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The Navier-Stokes equations are fundamental to fluid mechanics, describing the motion of
fluid substances such as liquids and gases. When analyzing complex flow problems,
engineers and scientists often employ nondimensionalization—scaling variables to reduce
the number of parameters and highlight the dominant forces. This process introduces
various dimensionless parameters, each representing a ratio of different physical effects
within the flow. Understanding these parameters is crucial for interpreting flow behavior,
especially in regimes where certain forces become negligible.

In particular, there are specific conditions or flow regimes where one of these dimensionless
parameters approaches zero, simplifying the equations and offering insight into the
dominant physics. This article explores which dimensionless parameter becomes zero under
various flow conditions, providing clarity on how these parameters influence the Navier-
Stokes equations and the resulting flow characteristics.

Overview of Nondimensionalization in Fluid
Mechanics

The Purpose of Nondimensionalization

Nondimensionalization simplifies the complex Navier-Stokes equations by converting all
variables into dimensionless forms. This process reveals the relative significance of
different physical effects such as inertial forces, viscous forces, pressure gradients, and
external body forces. By doing so, it enables the comparison of different flow situations and
helps identify which forces dominate in specific regimes.

Common Dimensionless Parameters in Fluid Flow

Several key dimensionless parameters emerge from nondimensionalizing the Navier-Stokes
equations:

- Reynolds number (Re): Ratio of inertial to viscous forces.



- Froude number (Fr): Ratio of inertial forces to gravitational forces.

- Mach number (Ma): Ratio of flow velocity to the speed of sound.

- Euler number (Eu): Ratio of pressure forces to inertial forces.

- Strouhal number (St): Ratio of unsteady flow effects to convective effects.

Each parameter provides insight into the flow regime and helps predict flow patterns and
potential simplifications.

Understanding the Role of the Reynolds Number

Definition and Physical Significance
The Reynolds number (Re) is perhaps the most widely used dimensionless parameter in
fluid mechanics. It is defined as:

\[ Re = \frac{\rho U L} {\mu} \]

where:

- \(\rho\) = fluid density,

- \(U\) = characteristic velocity,
- \(L\) = characteristic length,
-\(\mu\) = dynamic viscosity.

Physically, the Reynolds number indicates whether inertial forces dominate viscous forces
within the flow.

Flow Regimes Based on Reynolds Number

- Laminar flow (Re < ~2000): Viscous forces dominate, flow is smooth and orderly.
- Turbulent flow (Re > ~4000): Inertial forces dominate, flow becomes chaotic.
- Transitional flow (Re = 2000-4000): Mix of laminar and turbulent behavior.

Dimensionless Parameters Approaching Zero in
Specific Flow Regimes

In certain flow scenarios, specific parameters tend toward zero, simplifying the Navier-
Stokes equations and highlighting dominant effects.

Flow When Viscous Effects Are Negligible: Re » «

When the flow occurs at very high velocities or in large-scale systems, the Reynolds
number becomes extremely large:



\[ Re \to \infty \]

In this limit, viscous forces are negligible compared to inertial forces. The Navier-Stokes
equations reduce to the Euler equations, which describe inviscid flow:

\[ \rho \left( \frac{\partial \mathbf{u}} {\partial t} + (\mathbf{u} \cdot \nabla) \mathbf{u}
\right) = -\nabla p + \rho \mathbf{g} \]

Here, the dimensionless parameter Re approaches zero in the sense of its influence on the
viscous term relative to inertial terms—meaning viscous effects can be ignored altogether.

Key Point: In the nondimensionalized Navier-Stokes equations, the term associated with
viscosity is scaled by \(1/Re\). As \(Re \to \infty\), this term tends toward zero, effectively
removing viscous effects from the equations.

Flow When Inertial Effects Are Negligible: Re - 0

Conversely, in flows with very low velocities or highly viscous fluids, the Reynolds number
approaches zero:

\[ Re \to 0\]

In this regime, viscous forces dominate, and the flow is characterized as creeping or Stokes
flow. The Navier-Stokes equations simplify to the Stokes equations:

\[ 0 = -\nabla p + \mu \nabla”~2 \mathbf{u} + \rho \mathbf{g} \]

In the nondimensionalized form, the Reynolds number appears as a coefficient multiplying
the inertial terms. As Re approaches zero, the inertial terms vanish, simplifying the
equations significantly.

Key Point: When \(Re \to 0\), the inertial parameter in the nondimensional Navier-Stokes
equations tends to zero, highlighting the dominance of viscous forces.

Other Important Dimensionless Parameters and
Their Zero Limits

Froude Number (Fr)

The Froude number relates inertial to gravitational forces:
\[ Fr = \frac{U}{\sqrt{gL}} \]
- When \(Fr \to 0\), gravitational forces dominate over inertial forces.

- Typical in slow flows where gravity significantly influences the flow pattern, such as in
shallow water or slow surface flows.



Mach Number (Ma)

The Mach number compares flow velocity to the speed of sound:
\[ Ma = \frac{U}{c} \]

- When \(Ma \to 0\), the flow is incompressible.
- This limit is common in low-speed flows where compressibility effects are negligible.

Euler Number (Eu)

The Euler number compares pressure forces to inertial forces:
\[ Eu = \frac{\Delta p}{\frac{1}{2} \rho U"™2} \]

- When \(Eu \to 0\), pressure forces are negligible compared to inertial forces, often in high-
velocity flows with minimal pressure gradients.

Summary of Which Parameter Is Zero Under
Different Flow Conditions

| Flow Condition | Dominant Parameter | Parameter Approaching Zero | Physical
Interpretation |

| Inviscid flow (negligible viscosity) | Viscous effects | Reynolds number \(Re \to \infty\) |
Viscous forces are negligible; flow is inviscid |

| Creeping flow (high viscosity, low speed) | Inertial effects | Reynolds number \(Re \to 0\) |
Inertial effects negligible; viscous forces dominate |

| Slow, gravity-dominated flow | Gravitational effects | Froude number \(Fr \to 0\) | Gravity
significantly influences flow patterns |

| Low-speed compressible flow | Compressibility effects | Mach number \(Ma \to 0\) | Flow is
effectively incompressible |

Note: The specific parameter that approaches zero depends on the physical context and
dominant forces in the flow.

Conclusion

Understanding which dimensionless parameter tends to zero in the nondimensionalized
Navier-Stokes equations provides valuable insights into the flow regime and simplifies
analysis. When viscous effects are negligible, the Reynolds number approaches infinity, and
the flow can be modeled as inviscid. Conversely, in highly viscous or slow flows, the
Reynolds number approaches zero, and viscous effects dominate, leading to simplified
Stokes flow equations.



Recognizing these limits allows engineers and scientists to choose appropriate models,
predict flow behavior more efficiently, and design better systems—whether that involves
designing aerodynamic surfaces, modeling groundwater flow, or analyzing microfluidic
devices. Mastery of these concepts is essential for advancing fluid mechanics research and
practical applications.
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Frequently Asked Questions

Which dimensionless parameter becomes zero when the
flow is inviscid in the nondimensionalized Navier-Stokes
equations?

The Reynolds number approaches zero in the case of inviscid flow, indicating negligible
viscous effects.

What does a zero Mach number imply about the flow
when nondimensionalizing the Navier-Stokes
equations?

A zero Mach number indicates incompressible flow where compressibility effects are
negligible.

When the flow is steady in the nondimensionalized
Navier-Stokes equations, which dimensionless
parameter is zero?

The Strouhal number approaches zero for steady flow, signifying no unsteady (oscillatory)
effects.

In a flow dominated by buoyancy effects, which
dimensionless parameter tends to zero when buoyancy
is negligible?

The Richardson number tends to zero, indicating buoyancy effects are insignificant.

What happens to the Euler number in the



nondimensionalized Navier-Stokes equations when the
flow is highly inertial compared to pressure forces?

The Euler number approaches zero, reflecting the dominance of inertial forces over
pressure forces.

Additional Resources

Dimensionless parameters in fluid dynamics play a crucial role in simplifying
complex flow phenomena, enabling engineers and scientists to analyze, compare,
and predict fluid behavior under different conditions. When the Navier-Stokes
equations are nondimensionalized—a process that involves scaling variables to
remove units—the resulting dimensionless parameters provide insight into the
dominant forces and flow regimes. A fundamental question arises: which
dimensionless parameter becomes zero under specific flow conditions? This
article explores this question in depth, focusing on the context of the
nondimensionalized Navier-Stokes equations and the physical interpretation of
such parameters when the flow exhibits particular characteristics.

Foundations of Nondimensionalization in Fluid
Dynamics

The Navier-Stokes Equations: A Brief Overview

The Navier-Stokes equations describe the motion of viscous fluid substances. They are
expressed as:

\[

\rho \left( \frac{\partial \mathbf{u} }{\partial t} + \mathbf{u} \cdot \nabla \mathbf{u}
\right) = -\nabla p + \mu \nabla”~2 \mathbf{u} + \mathbf{f}

\]

where:
-\(\rho\) is the fluid density,
-\(\mathbf{u}\) is the velocity vector,
- \(t\) is time,
-\(p\) is pressure,
-\(\mu\) is dynamic viscosity,
- \(\mathbf{f}\) represents body forces (like gravity).
These equations involve variables with units, making direct comparison across different
systems challenging. Nondimensionalization transforms these variables into dimensionless
forms, highlighting the relative importance of various physical effects.



The Process of Nondimensionalization

Nondimensionalization involves selecting characteristic scales for length (\(L\)), velocity
(\(U\)), time (\(T\)), pressure (\(P\)), etc., to define dimensionless variables:

\[

\mathbf{u}~ = \frac{\mathbf{u}}{U}, \quad x™ = \frac{x}{L}, \quad t~ = \frac{t}{T},
\quad p~ = \frac{p}{P}

\]

By substituting these into the Navier-Stokes equations and choosing appropriate scales, the
equations are rewritten in a form free of units, revealing dimensionless parameters that
govern the flow.

Key Dimensionless Parameters in
Nondimensionalized Navier-Stokes Equations

Several dimensionless numbers emerge from the nondimensionalization process, each
representing the ratio of physical forces or effects in the flow:

Reynolds Number (Re)

\[
Re = \frac{\rho U L} {\mu}
\]

- Physical Meaning: Compares inertial forces to viscous forces.

- Flow Regimes:

- High Re (>~2000): Turbulent flow dominates.

- Low Re (<~2000): Laminar flow prevails.

- Implication: The Reynolds number is central in determining whether inertial or viscous
effects are dominant.

Other Notable Dimensionless Parameters

- Froude Number (Fr): \(\frac{U}{\sqrt{gL} }\) — compares inertial to gravitational forces.
- Mach Number (Ma): \(\frac{U} {c}\) — compares flow speed to the speed of sound.

- Euler Number (Eu): \(\frac{p}{\rho U"~2}\) — ratio of pressure forces to inertial forces.

- Strouhal Number (St): \(\frac{fL} {U}\) — relates oscillation frequency to flow velocity.

Each parameter captures a different aspect of the flow, aiding in the classification and
analysis of fluid behavior.



The Question: Which Dimensionless Parameter Is
Zero in Specific Flow Conditions?

The core query focuses on understanding the physical significance of one particular
dimensionless parameter becoming zero under certain flow conditions. This involves
examining specific flow regimes and the dominant forces at play.

Flow Conditions Where a Parameter Becomes Zero

- Inviscid Flow: When viscosity is negligible, the flow can be modeled as inviscid, leading to
the Euler equations.

- Potential Flow: A subset of inviscid flow where the velocity field is irrotational.

- Ideal Fluids: Fluids with no viscosity and no heat conduction.

In these cases, certain dimensionless parameters tend to zero, simplifying the governing
equations and influencing the flow characteristics.

Focusing on the Reynolds Number

The Reynolds number is the most prominent parameter in the Navier-Stokes context. It
quantifies the relative importance of inertial versus viscous effects.

- When Re Approaches Zero:
- The flow is dominated by viscous forces.
- The Navier-Stokes equations reduce to the Stokes flow equations:

\[

0 = -\nabla p + \mu \nabla”™2 \mathbf{u}

\]

- This describes slow, creeping flows where inertia can be neglected.

- When Re Is Very Large:
- Inertial forces dominate, and viscous effects are negligible at large scales.
- The flow can be approximated by the Euler equations, where the viscous term drops out.

However, the question of which parameter is exactly zero in a particular scenario is
nuanced. For example, in an ideal, inviscid flow, the Reynolds number effectively tends to
infinity, not zero.

Analyzing Specific Flow Regimes and their Zero
Parameters



Inviscid and Irrotational Flow

- Flow Description: No viscosity (\(\mu \rightarrow 0\)), irrotational (\(\nabla \times
\mathbf{u} = 0\))

- Implication: The viscous term in Navier-Stokes vanishes.

- Resulting Parameter: The Reynolds number tends toward infinity (\(Re \rightarrow \infty\)),
not zero.

- Key Point: The parameter that effectively becomes zero isn't \(Re\) but rather the viscous
term's dimensionless equivalent, which approaches zero, simplifying equations.

Flow with Dominant Viscous Effects

- Flow Conditions: Very low velocities, small length scales, high viscosity.
- Parameter Behavior: Reynolds number tends toward zero (\(Re \rightarrow 0\))
- Consequence: The flow is purely viscous, described by Stokes flow equations.

Flow with Negligible Pressure Gradients

- Flow Conditions: In some cases, pressure variations are insignificant compared to inertial
effects.

- Implication: The Euler number or pressure-related parameters effectively tend toward
zero, simplifying the pressure-velocity relationship.

Physical Interpretation and Practical Significance

Understanding which dimensionless parameter becomes zero under specific flow conditions
helps engineers and scientists to model flows more accurately and efficiently.

- Zero Reynolds Number:

- Indicates creeping or Stokes flow.

- Common in microfluidics, biological flows, and flows through porous media.
- Simplifies Navier-Stokes to linear equations, facilitating analytical solutions.

- Zero Mach Number (Ma):

- Indicates incompressible flow.

- Often assumed in low-speed aerodynamics and hydrodynamics.
- Simplifies the continuity equation and pressure-velocity coupling.

- Zero Froude Number (Fr):
- Implies dominant gravitational effects over inertial effects.
- Relevant in shallow water flows and dam break problems.

In essence, the parameter that tends toward zero signifies the dominance of certain forces
or the negligible influence of others, guiding the choice of simplified models and
computational approaches.



Conclusion: The Central Role of the Reynolds
Number and Zero Parameters

The exploration of which dimensionless parameter becomes zero in the nondimensionalized
Navier-Stokes equations reveals a fundamental aspect of fluid flow analysis: the dominance
or insignificance of physical forces. The Reynolds number is typically the primary candidate,
tending toward zero or infinity depending on the flow regime, signaling whether viscous or
inertial effects prevail.

In low-Reynolds-number flows (\(Re \rightarrow 0\)), viscous forces dominate, leading to
simplifications like the Stokes equations, widely used in microfluidics, biological flows, and
lubrication theory. Conversely, in high-Reynolds-number flows (\(Re \rightarrow \infty\)),
inertial effects dominate, and the flow resembles ideal or inviscid conditions.

Other parameters like the Mach number, Froude number, and Euler number also approach
zero in specific contexts, indicating regimes where compressibility, gravitational effects, or
pressure variations are negligible relative to inertial effects.

Understanding these zero parameters is essential for selecting appropriate flow models,
designing experiments, and developing computational simulations. They serve as guiding
principles in the complex landscape of fluid mechanics, enabling simplified yet accurate
descriptions of flow phenomena across a broad spectrum of applications.

In summary, the dimensionless parameter that becomes zero in the nondimensionalized
Navier-Stokes equations depends on the flow regime:

- Reynolds number (\(Re\)) tends to zero in viscous-dominant, slow flows.

- Other parameters like Mach (\(Ma\)) or Froude (\(Fr\)) tend to zero depending on
compressibility or gravitational effects.

This nuanced understanding enhances our capacity to analyze real-world flows, optimize
engineering
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