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Understanding the dynamics of particles under various force fields is fundamental in classical mechanics.
When analyzing a particle of mass \( M \) positioned at \( (x, 0) \) and subjected to a force pulling it toward
the origin, it becomes essential to determine how the magnitude of this force varies with the particle’s
position. This exploration not only deepens our grasp of force laws but also helps in understanding potential

energy functions, motion trajectories, and stability conditions.

Fundamental Concepts and Definitions

Before delving into the specifics of the force magnitude, it's vital to clarify some foundational ideas.

Position and Coordinate System

- The particle's position is given by \( (x, 0) \) in a two-dimensional Cartesian coordinate system.

- The origin, at \( (0, 0) \), serves as the point toward which the particle is attracted.

Nature of the Force

- The force acts along the line connecting the particle to the origin.

- Its magnitude depends on the particle's distance from the origin, denoted as \( r \).

Distance from the Origin

- The distance \( r \) from the particle at \( (x, 0) \) to the origin is \( r = || \).



Types of Force Laws and Their Mathematical Forms

The magnitude of the attractive force can follow different functional forms, each leading to different

physical behaviors.

1. Inverse Square Law (Newtonian Gravity and Electrostatics)

- Expression: \( F = \frac{k }{r"2} \)

- Description: The force magnitude decreases with the square of the distance.
- Implications:

- The force becomes stronger as the particle approaches the origin.

- It is central and conservative, leading to orbital motions like planetary orbits.

2. Inverse Linear Law

- Expression: \( F = \frac{k}{r} \)
- Description: Force magnitude decreases proportionally with distance.

- Applications: Less common physically but useful in certain theoretical models.

3. Linear Force Law (Harmonic or Spring-like Force)

- Expression: \(F =k r )
- Description: Force increases linearly with distance, similar to a spring obeying Hooke's law.
- Physical Context: Models restoring forces in oscillatory systems like springs or small oscillations around

equilibrium.

4. General Power Law Force

- Expression: \( F = \frac{k }{r"n} \), where \( n \) is any real number.

- Flexibility: Allows modeling various force behaviors by choosing appropriate \( n \).

Deriving the Force Magnitude for a Particle at (x, 0)

Given the position \( (x, 0) \), the key is to relate the force's magnitude to the coordinate \( x \).



Step 1: Express the Distance \(r \)

- Since the particle is at \( (x, 0) \), the distance from the origin is simply:

\

r = [x|

\

Step 2: Define the Force Function \( F(r) \)

- Depending on the force law, \( F \) can be expressed as a function of \( r \).
- Common forms include:

\

F(r) = \frac{k }{r"n}

\]

where:

-\('k ) is a constant depending on the physical context.

- \( n \) determines the type of force.

Step 3: Express Force as a Function of \( x \)

- Since \(r = [x|\),
\
F(x) = \frac{k }{|x/"n}

\

Step 4: Determine the Direction of the Force

- The force acts toward the origin, so its vector form is:

\

\vec{F} = -F(r) \hat{r}

\

where \( \hat{r} \) is the unit vector pointing from the particle to the origin.
- In components, since the particle is at \( (x,0) \):

\

\hat{r} = - \frac{\vec{r}}{r} = - \frac{(x, 0){|x|} = - \text{sgn}(x) \hat{i}

\

where \( \text{sgn}(x) \) is the sign of \( x \).

- Therefore, the force vector is:

\

\vec{F} = -F(r) \frac{\vec{r}}{r} = -\frac{k }{|xI"n} \frac{(x, 0)}{|x|} = -\frac{k }{|x|"{n+1}} (x, 0)
\



Physical Significance and Examples

Understanding the force law's form provides insight into the particle's motion and the system's energy.

1. Inverse Square Law Example: Newtonian Gravitation

- Force Magnitude: \( F = \frac{G M m}{r"2} \)

- Physical interpretation: The particle experiences a gravitational attraction toward the origin, akin to
planetary motion.

- Implication for motion: The particle may follow elliptical orbits, escape trajectories, or spiral inward

depending on initial conditions.

2. Hooke's Law (Linear Force) Example

- Force Magnitude: \( F =k r )
- Physical interpretation: Represents a spring-like restoring force.
- Implication for motion: The particle undergoes simple harmonic motion with frequency \( \omega =

\sqrt{k/M} \).

3. General Power Law Force

- Application: Used in various fields such as electrostatics, plasma physics, and theoretical models.
- Behavior: Depending on \( n \), the system can exhibit stable or unstable equilibria, bound or unbound

motion.

Energy and Potential Functions Corresponding to Force Laws

Analyzing the potential energy associated with the force provides a more comprehensive picture of the

system dynamics.



1. Potential Energy \( U(r) \)

- Defined via:

\

\vec{F} = - \nabla U(r)
\

- For a radial force:

\

F(r) = - \frac{dU}{dr}
\

- Thus, integrating:

\

U(r) =-\int F(r)dr + C
\

2. Examples of Potential Functions

- Inverse Square Law:

[
U(r) = - \frac{k}{r} + C

\

- Linear Force (Hooke's Law):

\
U(r) = \frac{1}{2} k r"'2 + C

\

- General Power Law:

\
U(r) = - \frac{k}{(n-1) r"{n-1}} + C \quad (n \neq 1)

\]

Choosing constants appropriately, these potentials help analyze stability and motion.

Analysis of Particle Motion and Stability

Knowing \( F(r) \) and \( U(r) \), we can investigate the particle's motion.



1. Equilibrium Points

- Occur where the net force is zero:

- For attractive force laws, equilibrium at \( r = 0 \) is typical, but stability depends on the form of \( U(r)

\).

2. Stability Conditions

- A stable equilibrium requires:

\

\left. \frac{d"2 U}{dr"2} \right| {r =r_0} >0

\

- Unstable equilibria have:

\
\left. \frac{d"2 U}{dr"2} \right| {r =r_0} <0

\

3. Dynamics and Trajectories

- Governed by Newton’s second law:

\
M \frac{d"2 r}{dt"2} = F(r)

\

- The solutions depend on initial conditions and the form of \( F(r) \).

Special Cases and Applications

Applying these concepts to specific systems reveals a variety of behaviors.

1. Planetary Orbits (Inverse Square Law)

- Motion governed by gravitational attraction.
- Orbits are conic sections—ellipses, parabolas, or hyperbolas.

- Conservation of angular momentum and energy govern the shape and size.



2. Oscillatory Motion (Hooke's Law)

- Particle oscillates about the equilibrium point.

- The period \( T \

Frequently Asked Questions

What is the expression for the force acting on a particle of mass M located

at (x, 0) attracted toward the origin?

The force magnitude is typically given as a function of x, for example, F = k / x* if it's an inverse-square

law, directed toward the origin, acting along the x-axis.

How does the force vary with the position x when a particle is attracted
toward the origin?

The force's magnitude depends on the specific force law; for inverse-square attraction, it varies as 1/x%,

increasing as the particle gets closer to the origin.

What differential equation describes the motion of the particle under this

force?

The equation of motion is M d?x/dt* = -F(x), where F(x) is the magnitude of the attractive force, with the

negative sign indicating attraction toward the origin.

How can we determine the potential energy associated with this force?

Potential energy U(x) can be found by integrating the force: U(x) = -§ F(x) dx, choosing the constant such

that U approaches zero at infinity or a reference point.

What are the key considerations when analyzing the motion of a mass

particle under such a force in classical mechanics?

Key considerations include the form of the force law, energy conservation, potential energy landscape, and

solving the resulting differential equations to understand the particle's trajectory and stability.
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Introduction

In classical mechanics, the motion of particles under various force fields is a foundational subject that offers
deep insights into the behavior of physical systems. When considering a particle of mass \( M \) located at a
position \( (x,0) \) in a two-dimensional plane, a common scenario involves the particle being subjected to
an attractive force directed toward the origin \( (0,0) \). Understanding the nature of this
force—particularly how its magnitude depends on the particle's position—is crucial for analyzing the

particle's trajectory, stability, and energy exchange.

This article provides a comprehensive exploration of the problem: When A Particle Of Mass M Is At (x,0),
It Is Attracted Toward The Origin With A Force Whose Magnitude. We will delve into the mathematical
formulation, physical interpretations, and potential applications of such a force, with particular emphasis on
force laws that depend on the position \( x \). Our goal is to develop a clear, detailed understanding suitable
for researchers, students, and practitioners interested in classical mechanics, gravitational systems, and

related fields.

Fundamental Concepts and Context

The Particle-Force System

Consider a particle of mass \( M \) located at \( (x, 0) \). The particle experiences an attractive force \(
\mathbf{F} \) directed toward the origin \( (0,0) \). The key question is: How does the magnitude of this
force depend on the particle’s position \( x \)?

Classical forces that draw particles toward a point include:

- Inverse square law (e.g., Newtonian gravity, electrostatics): \( [\mathbf{F}| \propto 1/r"2\)

- Inverse linear law: \( \mathbf{F}| \propto 1/r \)

- Linear restoring force (e.g., Hooke’s law): \( \mathbf{F}| \propto r \)

where \( r = \sqrt{x"2 + y"2} \). Since the particle is at \( (x, 0) \), \( r = [x| \). The precise form of the force

magnitude critically influences the particle's subsequent motion.
Significance of the Force Law

Understanding these variations is not merely academic; they model a diverse array of physical systems:



- Gravitational attraction follows an inverse-square law.
- Electrostatic attraction between point charges also follows an inverse-square law.
- Spring-like forces are modeled by a linear dependence, pertinent in harmonic oscillators.

- Modified or hypothetical force laws help explore alternative theories or approximate complex systems.

Mathematical Formulation of the Force

Suppose the particle at \( (x,0) \) experiences an attractive force toward the origin, with magnitude \( F(x)
\), depending solely on \( x \). The force vector points from \( (x, 0) \) toward \( (0, 0) \), i.e., along the
negative \( x \)-direction for \( x > 0 \), and along the positive \( x \)-direction for \( x < 0\).

General Expression for the Force

\[
\mathbf{F}(x) = -F(x) \, \hat{\mathbf{x}}
\]

where:

- \( F(x) \geq 0 \) is the magnitude of the force at position \( x \),
- The negative sign indicates attraction toward the origin,
- \( \hat{\mathbf{x}} \) is the unit vector along the \( x \)-axis.

Dependence of \( F(x) \)
Common choices for \( F(x) \):

1. Inverse Square Law:

\[
F(x) = \frac{k }{|x"2}

\

2. Inverse Linear Law:

\[
F(x) = \frac{k }{|x[}

\]

3. Linear Law (Hooke’s Law):



where \( k \) is a constant with appropriate units.

Dynamics of the Particle Under Different Force Laws
Equations of Motion

The particle's motion along the \( x \)-axis obeys Newton's second law:

\
M \frac{d"2x }{dt"2} = -F(x)
\

or explicitly:

\

M \frac{d"2x }{dt"2} = -f(x)
\

where \( f(x) \equiv F(x) \).

The problem reduces to solving this second-order differential equation with initial conditions:

\[
x(0) = x_0, \quad v(0) = v_0

\

Case Studies: Force Laws and Their Implications
1. Inverse Square Law: \( F(x) = \frac{k }{|x"2} \)
Physical Context

This models Newtonian gravity or electrostatic attraction in the simplified one-dimensional case. The force

magnitude increases sharply as \( x \to 0 \), leading to potential singularity at the origin.



Dynamics and Solutions

- The energy conservation law:

\[
\frac{1}{2} M v"2 + U(x) = E
\]

where potential energy \( U(x) \) satisfies:

\
F(x) = -\frac{dU}{dx} \Rightarrow U(x) = -\frac{k }{|x|}
\

- Trajectories depend on initial energy; for bound states, the particle oscillates between turning points.

- The singularity at \( x=0 \) suggests particles can reach the origin in finite time, possibly leading to

"collision" solutions.
Implications

- The inverse-square attraction leads to closed orbits in the case of bounded energy.

- The system exhibits highly non-linear behavior near the origin.

2. Inverse Linear Law: \( F(x) = \frac{k }{|x|} \)

Physical Context

Less common physically, but useful for exploring hypothetical or approximated systems.
Dynamics

- Potential energy:

\[
U(x) = -k \In [x|

\

- The motion is governed by a logarithmic potential, which is unbounded as \( x \to 0 \) and \( x \to \infty

\).

- Trajectories feature asymptotic approaches to the origin or infinity depending on initial conditions.



3. Linear Restoring Force: \( F(x) = k [x| \)
Physical Context

This models a harmonic oscillator, with the force proportional to displacement, like a mass attached to an

ideal spring.
Dynamics
- Potential energy:

\[
U(x) = \frac{1}{2} k x"2
\]

- Equation of motion:

\[
M \frac{d"2x}{dt"2} + k x = 0
\]

- Solution:

\[
x(t) = A \cos(\omega t + \phi)
\]

where:

\[
\omega = \sqrt{\frac{k {M}}
\]

- The motion is periodic, with amplitude \( A \) set by initial conditions.

Stability and Equilibrium Analysis
Equilibrium at the Origin

The origin \( x=0\) is a point of equilibrium if:



or if the force approaches zero as \( x \to 0 \). The stability depends on the derivative:

\[
F'(x) = \frac{dF}{dx}
\]

- Stable equilibrium: if \( F'(0) > 0 \),
- Unstable equilibrium: if \( F'(0) < 0\).

For example, in the harmonic case:

\

F(x) = k x \Rightarrow F'(x) =k >0
\

indicating a stable equilibrium.

Behavior Near the Origin

- For inverse-square law, the force diverges as \( x \to 0 \), leading to potential "collision" solutions where
the particle reaches the origin in finite time.

- For harmonic forces, the equilibrium at the origin is stable, with small oscillations around \( x=0\).

Analytical and Numerical Methods for Solution
Conservation of Energy

A primary method involves using energy conservation to relate position and velocity:

\
\frac{1}{2} M v"2 + U(x) = E

\

allowing the derivation of \( x(t) \) via quadrature:

\
t =\int \frac{dx }{\sqrt{\frac{2}{M}(E - U(x))}}



\
Phase Space Analysis

Plotting \( x \) versus \( v \) provides qualitative insights into possible trajectories, stability, and the nature

of orbits.
Numerical Integration

‘When analytical solutions are intractable, numerical methods like Runge-Kutta are employed to simulate

the particle's motion for given \( F(x) \).

Physical Interpretation and Real-World Applications

Gravitational and Electrostatic Systems

- The inverse-square law models planetary motion, satellite dynamics, and atomic interactions.

- Understanding the force magnitude's dependence on \( x \) informs orbit stability, collision probability,
and energy transfer.

Oscillatory Systems

- Harmonic oscillator models are central in mechanics, quantum mechanics, and engineering.

- The linear force law simplifies the analysis, providing baseline behaviors against which more complex

forces can be compared.

Hypothetical
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