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Understanding the behavior of electrical circuits involving resistors and inductors connected
to a voltage source is fundamental in electronics and physics. When a 10.0-volt battery, a
5.00-ohm resistor, and a 10.0-henry inductor are connected in series, the current doesn't
instantaneously reach its maximum value. Instead, it gradually increases over time due to
the inductance’s opposition to changes in current, a phenomenon described by the
principles of inductive reactance and circuit dynamics. This article explores the detailed
behavior of such a circuit, explaining how the current evolves after the connection is made,
the mathematical models governing it, and the implications for practical applications.

Initial Conditions and Circuit Setup

Before diving into the analysis, it's essential to understand the initial setup and conditions
of the circuit:

Components Involved

* Voltage Source: 10.0 V battery providing a constant electromotive force (EMF).
e Resistor: 5.00 Q resistor that opposes the flow of current, dissipating energy as heat.

e Inductor: 10.0 H inductor that opposes changes in current due to its inductance.

Series Connection

All components are connected end-to-end, forming a single loop. The current flowing
through each component is identical at any instant due to the series configuration.

Initial Conditions

¢ At the moment of connection (t=0), the current through the circuit is zero, assuming
the circuit was initially unenergized.



e The inductor initially resists any sudden change in current, causing the current to start
increasing gradually.

Understanding Inductive Behavior in Series
Circuits

An inductor's fundamental property is its opposition to changes in current, characterized by
inductance (L). The circuit's behavior can be described using Kirchhoff's Voltage Law (KVL)
and the differential equations governing RL circuits.

Kirchhoff's Voltage Law in Series RL Circuit

The sum of the voltage drops across the resistor and inductor equals the battery's voltage:

V battery = VR +V L

where:
e V_R is the voltage across the resistor.

e V_L is the voltage across the inductor.

Voltage-Current Relationships

e Resistor: V. R = [(t) x R

e Inductor: V_L = L x (dl/dt)

Combining these, the differential equation governing the circuit is:

V battery = R x I(t) + L x (dI/dt)

This equation models how current I(t) changes over time after the circuit is closed.

Mathematical Solution: Current as a Function of



Time

Solving the differential equation gives insight into how the current evolves from zero to its
steady-state value.

Differential Equation and Its Solution

The differential equation:

L x (dI/dt) + R x I =V
whereV =10.0V,R=5.00Q, and L =10.0 H.

Rearranged:

(dI/dt) + (R/L) x I =V / L

The standard solution to this first-order linear differential equation is:

I(t) = I steady state x (1 - e~{-(R/L) x t})

where:

I steady state =V / R

Calculating the Steady-State Current

I steady state = 10.0 V / 5.00 Q = 2.00 A

This is the maximum current the circuit reaches after a long time.

Time Constant (1)

The exponential term involves the time constant T:

T=L/R=10.0H / 5.00 Q = 2.00 seconds

The time constant indicates how quickly the current approaches its steady-state value.

Current Evolution Over Time

Using the derived formula, the current at any time t = 0 is:

I(t) =2.00 A x (1 - e~{-t/2.00})



This expression reveals the nature of current growth:
e At t=0: 1(0) = 0 A, as expected.
e Ast = o: I(t) » 2.00 A, the steady-state current.

e Within one time constant (t = 2 seconds), the current reaches approximately 63.2% of
its final value.

Graphical Representation

Plotting I(t) versus time shows an exponential rise from zero, asymptotically approaching
2.00 A. The curve is characterized by the exponential term, with rapid initial increase
slowing as it nears the maximum current.

Voltage and Power Dissipation Dynamics

Understanding the voltage drops and power dissipation during the current rise provides
deeper insight into the circuit's operation.

Voltage Across Components Over Time

* Voltage across resistor (V_R): V_R(t) = R x I(t) = 5.00 Q x I(t)

* Voltage across inductor (V_L): V L(t) =L x (dl/dt)

Initially, V_L is at its maximum because the rate of change of current is highest at t=0:
VL(O) =L x (dI/dt) at t=0
Calculating the initial derivative:

dI/dt = (V / L) x e~{-(R/L)xt} = (10.0 V / 10.0 H) x e~{0} = 1.0 A/sec

Thus,

VL(O) =10.0 Hx 1.0 A/sec = 10.0 V

which equals the battery voltage, indicating the entire voltage initially drops across the
inductor.

As time progresses, V_L decreases, and V_R increases until the steady state, where V_L



approaches zero, and the resistor drops the entire voltage.

Power Dissipation

e The resistor dissipates power as heat: P_R(t) = I(t)"~2 x R

e The inductor temporarily stores energy in its magnetic field: E(t) = (1/2) x L x I(t)"~2

Initially, all the energy supplied by the battery is stored temporarily in the inductor's
magnetic field, then dissipated as heat in the resistor over time.

Practical Implications and Applications

Understanding the transient response of RL circuits is critical in various practical scenarios:

In Power Electronics

e Designing filters that rely on inductors and resistors to shape signals.

e Managing inrush currents when powering motors or large capacitors.

In Signal Processing

» Creating specific time delays or filtering signals based on the circuit's time constant.

In Communication Systems

e Controlling transient responses to prevent signal distortion or damage.

Summary and Key Takeaways

To summarize:



1. The current in a series RL circuit after connection to a voltage source follows an
exponential increase governed by the circuit's time constant, t=L/R.

2. The steady-state current is determined by Ohm's law: | = V / R, which, in this case, is
2.00 A.

3. The inductor initially opposes sudden current changes, causing a voltage drop equal
to the source voltage at t=0, then gradually decreases.

4. The current approaches its final value exponentially, reaching approximately 63.2% of
the maximum after one time constant (2 seconds).

5. Understanding these dynamics is essential for designing circuits that require
controlled transient responses.

In conclusion, analyzing the series connection of a 10.0-V battery, a 5.00-ohm resistor, and
a 10.0-henry inductor

Frequently Asked Questions

What is the initial current flowing through the series
circuit consisting of a 10.0 V battery, a 5.00 Q resistor,
and a 10.0 H inductor?

Initially, when the circuit is closed, the inductor opposes any sudden change in current, so
the initial current is zero: I(0) = 0 A.

How does the current in the circuit evolve over time
after closing the switch?

The current increases exponentially from zero towards a steady-state value of | = V/R =
10.0V/5.00 Q = 2.0 A, following the equation I(t) = (V/R)(1 - e~ (-t/T)), where T = L/R.

What is the time constant Tt for this RL circuit, and what
does it represent?

The time constant t=L/R =10.0 H/5.00 Q = 2.0 seconds. It represents the time it takes
for the current to reach approximately 63.2% of its final value after the switch is closed.

What happens to the voltage across the inductor
immediately after the circuit is closed?

Immediately after closing the circuit, the voltage across the inductor is equal to the supply
voltage, 10.0 V, as it opposes any instantaneous change in current, resulting in zero current



at that instant.

What is the steady-state current in the circuit after a
long time, and why?

After a long time, the current reaches a steady state of 2.0 A because the inductor behaves
like a short circuit in DC steady state, and the current is determined solely by the resistor
and the battery voltage.

Additional Resources

Comprehensive Analysis of a Series RL Circuit with a 10.0 V Battery, 5.00 Q Resistor, and
10.0 H Inductor

Introduction

The study of series RL circuits presents fundamental insights into transient and steady-
state behaviors of electrical systems involving resistive and inductive components. In this
analysis, we consider a specific configuration: a 10.0 V battery connected in series with a
5.00 Q resistor and a 10.0 H inductor. We explore the circuit's initial response, the evolution
of current over time, and the key physical principles governing these processes.

Circuit Description and Basic Principles
Components and Configuration

- Voltage source (battery): 10.0 V
- Resistor: 5.00 Q
- Inductor: 10.0 H

These are connected in series, meaning the same current flows through each component,
and the total voltage divides across the resistor and inductor as per Kirchhoff's voltage law
(KVL).

Fundamental Concepts

- Ohm's Law: \(V_R = IR\)

- Inductance: Opposes changes in current; characterized by inductive reactance \(X L =
\omega L\) in AC circuits, but here, with a DC source, the focus is on transient behavior.
- Transient Response: The current initially is zero (as the inductor opposes sudden
changes), then increases over time toward a steady value.

Initial Conditions and Circuit Behavior at \(t=0\)



When the circuit is first closed, the inductor behaves as an open circuit due to its opposition
to sudden current changes, leading to:

- Initial current \(I1(0) = 0\).

- Voltage across inductor \(V_L(0) = V_{battery} = 10.0 V\) because the resistor's voltage is
initially zero (no current).

- Voltage across resistor \(V_R(0) = 0 V\) at the instant of closing the switch.

This initial state reflects the inductor's property of resisting instantaneous changes in
current, which is fundamental in transient circuit analysis.

Transient Analysis: Time-Dependent Behavior of Current
Governing Differential Equation
Applying Kirchhoff’'s Voltage Law (KVL):

\[
V_{battery} =V R+ V L
\]

Expressing voltages in terms of current \(I(t)\):

\[
10.0 V = IR + L \frac{dl}{dt}

\]

Rearranged as:

\[
L \frac{dl}{dt} + Rl = V_{battery}
\]

Plugging in the known values:

\[

10.0 \frac{dl}{dt} + 5.001 = 10.0
\]

which simplifies to:

\[

\frac{dI}{dt} + 0.51=1.0

\]

This is a first-order linear differential equation.

Solution to the Differential Equation



The homogeneous solution:

\[
|_h(t) = Ae~{-\frac{t}{\tau}}
\]

where \(\tau\) (the time constant) is:

\[

\tau = \frac{L}{R} = \frac{10.0\, H}{5.00\, \Omega} = 2.0\, s
\]

The particular solution:

Since the right side is a constant (1.0), the steady-state current \(I_{ss}\) is:

\[
| {ss} = \frac{V_{battery}}{R} =\frac{10.0 V}{5.00\, \Omega} = 2.0\, A
\]

The general solution:

\[
I(t) =1 _{ss} + (I(0) - |_{ss}) e~ {-\frac{t}{\tau}}
\]

Given \(I1(0) = 0\):
\[

I(t) = 2.0\, A\left(1 - e~ {-\frac{t}{2.0} Hright)
\]

Current Evolution Over Time

At \(t=0\):

\[

1(0) = 2.0 \left(1 - e~{0}\right) = 0\, A
\]

which confirms the initial condition.
As \(t \to \infty\):

\[

I(t) \to 2.0\, A

\]

The current approaches the steady-state value, as the inductor's opposition diminishes over



time.
Key Features:

- Time constant \(\tau = 2.0\, s\): Indicates the rate at which current approaches the steady
state.

- Exponential growth: The current increases rapidly initially, then slowly approaches the
maximum.

Voltage Distribution During Transient
The voltages across resistor and inductor evolve over time:

\[

V_R(t) = I(t) R = 2.0 \left(1 - e~ {-\frac{t} {2} }\right) \times 5.00\, \Omega = 10.0 \left(1 -
e~ {-\frac{t} {2} }\right)\, V

\]

\[

V_L(t) = V_{battery} - V_R(t) = 10.0 - 10.0 \left(1 - e~ {-\frac{t} {2} }\right) = 10.0 e™ {-
\frac{t}{2}}\, V

\]

- Initially, \(V_L(0) = 10.0 W\), \(V_R(0) = 0 \\).

- Over time, \(V_L(t)\) decreases exponentially to zero.
- \(V_R(t)\) increases exponentially to 10.0 V.

Power Dissipation and Energy Considerations
Power in resistor:

\[
P R(t) =172(t) R = (2.0\, [1 - e~ {-\frac{t}{2}}])"2 \times 5.00\, \Omega
\]

At steady state:

\[

P {R,ss} = (2.0)"2 \times 5.00 = 20\, W
\]

Power in inductor:

The inductor does not dissipate energy but stores it in its magnetic field:

\[
P_L(t) = V_L(t) \times I(t) = 10.0 e~ {-\frac{t}{2}} \times 2.0 \left(1 - e~ {-



\frac{t} {2} }\right)
\]

At \(t=0\), power is:

\[
P_L(0) = 10.0 \times 0 \times 0 = 0\, W
\]

At steady state, \(V_L \to 0\), so power is zero again.
Energy stored in the magnetic field:

\[
U=\frac{1}{2} LI"2
\]

At steady state:

\[
U {max} = \frac{1}{2} \times 10.0\, H \times (2.0\, A)~2 = 20\, |
\]

This energy is built up over time as the current increases.

Practical Implications and Real-World Considerations
Transient Response Significance

- Switching applications: Understanding how current evolves helps in designing circuits that
handle switching surges.

- Inductive kickback: When the circuit is opened, the inductor opposes the sudden change,
potentially generating high-voltage spikes.

Damping and Energy Losses

- Resistive dissipation: The resistor converts electrical energy into heat, which can be
significant in high-power applications.

- Inductor quality: Real inductors have resistive losses; ideal models assume zero resistance
besides the resistor.

Safety Aspects
- Properly rated components are essential to handle transient voltages and currents.

- Inclusion of snubbers or diodes may be necessary to protect against voltage spikes during
switching.



Extended Considerations: Applying AC or Variable Voltages
While this analysis focuses on DC, real-world RL circuits often operate under AC conditions:

- Reactance: \(X_L = \omega L\)
- Impedance: \(Z = \sqrt{R™~2 + X L™2}\)
- Phase difference: Between voltage and current depends on \(X_L\) and \(R\).

In DC steady state, the inductor acts as a short circuit, but during transient, it behaves as a
high impedance.

Summary of Key Takeaways

- Initial current is zero due to the inductor's opposition.

- Current approaches steady-state exponentially with a time constant \(\tau = 2.0\, s\).

- Voltage across components evolves exponentially: \(V_L(t)\) decreases, \(V_R(t)\)
increases.

- Stored energy builds in the magnetic field during current growth.

- Transient behavior is critical for designing circuits that switch rapidly or handle surges.

Final Reflection

This series RL circuit exemplifies the fundamental principles of transient circuit analysis,
illustrating how inductors influence current growth, voltage distribution, and energy
storage. The mathematical solutions provide a clear picture of the dynamics involved,
which are essential for engineers designing electronic systems, from simple sensors to
complex power electronics. Understanding these principles ensures that devices operate
safely, efficiently, and reliably across various applications.

Note: For further exploration, integrating the effects of parasitic resistances, non-ideal
components,
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