When A Thin Uniform Stick Of Mass M And Length
L Is Pivoted Aboutits Midpoint, Its Rotational

Inertia

When A Thin Uniform Stick Of Mass M And Length L Is Pivoted About Its Midpoint, Its Rotational
Inertia, it serves as a fundamental example in classical mechanics to understand rotational motion and
the distribution of mass in rigid bodies. This scenario allows us to explore how the mass distribution
affects the rotational inertia, also known as the moment of inertia, which is crucial for analyzing
rotational dynamics. In this article, we will delve into the concept of rotational inertia, derive the formula
for a uniform stick pivoted at its midpoint, and discuss its significance in physics and engineering

applications.

Understanding Rotational Inertia

What Is Rotational Inertia?

Rotational inertia, or moment of inertia (l), is a measure of an object's resistance to changes in its
rotational motion around a specific axis. It is the rotational analogue of mass in linear motion. The

greater the rotational inertia, the more torque is required to accelerate or decelerate the object.

Mathematically, the torque (D) needed to produce an angular acceleration (D) is given by:
\[

=0

\]

where \(I\) is the moment of inertia.



Factors Affecting Rotational Inertia

- Mass Distribution: How the mass is distributed relative to the axis of rotation.
- Shape of the Object: Different shapes have different inertia depending on how the mass is spread.

- Axis of Rotation: The moment of inertia depends on the axis about which the object rotates.

Moment of Inertia for a Uniform Stick

Basic Properties of the Stick

Consider a thin, uniform rod (or stick) of mass \( M \) and length \( L \). The uniformity implies the
mass is evenly distributed along its length. When pivoted about its midpoint, the axis of rotation passes

through the center of the rod and is perpendicular to its length.

Derivation of the Moment of Inertia

To calculate the rotational inertia of the stick about its midpoint, we use the integral definition:
\[

I =\int "2} dm

\

where:

-\( r\) is the perpendicular distance of a mass element \( dm \) from the axis of rotation.
Since the stick is uniform:

- The linear mass density \( \lambda = \frac{M}{L} \).

- An element \( dx \) at a position \( x \) from the center has mass \( dm = \lambda dx \).

The limits of integration are from \( -\frac{L}2} \) to \( \frac{L}{2} \).

Substituting:



\[
| = \int_{-L/2}M{L/2} x{2} \lambda dx
\]

Calculating:

\[

| = \lambda \int_{-L/2}*{L/2} x"{2} dx
\

Since the integrand is even, the integral simplifies:

\[

| = 2 \lambda \int_{0}{L/2} x"{2} dx = 2 \lambda \left[ \frac{x"{3}}{3} \right]_{0}*{L/2} = 2 \lambda
\frac{(L/2){3}}{3}

\]

Plugging in \( \lambda = \frac{M}KL} \):

\[

| = 2 \times \frac{M}L} \times \frac{(L/2)"3}}{3} = 2 \times \frac{M}{L} \times \frac{L*{3}}{8 \times 3}
\]

Simplify:

\[

| = \frac{2 M LMN3}}{8 \times 3 L} = \frac{2 M LN3}}{24 L} = \frac{M LN2}}{12}
\

Therefore, the moment of inertia of a uniform stick of mass \( M \) and length \( L \), pivoted about its
midpoint, is:

\[

\boxed{

| = \frac{1}{12} M L2}

}



\

Physical Significance and Applications

Importance of the Moment of Inertia

The derived expression \( | = \frac{1}{12} M LA{2} \) indicates that the rotational inertia depends directly
on the mass and the square of the length. This quadratic dependence on length emphasizes how

extending the mass further from the axis increases the resistance to rotational acceleration.

Applications in Engineering and Physics

- Design of Rotational Systems: Engineers use this calculation when designing rotating rods, beams,
or shafts to ensure they can withstand expected torques.

- Pendulum Motion: The moment of inertia influences the period of a physical pendulum, especially
when the mass distribution is non-uniform.

- Robotics and Machinery: Understanding the inertia of components helps optimize motion control and
energy efficiency.

- Structural Mechanics: Analyzing the response of beams and rods under torsion or bending.

Factors Influencing the Rotational Inertia of a Rod

Effect of Axis Position

The moment of inertia varies significantly based on the axis of rotation:
- About the center: \( | = \frac{112} M LA{2} \)
- About an end: \( | = \frac{1}{3} M LA{2} \)



This difference arises because the mass is distributed differently relative to the axis.

Parallel Axis Theorem

When the axis of rotation is shifted from the center to another point, the parallel axis theorem applies:
\[

|_{new} = |_{center} + Md*{2}

\

where \( d \) is the distance between the two axes.

Experimental Considerations and Measurement

Measuring Rotational Inertia

Experimentally, the moment of inertia can be determined by:
- Torsion Pendulum Method: Measuring oscillation period and torque.
- Dynamic Balance Tests: Using rotational platforms and force sensors.

- Comparison with Theoretical Values: Using known mass distributions and shapes.

Factors Affecting Measurement Accuracy

- Friction in the pivot or bearings.
- Air resistance.
- Uniformity of the mass distribution.

- Precise measurement of length and mass.



Summary and Conclusion

Understanding the rotational inertia of a thin uniform stick pivoted about its midpoint is fundamental in
physics. The key result, \( | = \frac{1}{12} M L2} ), illustrates how mass distribution influences
resistance to rotational acceleration. This knowledge aids in designing mechanical systems ranging
from simple pendulums to complex machinery and contributes to our comprehension of rotational

dynamics.

In conclusion:

- The rotational inertia depends on both mass and length.

- Pivoting at different points alters the moment of inertia.

- Practical applications require precise calculations and measurements to ensure safety and efficiency

in mechanical designs.

By mastering the principles of rotational inertia in simple systems like a uniform rod, engineers and
physicists can better analyze and predict the behavior of more complex structures and machinery,

making this a cornerstone concept in the study of rotational motion.

Frequently Asked Questions

What is the formula for the rotational inertia of a thin uniform stick of
length L and mass M when pivoted about its midpoint?

The rotational inertia | = (1/12) M L"2 when pivoted about its midpoint.

Why is the rotational inertia of a uniform stick about its midpoint
different from about its end?

Because the distribution of mass relative to the axis differs, leading to a lower inertia when pivoted at



the center compared to an end.

How does the rotational inertia of the stick change if it is pivoted
about one of its ends instead of its midpoint?

The rotational inertia about an end is | = (1/3) M LA2, which is greater than when pivoted at the
midpoint.

What physical principle explains the rotational inertia of a uniform
stick when pivoted about its midpoint?

It is based on the distribution of mass relative to the axis of rotation, quantified by the moment of

inertia integral or standard formulas.

How can the rotational inertia of the stick be experimentally verified?

By measuring its angular acceleration under a known torque and using the relation | = torque / angular

acceleration.

What is the significance of rotational inertia in the oscillation of a
physical pendulum like a uniform stick?

Rotational inertia determines the period of oscillation; higher inertia results in longer periods.

Can the rotational inertia be calculated for non-uniform sticks? How?

Yes, by integrating the mass distribution along the length with respect to the axis of rotation, using the

integral | = D r"2 dm.

How does the rotational inertia affect the angular acceleration of the



stick when a torque is applied?

The angular acceleration D = torque / I; a larger | results in a smaller angular acceleration for the

same torque.

Why is understanding the rotational inertia of a stick important in
engineering applications?

It helps in designing rotating machinery, balancing structures, and predicting dynamic behavior of

mechanical systems.

Additional Resources

When a thin uniform stick of mass M and length L is pivoted about its midpoint, its rotational inertia
becomes a fundamental concept in rotational dynamics, illustrating how the distribution of mass
influences an object's resistance to angular acceleration. This scenario is often introduced in physics
courses to help students understand the principles of moments of inertia, rotational motion, and the
role of mass distribution in dynamic systems. Analyzing such a simple system provides foundational

insights that extend to more complex rigid bodies and rotational phenomena.

Understanding Rotational Inertia and Its Significance

Rotational inertia, also known as the moment of inertia, quantifies an object's resistance to changes in
its rotational motion about a specific axis. For a rigid body like a uniform stick, the moment of inertia
depends not only on the total mass but also on how that mass is distributed relative to the axis of
rotation. In the case of a uniform stick pivoted at its midpoint, understanding how to compute this

quantity reveals key principles of rotational physics.



The importance of calculating rotational inertia lies in predicting how the object responds to applied
torques, determining angular accelerations, and analyzing oscillations and stability. This fundamental

property influences the design of mechanical systems, from simple pendulums to complex machinery.

Fundamental Concepts and Definitions

Moment of Inertia (1)

- It is a scalar quantity representing the distribution of mass with respect to an axis.
- Defined as \( | =\sum m_i r_i*2\), where \( m_i \) is a mass element and \( r_i \) the distance from
the axis.

- For continuous bodies, expressed as an integral: \( | =\int r*2 dm \).

Axis of Rotation

- The axis about which the object rotates significantly influences the value of \( I \).

- For the uniform stick pivoted at its midpoint, the axis passes through its center.

Deriving the Rotational Inertia of the Uniform Stick

Setup of the Problem

- Consider a thin, uniform stick of mass \( M \) and length \( L \).



- It is pivoted about its midpoint, meaning the axis of rotation passes through the center of the stick.

- The goal is to find \( |_{mid} \), the moment of inertia about this pivot point.

Coordinate System and Elemental Mass

- Set up a coordinate system with origin at the center of the stick, with the x-axis along its length.

- Each infinitesimal element of mass \( dm \) is located at a distance \( x \) from the center, where \( x
\) ranges from \( -L/2\) to \( L/2\).

- Since the stick is uniform, the linear mass density \( \lambda \) is given by:

\[ \lambda = \frac{M}{L} \]

- The differential mass element:

\[ dm = \lambda dx = \frac{M}L} dx \]

Calculating the Moment of Inertia

- The moment of inertia about the midpoint axis is:

\[ |_{mid} = \int r"2 dm \]

- Substituting \( r = x\), as the axis passes through the center:

\[ 1_{mid} = \int_{-L/2}M{L/2} x*2 dm \]

- Replace \( dm \):

\[1_{mid} = \int_{-L/2}ML/2} x2 \frac{M}L} dx \]

- Since \( x*2\) is an even function, the integral simplifies:



\[ I_{mid} = 2 \times \frac{M}L} \int_{0}{L/2} x*2 dx \]

- Computing the integral:

\[ \int_{0}{L/2} x*2 dx = \left[ \frac{x"3}3} \right]_0"{L/2} = \frac{(L/2)"3}{3} = \frac{L"3}{24} \]
- Therefore,

\[ I_{mid} = 2 \times \frac{M}L} \times \frac{L"3}{24} = \frac{M}{L} \times \frac{L*3}{12} =
\frac{ML"2}{12} \]

Result:
\[
|_{mid} = \frac{1}{12} M L"2

\

This is the rotational inertia of a uniform stick about its center.

Features and Significance of the Moment of Inertia About the
Midpoint

Features:

- Dependence on Mass and Length: The moment of inertia scales proportionally with the mass \( M \)

and the square of the length \( L"2 \). Doubling the length increases \( | \) fourfold; doubling the mass
doubles \( I'\).



- Symmetry: The pivot at the midpoint exploits the symmetric distribution of mass, simplifying
calculations.

- Applicability: This calculation is foundational and applies to systems like simple pendulums, oscillating
rods, and other symmetric bodies.

Significance:

- Predictive Power: Knowing \( I\) allows prediction of angular acceleration for a given torque:

\[ \tau = I'\alpha \]

- Design Implications: Engineers use such calculations to optimize mechanical components for stability
and responsiveness.

- Educational Value: Demonstrates the fundamental relationship between geometry, mass distribution,

and rotational motion.

Comparison with Other Axes

While the above derivation pertains to the axis through the center, shifting the axis impacts the

moment of inertia significantly, as per the Parallel Axis Theorem.

Parallel Axis Theorem

- States:
\[ |_{axis} = | {center} + Md"2 \]

where:



- \( I_{center} ) is the inertia about the center,

-\( d\) is the distance between the axes.
Implication:
- For the stick pivoted at one end, the moment of inertia becomes:

\[ I_{end} = \frac{1}{12} M L*2 + M \left(\frac{L}2}\right)"2 = \frac{1}{3} M L2 \]

Applications in Physics and Engineering

Oscillations:

- The moment of inertia is crucial in analyzing physical pendulums. The period \( T \) of oscillation

depends on \( I\):

\[

T = 2\pi \sqrt{\frac{l}{mgd}}

\]

where \( d \) is the distance from the pivot to the center of mass.

Robotics and Mechanical Design:

- Understanding how mass distribution affects inertia informs the design of robotic arms, rotating

machinery, and structural components.

Sporting Equipment:



- The design of bats, rackets, and other sports gear considers moment of inertia to optimize

performance.

Pros and Cons of the Concept

Pros:

- Provides a quantitative measure of rotational resistance.
- Facilitates precise calculations for dynamic systems.
- Enhances understanding of fundamental physics principles.

- Supports engineering design and optimization.
Cons:

- Assumes idealized conditions (rigid, uniform body, no damping).
- Calculation complexity increases for irregular shapes or non-uniform mass distributions.

- Does not account for material properties or external forces beyond torque.

Conclusion

The moment of inertia of a thin uniform stick pivoted about its midpoint, calculated as \( \frac{1}{12} M
LA2\), encapsulates the essence of how mass distribution governs rotational behavior. Its derivation
underscores the importance of symmetry, integral calculus, and fundamental physics principles. This

simple yet profound analysis not only serves as a pedagogical example but also forms the backbone



for understanding more complex rotational systems. Whether in designing mechanical devices,
analyzing oscillations, or exploring fundamental physics, grasping the concept of rotational inertia is
indispensable. As such, this scenario exemplifies how a straightforward problem can illuminate the

intricate interplay between geometry, mass, and motion in the realm of rotational dynamics.
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