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When analyzing infinite series, understanding the behavior of their terms and
the ratios between successive terms is crucial. Given the limit of the ratio
An+l / An as N approaches infinity, we can infer significant information

about the series’ convergence or divergence. Specifically, in the case where

\ [
\lim {N \to \infty} \frac{A {n+1}}{A n} = 6,
\1]

this limit hints at how the terms grow or decay and allows us to determine
the nature of the series. This article explores what such a limit reveals
about the series An, the implications for convergence, and the broader
context of ratio tests in series analysis.

Understanding the Limit of the Ratio An+l / An

The Ratio Test and Its Significance

The ratio test, also known as the d'Alembert ratio test, is a fundamental
tool for analyzing the convergence of series. For a series \(\sum A n\), the
ratio test considers the limit:

\ [
L = \lim {n \to \infty} \left| \frac{A {n+1}}{A n} \right].
\1]

The test states:

- If \(L < 1\), the series converges absolutely.
- If \(L > 1\), the series diverges.
- If \(L = 1\), the test is inconclusive.

In our case, the limit is given as:



\ [
\lim {n \to \infty} \frac{A {n+1}}{A n} =6,
\1

which is clearly greater than 1. This suggests that, for sufficiently large
n, the ratio of successive terms approaches 6, a number significantly larger
than 1.

Implications of a Limit Greater Than One

Since the ratio approaches 6, larger than 1, the terms \(A n\) are, in the
long run, increasing at a rate proportional to their previous value. This
indicates:

- The terms \(A n\) do not tend to zero; in fact, they grow without bound or
at least do not decay fast enough to sum to a finite value.

- The series \(\sum A n\) cannot converge absolutely because, for
convergence, the terms must tend to zero, which is incompatible with the
ratio tending to 6.

Analyzing the Behavior of the Terms \(A _n\)

Estimating the Terms \(A_n\) Based on the Ratio

Given the ratio limit, one can approximate the behavior of the terms:

\ [
A {n+1} \approx 6 A n,
\1

for large \(n\). This recurrence relation suggests exponential growth:
\ [

A n \approx C \times 67n,

\1]

where \(C\) is some constant determined by initial conditions.

This exponential growth indicates that:

- The terms \(A n\) increase rapidly as \(n\) increases.

- The series \(\sum A n\) behaves similarly to a geometric series with ratio
6, which is divergent.



Explicit Form of \(A_n\)

Suppose we model the terms explicitly as:

\ [
A n \sim A O \times 6”n,
\]

for some initial term \(A 0\). As \(n \to \infty\):

- If \(A 0 \neq 0\), then \(A n \to \infty\).
- The divergence of the terms implies the series' sum cannot converge.

Convergence or Divergence of the Series \(\sum
A n\)

Applying the Ratio Test

Given the limit:

\ [
\lim {n \to \infty} \frac{A {n+1}}{A n} =6 > 1,
\1

the ratio test conclusively indicates that the series:

\ [
\sum_{n=1}"\infty A n
\1]

diverges. The divergence stems from the fact that the terms do not tend to
zero, a necessary condition for convergence of any series.

Summary of the Convergence Behavior

- Since the ratio approaches 6 (>1), the series diverges.

- The terms grow exponentially, preventing the series from summing to a
finite value.

- The divergence is absolute because the terms do not tend to zero.



Broader Context and Related Concepts

Comparison with Geometric Series

The behavior of the series in this context resembles a geometric series with
ratio \(r = 6\). Recall that:

- A geometric series \(\sum r~n\) converges only if \(|r| < 1\).
- For \(|r| \geq 1\), the series diverges.

Since our limit indicates a ratio tending to 6, the series diverges
similarly.

Implications for Series with Variable Terms

In cases where the ratio of successive terms tends to a finite limit greater
than 1:

- The series almost certainly diverges.
- The terms grow exponentially, and the sum cannot be finite.

By contrast, if the limit had been less than 1, the series would converge,
and the terms would tend to zero rapidly enough.

Other Tests and Considerations

While the ratio test provides definitive conclusions here, other tests may be
relevant in different contexts:

- Root test: considers \(\lim {n \to \infty} \sqrt[n]{|A_n|}\).

- Comparison test: compares \(\{A n\}\) with known divergent or convergent
series.

- Limit comparison test: compares with a geometric or p-series.

In our scenario, the ratio test is sufficient and conclusive.

Summary and Final Remarks



Key Takeaways

- The limit \(\lim {n \to \infty} \frac{A {n+1}}{A n} = 6 > 1\) indicates
that the terms \(A n\) grow exponentially.

- The terms do not tend to zero; hence, the series \(\sum A n\) cannot
converge.

- The series diverges absolutely, with the divergence driven by exponential
growth.

Implications for Series Analysis

This case exemplifies how the ratio of successive terms serves as a powerful
indicator of the series' behavior. When the ratio exceeds 1 in the limit, one
can confidently conclude divergence, aligning with the principles of the
ratio test.

Additional Notes

- The specific value 6 is not crucial; what matters is that it exceeds 1.

- Changes in initial terms \(A 0\) do not alter the divergence, as the
dominant factor is exponential growth.

- If the limit had been exactly 1, the ratio test would be inconclusive, and
other methods would be necessary.

In conclusion, analyzing the limit \(\lim {n \to \infty} \frac{A {n+1}}{A n}
= 6\) leads to a clear understanding: the series \(\sum A n\) diverges due to
the exponential growth of its terms. The ratio test is a vital tool in
revealing such behavior, guiding mathematicians in determining the nature of
infinite series effectively.

Frequently Asked Questions

What does the limit statement limn-co (An+1 / An) = 6
imply about the series An?

It suggests that the ratio between successive terms approaches 6 as n
approaches infinity, indicating exponential growth with a common ratio of 6
in the long term.



Based on limn-® (An+1 / An) = 6, what can be said
about the convergence or divergence of the series
An?

Since the ratio approaches a value greater than 1, the terms tend to grow
without bound, implying that the series diverges.

Is the series A. geometric, given that limn-o (An+1
/An) = 67

Yes, as the ratio of successive terms approaches a constant (6), the series
behaves like a geometric series with common ratio approximately 6, indicating
geometric growth.

What is the significance of the limit being equal to
6 for the behavior of A.?

It indicates that for large n, An behaves roughly like a multiple of 6",
showing exponential growth and divergence of the sequence.

Can we determine the explicit formula for A. based
on the limit limn-» (An+1 / An) = 67?

While the limit suggests an exponential pattern, additional initial
conditions are needed to derive the exact explicit formula for An.

What test 1is most appropriate to analyze the
convergence of a series with ratio approaching 67?

The Ratio Test is most appropriate here, and since the ratio exceeds 1, it
confirms that the series diverges.

In what types of series does the limit of the ratio
of successive terms equal a constant greater than 1?

This typically occurs in divergent geometric series or exponential growth
sequences where each term is roughly multiplied by a constant greater than 1,
leading to divergence.

Additional Resources
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Understanding the behavior of infinite series is a fundamental aspect of



mathematical analysis, especially in the study of convergence and divergence.
One common question that arises is: given a sequence \(\{A n\}\), what can we
conclude about the series or the sequence itself based on certain limits or
ratios?

In particular, the expression lim (n-») (A {n+l1} / A n) = 6 provides
significant insight into the nature of the sequence \(\{A n\}\) and the
series formed by its terms. This type of limit is closely related to the
ratio test, which is a powerful tool for determining the convergence of
series.

In this article, we will explore the implications of the ratio limit equaling
6, discuss various cases and their interpretations, and outline the key ideas
needed to analyze such series comprehensively.

The Significance of the Limit \(\lim {n \to \infty} \frac{A {n+1}}{A n}\)

Before diving into specific cases, it's essential to understand what the
ratio \(\frac{A {n+1}}{A n}\) signifies.

- Intuition: The ratio compares successive terms of the sequence. If the
ratio approaches a certain limit, it indicates how quickly the terms grow or
decay.

- Connection to the Ratio Test: The ratio test states that for a series
\(\sum A n\):

- If \(\lim {n \to \infty} \frac{A {n+1}}{A n} = L\),

- and \(L < 1\), the series converges absolutely.
- and \(L > 1\), the series diverges.
- and \(L = 1\), the test is inconclusive.

Given that the limit in our case is 6, which is greater than 1, the ratio
test suggests divergence. But it's crucial to examine this in detail,
considering the nature of the sequence.

Case (a): \(\lim_{n \to \infty} \frac{A {n+1}}{A n} = 6\)

What does this limit tell us?

- The limit being equal to 6 indicates that, for sufficiently large \(n\),
the ratio \(\frac{A {n+1}}{A n}\) approaches 6.

- Since 6 > 1, the terms of the sequence are, asymptotically, multiplying by

approximately 6 at each step.

Implications for the Series \(\sum A n\)



1. Behavior of the Terms \(A n\):

- The ratio approaching 6 suggests that the terms \(A n\) grow roughly like a
geometric sequence with ratio 6.

- For large \(n\), \(A {n+1} \approx 6A n\).

2. Growth Rate of \(A n\):

- If the initial term \(A 1\) is non-zero, then

\ [

A n \approx A 1 \times 6~{n-1}

\]

- This indicates exponential growth of the terms.

3. Convergence or Divergence of the Series \(\sum A n\):

- Since the terms grow exponentially (roughly like \(67{n}\)), the series

\ [

\sum {n=1}"\infty A n

\1]

will diverge due to the terms not tending to zero.

- Key Point: For a series to converge, its terms must approach zero. Here,

the terms grow without bound or at least do not tend to zero, guaranteeing
divergence.

Formal Analysis Using the Ratio Test

Applying the ratio test:

- Since \(\lim {n \to \infty} \frac{A {n+1}}{A n} =6 > 1\),
- the series \(\sum A n\) diverges.

This is a definitive statement, assuming the sequence's terms are positive or
at least non-zero for large \(n\).

Additional Considerations and Examples
Example 1: Geometric Series with Ratio 6

- Consider the sequence \(A n = C \times 6”{n-1}\) where \(C\) is a constant.



- The series:

\ [
\sum {n=1}"\infty C \times 6”~{n-1}
\1

is a geometric series with ratio 6, which diverges because \(|6| > 1\).
Example 2: General Sequence with the Same Ratio Limit

- If \(A n\) behaves asymptotically like a geometric sequence with ratio 6,
then regardless of initial conditions, the terms will grow exponentially, and
the series will diverge.

Summary of Case (a)
| Aspect | Description |

| Limit value | \(\lim {n \to \infty} \frac{A {n+1}}{A n} = 6\) |

| Implication for sequence | Terms grow approximately like \(67n\)
(exponentially) |

| Implication for series | Series diverges because terms do not tend to zero
I
|

Conclusion | The series \(\sum A n\) diverges in this case |

Broader Context: When the Limit Equals 1 or Less

While this specific case informs us about divergence, it’s instructive to
briefly compare with other situations for completeness.

- If the limit were less than 1: The series converges (by ratio test).

- If the limit equals 1: The ratio test is inconclusive; further analysis is
needed.

- If the limit is greater than 1: The series diverges, as seen here.

Final Remarks

Understanding the limit of the ratio \(\frac{A {n+1}}{A n}\) is a
foundational step in analyzing series convergence. In the case where this
limit equals 6, the analysis indicates that the terms grow exponentially, and
the series cannot converge. Therefore, the key takeaway is that the series
diverges in this scenario.

In conclusion, given the limit \(\lim {n \to \infty} \frac{A {n+1}}{A n} =
6\), you can confidently say that the series \(\sum A n\) diverges due to



exponential growth of its terms. This insight is crucial for mathematicians
and students alike when evaluating the behavior of infinite series and
ensuring the proper application of convergence tests.

Note: Always remember to check the actual terms and initial conditions of
your sequence, as well as other convergence criteria, for a comprehensive
analysis.
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