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Introduction

We want to show that the powers \( P~"N \) of a regular transition matrix tend to a
matrix with all rows the same. This statement is a cornerstone in the theory of Markov
chains, particularly in understanding the long-term behavior of systems modeled by
stochastic processes. Transition matrices describe the probabilities of moving from one
state to another over discrete time steps, and their powers reveal how these probabilities
evolve over multiple steps. When a transition matrix is regular, it exhibits specific
properties that guarantee convergence towards a steady-state distribution. This article
delves into the mathematical foundations of this phenomenon, exploring the nature of
regular transition matrices, their spectral properties, and the convergence behavior of
their powers.

Understanding Transition Matrices and
Regularity

Transition Matrices in Markov Chains

A transition matrix \( P \) of a Markov chain is a square matrix where each entry \( p_{ij} \)
represents the probability of transitioning from state \(i\) to state \(j\) in a single step.
The defining properties are:

- Non-negativity: \( p_{ij} \geq 0\) for all \(i, j\).
- Row sums: \(\sum j p {ij} = 1) for all \(i\), ensuring probabilities sum to 1.

This matrix encapsulates the stochastic dynamics of the chain, enabling the computation
of the probability distribution over states after multiple steps.

What Does Regularity Mean?

A transition matrix \( P \) is called regular if some power \( P~k \) (for a positive integer \(
k\)) has all entries strictly positive. Formally:

- There exists an integer \( k \geq 1 \) such that every entry of \( P"k\) satisfies \(



p {ij}~{(k)} > 0\) forall \(i, j\).
This property implies that, after a finite number of steps, there is a positive probability of

transitioning from any state to any other state, indicating the chain is irreducible and
aperiodic.

Spectral Properties of Regular Transition
Matrices

Eigenvalues and Eigenvectors

Analyzing the powers of \( P \) involves examining its spectral decomposition. Key points
include:

- The spectral radius of \( P \) is 1, as \( P \) is a stochastic matrix.
- The eigenvalue 1 is always present, with a corresponding eigenvector that indicates the
steady-state distribution.

- For a regular matrix, the eigenvalue 1 is simple (has algebraic multiplicity 1), and all
other eigenvalues satisfy \( |\lambda| < 1).

Eigenvalue 1 and the Steady-State Distribution

The eigenvector associated with eigenvalue 1, often denoted \( \pi \), represents the
stationary distribution:

-\(\pi P = \pi\).
-\(\pi) is a probability vector: \( \pi i\geq 0\) and \(\sum i\pii=1)).

Because of regularity, this stationary distribution is unique and globally attractive.

Convergence of \( P"N \) to a Matrix with
Identical Rows

The Limit of \( P~N\) as \( N \to \infty )

The core theorem states that:

- For a regular transition matrix \( P \), the sequence \( P"N \) converges to a matrix \(
P~™\infty \), where each row equals the stationary distribution \( \pi \):



\[
\lim_{N \to \infty} P~N = \mathbf{1} \pi,
\]

where \( \mathbf{1} \) is a column vector of ones.

This means that, regardless of the initial distribution, the system's state distribution
stabilizes to \( \pi \), and the rows of \( P~ N \) become identical, each equal to \( \pi ).

Intuition Behind the Convergence

The convergence can be understood through the spectral decomposition:

- Since \( P) is regular, its eigenvalues satisfy \( |\lambda k| < 1) for all \( \lambda k \neq
1\).

- The dominant eigenvalue \( \lambda 1 = 1) governs the long-term behavior.

- The powers \( P"N\) can be expressed as a sum involving eigenvectors and eigenvalues:
\[

P~N = \pi \mathbf{1} + \sum {k \neq 1} \lambda k~N \cdot \text{(other terms)}.

\]

- As \( N \to \infty \), all terms involving \( |\lambda k| < 1) tend to zero, leaving only the
contribution from the eigenvalue 1, which results in the matrix with identical rows.

Mathematical Formalization and Proofs

Perron-Frobenius Theorem

A key mathematical tool is the Perron-Frobenius theorem, which states:

- For a non-negative, irreducible matrix \( P \), there exists a unique largest positive
eigenvalue \( \lambda {max} \) (which is 1 for stochastic matrices).

- The eigenvector associated with \( \lambda {max} \) has strictly positive components.

Applying this theorem to regular transition matrices ensures:

- The existence of a unique stationary distribution \( \pi \).
- The convergence of \( P~"N\) to a rank-one matrix.

Proof Sketch of Convergence

A typical proof involves:



1. Spectral decomposition: Express \( P\) as \( P = Q \Lambda Q™ {-1} \), where \( \Lambda
\) contains eigenvalues.

2. Powers of \( P\): \( PN = Q \Lambda”~N Q"™ {-1}\).

3. Limit behavior: Since all eigenvalues except 1 have magnitude less than 1, \(
\Lambda”N \) tends to a matrix with zeros except for the 1 in the position corresponding
to eigenvalue 1.

4. Result: \( P~"N \to \mathbf{1} \pi\), with each row equal to the stationary distribution.

Implications and Applications

Reaching Equilibrium in Markov Chains

This convergence signifies that, over time, the Markov chain "forgets" its initial state and
converges to equilibrium. The practical implications include:

- Predicting long-term behavior of stochastic systems.

- Designing algorithms that rely on Markov chain mixing, such as Markov Chain Monte
Carlo (MCMQ).

- Understanding stability in stochastic models in fields like economics, biology, and
computer science.

Examples in Real-World Systems

- PageRank Algorithm: Google's PageRank uses a regular transition matrix to ensure that
the ranking vector converges to a steady state.

- Population Models: In ecology, models with regular transition matrices predict stable
population distributions.

- Financial Models: Markov models describing market states tend towards equilibrium
distributions when transition matrices are regular.

Summary and Conclusion

In conclusion, the fundamental result that the powers \( P~"N\) of a regular transition
matrix tend to a matrix with all rows equal to the stationary distribution encapsulates the
essence of convergence in Markov chains. This behavior stems from the spectral
properties of stochastic matrices, particularly the dominance of the eigenvalue 1 and the
decay of other eigenvalues' contributions over time. Understanding this convergence
provides vital insights into the stability and long-term behavior of stochastic systems, with
broad applications across numerous scientific disciplines. The mathematical formalism,
grounded in the Perron-Frobenius theorem, guarantees that, under regularity conditions,
Markov chains will reach equilibrium, making them powerful tools for modeling dynamic
systems.



Frequently Asked Questions

What is the significance of the powers P”n of a regular
transition matrix in Markov chains?

The powers P~ n of a regular transition matrix tend to a matrix where all rows are
identical, representing the steady-state distribution the Markov chain converges to
regardless of the initial state.

Why do the powers P n of a regular transition matrix
approach a rank-one matrix?

Because a regular transition matrix is irreducible and aperiodic, its powers converge to a
matrix where each row is the stationary distribution, making it rank-one with identical
TrOWS.

What conditions ensure that P"n converges to a matrix
with identical rows?

The transition matrix must be regular (some power of P has all positive entries), ensuring
the chain is irreducible and aperiodic, which guarantees convergence to a matrix with
identical rows.

How is the limiting matrix related to the stationary
distribution of the Markov chain?

The limiting matrix's rows are all equal to the stationary distribution vector, which is the
unique probability distribution satisfying nP = 1.

Can you give an example of a regular transition matrix
and its limit as n approaches infinity?

Yes. For example, P = [[0.5, 0.5], [0.5, 0.5]] is regular, and P™n approaches a matrix with
both rows equal to [0.5, 0.5], the stationary distribution.

What mathematical theorem explains the convergence
of P n to a matrix with identical rows?

The Perron-Frobenius theorem states that a regular (primitive) non-negative matrix has a
unique dominant eigenvalue with a positive eigenvector, leading to convergence of P"n to
a rank-one matrix.

How does the concept of ergodicity relate to the



convergence of P"n?

Ergodicity ensures that the Markov chain is irreducible and aperiodic, which guarantees
that powers of the transition matrix will converge to a matrix with identical rows
representing the stationary distribution.

What practical applications rely on the property that
P~ n tends to a matrix with identical rows?

This property underpins algorithms like PageRank, stochastic modeling, and statistical
physics, where long-term behavior is characterized by a stable distribution achieved
through repeated state transitions.
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Introduction

In the study of Markov chains and stochastic processes, transition matrices play a central
role in describing the evolution of states over discrete time steps. A fundamental question
concerns the long-term behavior of the powers of these matrices, particularly for regular
transition matrices. The statement that "the powers P™N of a regular transition matrix
tend to a matrix with all rows the same" encapsulates a core result in the theory of Markov
chains: the convergence to a stationary distribution.

This article aims to explore this phenomenon in depth, providing a comprehensive
overview of the theoretical underpinnings, mathematical proofs, and implications. We will
dissect the properties of regular transition matrices, examine the spectral characteristics
that facilitate convergence, and illustrate the concepts with concrete examples.

Background: Transition Matrices and Markov Chains

A Markov chain is a stochastic process characterized by the Markov property: the future
state depends only on the current state, not on the sequence of past states. The evolution
of the chain can be described by a transition matrix \( P \), where each entry \( p_{ij} \)
represents the probability of transitioning from state \(i\) to state \(j\) in one step.

Definition:
A transition matrix \( P = [p_{ij}]\) of size \( n \times n\) is a matrix with the following
properties:

- Non-negativity: \( p {ij} \geq 0\) for all \(1i, j\).
- Row stochasticity: \(\sum_{j=1}"{n} p {ij} = 1\) forall \(i\).



The powers \( P~N \) describe the transition probabilities over \( N \) steps.

Regular Transition Matrices: Concept and Significance

A transition matrix \( P ) is called regular if some power of it has all entries strictly
positive:

Definition:

\( P\) is regular if there exists an integer \( N 0 \geq 1 \) such that for all \( N \geq N 0),
\( P~"N ) has strictly positive entries:

\[ p_{ij}~{(N)} > 0 \quad \forall i, j. \]

This condition ensures the chain is irreducible (any state can be reached from any other)
and aperiodic (not trapped in cycles), leading to the convergence of the chain's
distribution.

The Main Result: Convergence of \( P"N \) to a Rank-One Matrix

Theorem:

For a regular transition matrix \( P \), the sequence of matrix powers \( P~N \) converges
to a matrix \( \Pi\), where all rows are identical and equal to the stationary distribution
vector \( \pi \):

\[

\lim {N \to\infty} P~N = \Pi = \begin{bmatrix}
\pi \\

\pi \\

\vdots \\

\pi

\end{bmatrix}

\]

where \( \pi ) is the unique stationary distribution satisfying:

\[

\pi P = \pi, \quad \text{and} \quad \sum {i=1}"n\pii=1.

\]

This result is central because it indicates that, regardless of the initial state, the chain's

distribution stabilizes to \( \pi \), and the transition matrix's powers "forget" their initial
conditions.

Mathematical Foundations and Proof Sketch

Spectral Decomposition Approach



The proof hinges on the spectral properties of \( P \):

- Since \( P) is a stochastic matrix, its spectral radius \( \rho(P) \) is 1.
- The Perron-Frobenius theorem guarantees that \( P \) has an eigenvalue \( \lambda 1 =1
\) with a corresponding positive eigenvector \( \pi \).

Key steps in the proof:
1. Existence of a Stationary Distribution:

- The Perron-Frobenius theorem states that for a positive or primitive matrix \( P \), the
eigenvalue \(\lambda 1 = 1) is simple and dominant.

- The corresponding eigenvector \( \pi \) (normalized to sum to 1) is the stationary
distribution.

2. Decomposition of \( P \):
- Express \( P ) as:

\[
P=\Pi+ Q,
\]

where \( \Pi) is the rank-one matrix with all rows equal to \( \pi\), and \( Q \) is a matrix
with spectral radius less than 1.

3. Convergence of \( P"N\):

- Since \( Q) has spectral radius less than 1, \( Q"N \to 0 \) as \( N \to \infty \).
- Therefore:

\[
P~N = (\Pi + Q)"N \to \Pi,
\]

meaning the powers of \( P \) tend to the matrix with all rows equal to \( \pi ).

This argument demonstrates that the long-term behavior of the chain is governed solely by
its stationary distribution.

Formal Theorem Statement

Theorem (Limit of \( P~N \)):
If \( P ) is a regular transition matrix, then:

\[
\lim_{N \to \infty} P~"N = \mathbf{1} \pi,
\]

where \( \mathbf{1} \) is the column vector of ones, and \( \pi ) is the stationary
distribution.



Deep Dive: Spectral Analysis and Conditions for Convergence
Eigenvalues and Eigenvectors

- The eigenvalues of \( P \) satisfy \( |\lambda| \leq 1 ).
- The eigenvalue \( \lambda 1 = 1) is simple and dominant.
- All other eigenvalues \( \lambda i) satisfy \( |\lambda i| < 1) for regular matrices.

Implications

- The spectral gap (difference between 1 and the second-largest eigenvalue in magnitude)
influences the rate of convergence.
- The spectral decomposition facilitates expressing \( P"N\) as:

\[
P~N = \pi \mathbf{1} + \sum {i=2}"n \lambda i"Nv iw i,
\]

where \(v i\) and \( w i) are eigenvectors.

- As \( N \to \infty \), the terms involving \( \lambda i~ N \) decay exponentially, leaving
only the stationary component.

Practical Examples and Applications
Example 1: Simple Two-State Markov Chain
Consider:

\[

P = \begin{bmatrix}
0.7 & 0.3 \\

0.4 & 0.6
\end{bmatrix}

\]

-\( P ) is primitive (since all entries are positive).
- The stationary distribution \( \pi \) solves:

\[

\pi P =\pi, \quad \pi 1 +\pi 2 =1,
\]

which yields:

\[

\pi = \left(\frac{4}{7}, \frac{3}{7}\right).



\]

- As \( N \to \infty \), \( P"N \to \mathbf{1} \pi ), i.e., both rows tend to \( \left(\frac{4} {7},
\frac{3}{7}\right) \).

Application: Steady-State Analysis in Markov Chain Monte Carlo

In MCMC algorithms, the transition matrix is designed to be regular to ensure
convergence to a desired equilibrium distribution. The theoretical guarantee that \( P™N
\to \mathbf{1} \pi\) assures practitioners that, after sufficient iterations, the chain's
distribution approximates the target.

Implications and Significance
The convergence of \( P~"N \) to a matrix with identical rows has profound implications:

- Equilibrium behavior: It confirms that Markov chains with regular transition matrices are
ergodic, leading to well-defined long-term distributions.

- Predictability: Irrespective of initial states, the system stabilizes, facilitating predictions
and statistical inference.

- Design of stochastic algorithms: Ensuring regularity in transition matrices is key in
designing algorithms that converge reliably.

Limitations and Extensions

While the analysis is robust for regular matrices, certain classes of matrices do not exhibit
this behavior:

- Reducible matrices: May decompose into invariant subspaces, preventing convergence to
a rank-one matrix.

- Periodic chains: Can oscillate without settling into a stationary distribution unless
modified to be aperiodic.

Extensions include:

- Studying quasi-regular or ergodic matrices.
- Analyzing convergence rates via spectral gaps.
- Generalizing to continuous-time Markov processes.

Conclusion

The fundamental result that the powers \( P"N \) of a regular transition matrix tend to a
matrix with all rows equal to the stationary distribution encapsulates the essence of
Markov chain stability. This convergence underscores the importance of regularity
conditions in ensuring ergodicity and long-term predictability.



By understanding the spectral properties, the underlying mathematics, and practical
implications, researchers and practitioners can leverage this phenomenon in diverse
fields—from statistical mechanics to computational algorithms—to model, analyze, and
predict complex stochastic systems with confidence.
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