDPOINT OF EACH SUBINTERVAL.

How po You APPLY THE MIDPOINT RULE WITH A GIVEN N TO APPROXIMATE AN
INTEGRAL?

To APPLY THE MIDPOINT RULE WITH N SUBINTERVALS, DIVIDE THE INTERVAL INTO N EQUAL PARTS, FIND THE MIDPOINT OF EACH
SUBINTERVAL, EVALUATE THE FUNCTION AT THESE MIDPOINTS, MULTIPLY EACH BY THE WIDTH OF THE SUBINTERVAL, AND SUM
ALL THESE VALUES TO APPROXIMATE THE INTEGRAL.



WHY IS IT IMPORTANT TO ROUND THE APPROXIMATE INTEGRAL TO FOUR DECIMAL
PLACES?

ROUNDING TO FOUR DECIMAL PLACES PROVIDES A CONSISTENT LEVEL OF PRECISION, MAKING THE APPROXIMATION EASIER TO
INTERPRET AND COMPARE, ESPECIALLY WHEN DEALING WITH REAL-WORLD DATA OR IN CONTEXTS WHERE HIGH PRECISION IS
UNNECESSARY.

W/HAT STEPS SHOULD | FOLLOW TO COMPUTE THE MIDPOINT RULE APPROXIMATION
FOR A SPECIFIC INTEGRAL?

FIRST, DETERMINE THE INTERVAL [A, B], CHOOSE THE VALUE OF N, CALCULATE THE WIDTH OF EACH SUBINTERVAL (AX = (B -
A)/N), FIND THE MIDPOINTS OF EACH SUBINTERVAL, EVALUATE THE FUNCTION AT THESE MIDPOINTS, SUM THESE VALUES
MULTIPLIED BY AX, AND THEN ROUND THE RESULT TO FOUR DECIMAL PLACES.

CAN THE MIDPOINT RULE BE USED FOR ANY TYPE OF FUNCTION?

THE MIDPOINT RULE IS SUITABLE FOR FUNCTIONS THAT ARE REASONABLY WELL-BEHAVED AND CONTINUOUS OVER THE
INTERVAL. FOR FUNCTIONS WITH HIGH OSCILLATION OR DISCONTINUITIES, OTHER NUMERICAL METHODS LIKE SIMPSON’S RULE OR
ADAPTIVE QUADRATURE MAY PROVIDE MORE ACCURATE RESULTS.

ADDITIONAL RESOURCES

MipPOINT RULE: AN IN-DEPTH GUIDE To NUMERICAL INTEGRATION WITH PRACTICAL APPLICATIONS

INTRODUCTION TO NUMERICAL INTEGRATION AND THE MIDPOINT RULE

W/HEN TACKLING COMPLEX INTEGRALS THAT LACK STRAIGHTFORWARD ANTIDERIVATIVES OR REQUIRE COMPUTATIONAL
APPROACHES, NUMERICAL METHODS BECOME INDISPENSABLE. AMONG THESE, THE MIDPOINT RULE STANDS OUT FOR ITS
SIMPLICITY AND EFFICIENCY, ESPECIALLY WHEN APPROXIMATING DEFINITE INTEGRALS. W/HETHER YOU'RE A STUDENT WORKING
THROUGH CALCULUS PROBLEMS OR A PROFESSIONAL APPLYING NUMERICAL ANALYSIS IN ENGINEERING, UNDERSTANDING HOW TO
EFFECTIVELY UTILIZE THE MIDPOINT RULE IS ESSENTIAL.

THIS ARTICLE DELVES INTO THE NUANCES OF THE MIDPOINT RULE, EXPLORING ITS THEORETICAL FOUNDATION, IMPLEMENTATION
STEPS, AND PRACTICAL CONSIDERATIONS. WE WILL ALSO WALK THROUGH AN ILLUSTRATIVE EXAMPLE, DEMONSTRATING HOW
TO APPROXIMATE AN INTEGRAL GIVEN A SPECIFIC NUMBER OF SUBINTERVALS (N), AND HOW TO ROUND THE ANSWER TO FOUR
DECIMAL PLACES FOR PRECISION.

UNDERSTANDING THE MIDPOINT RULE; THEORETICAL FOUNDATIONS

WHAT Is THE MIDPOINT RULE?

THe MIDPOINT RULE IS A NUMERICAL TECHNIQUE USED TO APPROXIMATE THE DEFINITE INTEGRAL OF A FUNCTION \(F(x)\) over
A cLosED INTERVAL \([A, B]\). IT ESTIMATES THE AREA UNDER THE CURVE BY DIVIDING THE INTERVAL INTO SMALLER
SUBINTERVALS, THEN SUMMING THE AREAS OF RECTANGLES CENTERED AT THE MIDPOINTS OF THESE SUBINTERVALS.



MATHEMATICALLY, THE APPROXIMATION \(M_N\) wiTH \(N\) SUBINTERVALS IS EXPRESSED AS:

\[
M_N=\sum_{I=13"{N} F\LerT( M_1 \rIGHT) \DeELTA X
\]

\WHERE!:

-\(\DeLta x = \rrac{e - A}{N}\) IS THE WIDTH OF EACH SUBINTERVAL.
-\(M_1\) 1s THe MiDPOINT OF THE \(1\)TH SUBINTERVAL, GIVEN BY:

M 1=A+ \LErT(1 - 0.5\RIGHT) \DeLTA X
THIS METHOD TENDS TO PRODUCE MORE ACCURATE RESULTS THAN THE LEFT AND RIGHT RIEMANN SUMS BECAUSE IT ACCOUNTS

FOR THE FUNCTION’S VALUE AT THE CENTER OF EACH SUBINTERV AL, REDUCING THE ERROR CAUSED BY THE FUNCTION'S
CURVATURE.

IMPLEMENTATION OF THE MIDPOINT RULE: STEP-BY-STEP GUIDE

APPLYING THE MIDPOINT RULE INVOLVES A SYSTEMATIC PROCESS:
STep 1: DEFINE THE FUNCTION AND INTERVAL

- IpenTIFY THE FUNCTION \(F(x)\) TO INTEGRATE.
- DETERMINE THE LIMITS OF INTEGRATION \(A\) anD \(\).

Step 2: Decipe THE NUMBER oF SUBINTERVALS (N)

- THe vALUE oF \(N\) INFLUENCES THE ACCURACY: LARGER \(N\) GENERALLY YIELDS BETTER APPROXIMATIONS.
- For exaMpLE, supposte \(N = 4\).

Step 3: CALCULATE THE WIDTH of EacH SusiNTERVAL \(\DeLTA x\)

\[
\DeLTA x = \rrac{e - AXN}
\]

STep 4: FinD THE MibpoinTs \(M_1\)

- For EACH SUBINTERVAL, COMPUTE THE MIDPOINT:

\[

M_1=A+ \LerT(1 - 0.5\RIGHT) \DELTA X

\]

-For \(1=1, 2, \LboTs, N\).

STeP 5: EVALUATE THE FUNCTION AT EACH MIDPOINT

- CaLcuLATE \(F(M_D\) For aLL \(1\).

STeP 6: SuM THE FUNCTION V ALUES AND MULTIPLY BY \(\DELTA X\)



- THE APPROXIMATE INTEGRAL:

\l

\BoxeD{

[ \apProX M_N = \DeLTA x \TiMes \sum_{iI=13"{N} r(m_1)
}

\]

STeP 7: ROUND THE RESULT

- ROUND THE FINAL APPROXIMATION TO FOUR DECIMAL PLACES.

PrRACTICAL EXAMPLE: APPROXIMATING AN INTEGRAL USING THE MIDPOINT
RULE

LET’S WALK THROUGH AN EXAMPLE TO SOLIDIFY UNDERSTANDING. SUPPOSE WE NEED TO APPROXIMATE:

\[
\nT_{13"{3} x"2 \, bx
\]

USING THE MiDPOINT RULE wiTH \(N = 4\).

STEP 1: DEFINE THE FUNCTION AND INTERVAL

- FuncTion: \(F(x) = x"2\)
- INTervaL: \([A, 8] =[1, 3]\)

Step 2: DeTERMINE \(\DEeLTA Xx\)

\[
\DeLTa x = \rrac{s - A}{N} = \rrac{3 - 1}{4} = \rrac{2}{4}=10.5
\]

Step 3: FiND THE MipPoiNTs \(M_1\)

CaLcuLATE EACH \(M_1\):

-\(M_1=1+-05)\1Mes0.5=1+0.5\TMes 0.5 =1+ 0.25 = 1.25\)
-\(M 2=1+(2-05)\1Mes0.5=1+1.5\TMes 0.5=1+0.75=1.75\)
-\(M 3=1+(3-0.5)\TMes0.5=1+25\TiMes 0.5 =1+ 1.25=2.25))
-\M 4=1+(4-05)\TMes0.5=1+35\TMes 0.5 =1+ 1.75=2.75\)



Step 4: EvaruaTe \(F(M_D\)

CALCULATE THE FUNCTION AT EACH MIDPOINT:
-\(r(1.25) = (1.25)*2 = 1.5625\)
-\(F(1.75) =(1.75)"2 = 3.0625\)

-\(r(2.25) = (2.25)"2 = 5.0625)\)
-\(r(2.75) =(2.75)"2 = 7.5625\)

Step 5: SuM anD MuLTIPLY BY \(\DELTA X\)

SUM OF FUNCTION VALUES:

\[

1.5625+ 3.0625 +5.0625+7.5625=17.25
\]

MuLTipLy BY \(\DELTA X = 0.5\):

\[

| \approx 0.5 \TiMES 17.25 = 8.625

\]

STeP 6: FINAL APPROXIMATE V ALUE

THE APPROXIMATE VALUE OF THE INTEGRAL IS 8.625. ROUNDED TO FOUR DECIMAL PLACES, IT REMAINS 8.6250.

ANALYSIS AND ERROR CONSIDERATIONS

W/HILE THE MIDPOINT RULE PROVIDES A STRAIGHTFORW ARD APPROACH, IT IS IMPORTANT TO RECOGNIZE ITS LIMITATIONS:

- AccuUrAcY DEPENDS ON N: INCREASING \(N\) ENHANCES PRECISION BUT ALSO INCREASES COMPUTATIONAL EFFORT.
- FUNCTION BEHAVIOR: HIGHLY OSCILLATORY OR NON-SMOOTH FUNCTIONS MAY YIELD LESS ACCURATE RESULTS.
- ERROR ESTIMATION: THE ERROR BOUND FOR THE MIDPOINT RULE IS RELATED TO THE SECOND DERIVATIVE oF \(F(x)\):

\[
|El \LeQ \FrRAC{(& - A)"*3}{24N"2} \Max_{x \in[A, 8]} [F""(x)|
\]

ESTIMATING THIS HELPS IN CHOOSING AN APPROPRIATE \(N\) TO MEET DESIRED ACCURACY LEVELS.



PrAcCTICAL TIPS FOR USING THE MIDPOINT RULE EFFECTIVELY

- START WITH A SMALL N: FOR INITIAL ESTIMATES, SMALL \(N\) PROVIDES QUICK RESULTS.

- INCREASE N GRADUALLY: TO IMPROVE ACCURACY, INCREASE \(N\) AND OBSERVE CONVERGENCE.

- USE SOFTWARE TOOLS: IMPLEMENTATIONS IN CALCULATORS, SPREADSHEETS, OR PROGRAMMING LANGUAGES STREAMLINE
CALCULATIONS, ESPECIALLY FOR LARGE N.

- VERIFY WITH OTHER METHODS: CROSS-CHECK WITH TRAPEZOIDAL OR SIMPSON’S RULE FOR MORE CONFIDENCE.

ConNcLusioN: THE Power AND SIMPLICITY OF THE MIDPOINT RULE

THE MIDPOINT RULE REMAINS A FUNDAMENTAL TECHNIQUE IN NUMERICAL ANALYSIS, BALANCING SIMPLICITY WITH RELIABLE
APPROXIMATION CAPABILITIES. ITS CORE STRENGTH LIES IN EVALUATING THE FUNCTION AT THE CENTER OF EACH SUBINTERVAL,
WHICH OFTEN RESULTS IN BETTER ACCURACY COMPARED TO OTHER RIEMANN SUM VARIANTS.

BY FOLLOWING A STRUCTURED APPROACH—DEFINING THE FUNCTION, PARTITIONING THE INTERVAL, CALCULATING MIDPOINTS,
EVALUATING THE FUNCTION, SUMMING, AND ROUNDING—USERS CAN EFFICIENTLY APPROXIMATE DEFINITE INTEGRALS WITH THE
DESIRED PRECISION. W/HETHER APPLIED IN ACADEMIC EXERCISES OR REAL-\WORLD ENGINEERING PROBLEMS, MASTERING THE
MIDPOINT RULE EQUIPS PRACTITIONERS WITH A VERSATILE TOOL FOR NUMERICAL INTEGRATION.

IN SUM, THE MIDPOINT RULE EXEMPLIFIES HOW FUNDAMENTAL MATHEMATICAL CONCEPTS, WHEN CAREFULLY IMPLEMENTED, CAN
YIELD POWERFUL INSIGHTS AND PRACTICAL SOLUTIONS—MAKING IT A CORNERSTONE OF COMPUTATIONAL CALCULUS.
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