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Understanding how to define functions properly on specific domains is fundamental in mathematics,
especially in real analysis and calculus. In this article, we explore the question: What subset A of the real
numbers (R) would you use to make the function F: R = R, defined by F(x) = x* - 7, a well-defined

function? We will analyze the properties of this function, discuss the importance of domain restrictions, and

provide guidance on choosing the appropriate subset A to ensure the function is well-defined.

Understanding the Function F(x) = x* - 7

Before delving into the specific subset A, it's essential to understand the nature of the function itself.

Basic Properties of the Function

- Type of Function: Polynomial function of degree 3.
- Continuity: Polynomial functions are continuous for all real numbers.
- Differentiability: Polynomial functions are differentiable everywhere on R.

- Range: Since x® can produce any real number, the range of F(x) = x* - 7 is R.

Initial Domain Considerations

- Default Domain: If no restrictions are specified, the domain of F is all real numbers, R.
- Well-definedness: In mathematics, a function is well-defined if it assigns exactly one output for each input

in its domain.



When Does a Function Fail to Be Well-defined?

In some cases, functions can be ill-defined due to issues such as division by zero, square roots of negative

numbers, or other undefined operations.

Common Issues Leading to Undefined Functions

- Division by Zero: If the function involves denominators, they must not be zero.
- Taking Roots: For even roots (e.g., square roots), the radicand must be non-negative.
- Logarithms: The argument of logarithmic functions must be positive.

- Other Operations: Any operation that is undefined for certain inputs.

In the case of F(x) = x* - 7, these issues do not arise because it is a polynomial function, which is defined for

all real x.

Making F(x) = x* - 7 Well-defined on a Subset A of R

Since polynomial functions are inherently defined everywhere, the question becomes: Why might we

restrict the domain?

Reasons to Restrict the Domain

- Focusing on specific intervals: For example, analyzing behavior on a particular interval.

- Ensuring certain properties: Such as injectivity, surjectivity, or continuity on a subset.

- Practical applications: Modeling phenomena where inputs are limited to certain values.

- Avoiding ambiguity or complexity: For example, in inverse functions, the domain restriction ensures the

inverse is a function.

Choosing the Subset A

Given that F(x) = x* - 7 is well-defined everywhere, the choice of subset A depends on the specific context

or goal.



Common Subsets A of R for Domain Restrictions

Below are typical subsets used to restrict the domain of real-valued functions:

1. The Entire Real Line, R

- Definition: A = R
- Implication: F is well-defined everywhere.

- Use case: When no restrictions are necessary.

2. Closed Intervals [a, b]

- Definition: A = [a, b], where a, b € R
- Implication: F is continuous and well-defined on these intervals.

- Use case: When analyzing the function over a specific range.

3. Open Intervals (a, b)

- Definition: A = (a, b)

- Implication: Excludes endpoints; useful in limits and continuity discussions.

4. Semi-Infinite Intervals [a, ) or (=<, b]

- Definition: A = [a, ©) or (—<0, b]

- Implication: Domain restricted to one side; common in calculus for limits.

5. The Non-negative Reals [0, ©)

- Application: When the application requires x = 0.



6. The Non-positive Reals (—, 0]

- Application: When the domain is limited to non-positive inputs.

Specific Domain Restrictions for F(x) = x* - 7

Since the function is a polynomial, it's continuous and defined everywhere. However, certain restrictions

might be necessary depending on the context.

Ensuring a Function is Well-defined

- For F(x) = x* - 7, the only potential issues are related to the context or the operation applied to F(x). If the

goal is to analyze F(x) as a standalone function, the domain can be R.

Creating a One-to-One (Injective) Function

- Since cubic functions are not one-to-one over R, restricting the domain can make F invertible.
Example: To make F invertible, restrict the domain to either:

- A = [0, ): Because on this interval, x* is strictly increasing.

- A = (-, 0]: Similarly, strictly decreasing on this interval.

Implication: On these subsets, F becomes a bijection onto R, allowing for inverse functions.

Conclusion: Selecting the Appropriate Subset A

Given the nature of F(x) = x* - 7, the default domain for the function to be well-defined is the entire real
line, R. However, in specific scenarios—such as solving equations, analyzing monotonicity, or defining

inverse functions—restricting the domain is essential.



Summary of Key Points:

- For the function to be well-defined: Choose A = R.
- To make F invertible: Restrict A to [0, ©) or (—<0, 0], where the function is strictly monotonic.

- For interval analysis or applications: Use closed or open intervals based on the context.
Final note:

Understanding the importance of domain restrictions helps in advanced calculus, inverse functions, and real
analysis, ensuring functions are well-defined and possess desired properties for mathematical modeling and

problem-solving.
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Frequently Asked Questions

What subset A of R would make the function F(x) = 3 - 7 a well-defined

function?

Any subset A of R can make F(x) = 3 - 7 a well-defined function, since it is a constant function defined for

all real numbers. Typically, A could be the entire real line R.

Why is the domain important when defining a function like F(x) = 3 - 77

The domain determines where the function is applicable; for a constant function like F(x) = 3 - 7, it is well-

defined on any subset of R where the expression makes sense, which is all of R.

Can F(x) = 3 - 7 be defined on any subset of R, or are there restrictions?

Since F(x) = 3 - 7 simplifies to a constant (-4), it is well-defined on any subset of R, with no restrictions.

How does choosing a subset A of R affect the properties of F(x) = 3 - 7?

Choosing different subsets A can restrict the domain of the function, but for the constant function, it

remains well-defined and continuous on any subset, with no restrictions.



Is the function F(x) = 3 - 7 continuous on its domain?

Yes, since F(x) is a constant function, it is continuous on any subset of R.

‘What are common subsets of R used to define functions like F(x) = 3 - 77

Common subsets include the entire real line R, open intervals like (a, b), closed intervals [a, b], or the set of

all real numbers except some points, depending on the context.

Would defining A as an empty set make F(x) = 3 - 7 a well-defined

function?

No, if the domain A is empty, then the function is not well-defined because there are no points in the

domain where the function can be evaluated.

How does the choice of subset A influence the differentiability of F(x) = 3
77

Since F(x) = 3 - 7 is constant, it is differentiable everywhere in its domain regardless of the subset chosen.

Which subset A of R would be most appropriate if we want F to be
defined everywhere on R?

The entire real line R is the most appropriate subset if we want F to be defined everywhere, since the

function is well-defined on all real numbers.

Additional Resources

Understanding the Domain Subset for a Well-Defined Function F(x) = x* - 7

When dealing with functions in real analysis, one of the foundational considerations is the domain over
which the function is defined. The choice of this subset of the real numbers (denoted as R) directly
influences whether the function is well-defined, continuous, differentiable, or possesses other properties. In

this detailed exploration, we examine the question:

"What subset A of R would you use to make the function F: A — R defined by F(x) = x* - 7 a well-defined

function?"

This inquiry is not merely about the existence of the function, but about understanding the criteria for
selecting an appropriate domain subset to ensure the function's well-defined nature and its mathematical

robustness.



Fundamental Concepts: Well-Defined Functions and Domains

Before diving into the specifics, it’s essential to clarify what it means for a function to be "well-defined."

‘What Does "Well-Defined" Mean?

A function \( F: A \to B ) is said to be well-defined if:

- For every element \( x \in A \), the value \( F(x) \) exists and is uniquely determined.

- The function assigns exactly one element in \( B \) to each element in \( A \).

In simpler terms, the function's rule must produce a single, unambiguous output for every input in its

domain.

The Role of the Domain

The domain \( A \subseteq R \) plays a crucial role because:

- It restricts the inputs to those for which the function rule makes sense.
- It ensures that no undefined operations occur (e.g., division by zero, square root of a negative number in
the reals, etc.).

- It enables the function to be properly "defined" over the specified subset.

In the case of \( F(x) = x"3 - 7\), the function involves only polynomial operations, which are defined

everywhere on \( R \). However, the question seeks a specific subset \( A \) that guarantees the function's

well-defined nature, potentially under additional constraints or properties.

Analyzing the Function \( F(x) = x"3-7)

Let's examine the nature of this particular function:

- Type of Function: Polynomial function



- Degree: 3 (cubic)
- Operations involved: Cube of \( x \), scalar subtraction

- Domain considerations: Polynomials are defined for all real numbers.

Given this, the function \( F(x) = x"3 - 7 \) is inherently well-defined for every \( x \in R \). It does not

involve division, roots, logarithms, or other operations that could restrict the domain.

Therefore, in the most general sense, the subset \( A \) can be as broad as the entire real line \( R \).

Why Consider Subsets of R? When Is It Necessary?

Although \( F(x) = x"3 - 7)) is defined everywhere on \( R \), there are scenarios where restricting the

domain is necessary or beneficial:

1. To Address Additional Constraints or Contexts

- When modeling real-world phenomena, certain inputs might be invalid or outside the scope of interest.
- For example, if \( F \) models a physical quantity that only makes sense for positive \( x \), then \( A = (0,
\infty) \).

2. To Ensure Certain Properties (Continuity, Differentiability,
Monotonicity)

- Sometimes, restricting the domain to an interval can guarantee properties like monotonicity or convexity.
- For instance, to make \( F \) strictly increasing, choosing \( A = R \) suffices, but to have the function

invertible on a specific interval, domain restrictions are essential.

3. To Define the Function on a Smaller, More Manageable Subset

- For purposes such as integration, optimization, or solving equations, working within a specific subset

simplifies analysis.



Possible Choices of Subset \( A \) for \( F(x) =x"3-7)

Given the nature of the function, the choices for \( A \) are quite flexible. Let’s analyze several options,

along with their implications:

1. The Entire Real Line \( R \)

- Advantages:

- The function is naturally defined everywhere.

- No restrictions are necessary.

- Simplifies analysis, as no domain restrictions are needed to ensure well-definedness.
- Implication:

-\( F\) is a globally defined polynomial function on \( R \).

2. A Closed Interval \( [a, b] \subset R \)

- Purpose:

- To study properties like uniform continuity, boundedness, or integrability over a finite interval.
- Example:

-\(A =0, 10]\)

- Implication:

- The function remains well-defined and continuous on this interval.

- Useful in applications requiring bounded domains.

3. The Positive Reals \( (0, \infty) \)

- Use case:

- When modeling phenomena where negative inputs are meaningless.
- Implication:

- Still well-defined since \( x"3 \) is defined for all real \( x \).

- Focused domain relevant for specific applications.

4. The Negative Reals \( (-\infty, 0) \)

- Use case:

- When the application restricts to negative inputs.



- Implication:

- No issues in defining \( F \).

5. Subsets Based on Specific Properties

- Examples:
-\(A =\ x\in R \mid x \geq 0 \} \) for non-negative inputs.
-\( A =\{ x\in R \mid x \leq 0 \} \) for non-positive inputs.

Ensuring the Function is Well-Defined: The Core Criteria

Since \( F(x) = x*3 - 7\) involves only polynomial operations, the primary criterion for \( A \) is that it is a
subset of \( R \). As polynomials are defined everywhere, the function is inherently well-defined over all

of \(R\).

However, to formalize this, consider the following:

Key Factors in Choosing \( A \):

- No domain restrictions are necessary due to the nature of polynomial functions.
- Inclusion of all real numbers ensures maximum generality.

- For specific applications, \( A \) can be restricted to subsets where certain properties are desired.

Summary of Conditions for \( A \):

- \( A \subseteq R \)
-\( A\) should include all \( x \) where the function is intended to be defined for the problem at hand.
- For pure mathematical purposes, \( A = R \).



Additional Considerations: Continuity, Differentiability, and

Monotonicity

Though the initial question centers on the well-definedness of \( F \), it's worth considering what subsets \(

A \) can achieve other desirable properties:

Continuity

- Polynomial functions are continuous everywhere on \( R \).

- To ensure continuity on \( A \), \( A \) should be a subset where the function is defined and continuous.

Differentiability

- \( F\) is differentiable everywhere on \( R \).

- Restricting \( A \) to an interval or subset can facilitate analysis of derivatives.

Monotonicity and Invertibility

-\( F(x) = x"3 - 7)) is strictly increasing on \( R \) because \( F'(x) = 3x"2 \geq 0 \), with equality only at \(
x=0\).

- To make \( F \) invertible, the domain \( A \) should be a subset where \( F \) is strictly monotonic (e.g.,
\( A =R)) is sufficient).

Summary and Recommendations

Based on the analysis above, the key points are:

- For the pure mathematical definition of \( F(x) = x"3 - 7 \), the most natural choice of \( A \) is the entire
real line \( R \). Since polynomial functions are defined everywhere, no further restrictions are necessary

to ensure the function is well-defined.

- In applied contexts or for specific properties, selecting a subset \( A \) tailored to the problem's needs is

advisable. For example:



- To model only positive inputs, choose \( A = (0, \infty) \).

- To analyze the function over a finite interval, choose \( A = [a, b] \).

- Ensuring well-definedness relies on the nature of the function's operations. Since \( x*3 \) is always

defined, the primary criterion is choosing \( A \subseteq R \).

- For clarity and mathematical rigor, specify the subset \( A \) explicitly based on the context. When no

restrictions are needed, stating \(
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