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When analyzing the motion of objects thrown into the air, physics and mathematics intersect
seamlessly. One common scenario involves a ball being projected upward with a specific initial
velocity. In this case, the ball is launched upward with an initial velocity of 72 feet per second.
Understanding its trajectory requires delving into quadratic equations, which serve as powerful tools
in modeling such motion. This article explores the physics behind projectile motion, the derivation of
the relevant quadratic equations, and how to analyze the ball's trajectory using these mathematical
principles.

Understanding the Physics of Projectile Motion

Projectile motion describes the movement of an object thrown or projected into the air, subject only to
acceleration due to gravity. When a ball is projected vertically upward, its motion can be broken down
into key components:

- Initial velocity (\(v_0\))

- Acceleration due to gravity (\(g\))
- Time (\(t\))

- Displacement or height (\(h(t)\))

In our scenario, the initial velocity \(v_0\) is 72 ft/sec, and the acceleration due to gravity \(g\) is
approximately 32 ft/sec\(~2\) downward.

Key Concepts in Vertical Projectile Motion:

- Initial velocity (\(v_0\)): The velocity at which the ball is projected upward.

- Acceleration due to gravity (\(g\)): The constant acceleration acting downward, pulling the ball back
toward the earth.

- Time of flight: Total duration the ball spends in the air.

- Maximum height: The highest point reached by the ball.

- Range: Horizontal distance traveled (not relevant in purely vertical motion).



Modeling the Trajectory: Deriving the Quadratic
Equation

The vertical height \(h(t)\) of the ball at any time \(t\) can be modeled using the basic kinematic
equation:

\[
h(t) =h 0+ v 0t-\frac{1}{2} gt"2
\]

Where:

-\(h = initial height (assuming ground level, \(h_0=0\))
-\(v_0\) = initial velocity (72 ft/sec)

-\(g\) = acceleration due to gravity (32 ft/sec\("2\))

- \(t\) = time in seconds
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Since the problem involves vertical projection from ground level, the height simplifies to:

\[
h(t)=72t-16t"2
\]

This quadratic function models the height of the ball over time.

Analyzing the Quadratic Equation

The quadratic function:

\[
h(t) =-16t"2+ 72t
\]

has the standard form:

\[
h(t) =at™2 + bt + ¢
\]

where:
-\(a = -16\)

-\(b =72\)
-\(c = 0\)



This quadratic models the height of the ball as a function of time, capturing the ascent and descent
phases.

Key features of this quadratic:

- Vertex: Represents the maximum height
- Roots: Times when the ball hits the ground again (height = 0)

Finding the Time to Reach Maximum Height

The vertex of a parabola \(h(t) = at™2 + bt + c\) occurs at:

\[
t_{max} = -\frac{b}{2a}
\]

Plugging in the values:

\[
t {max} = -\frac{72}{2 \times -16} = -\frac{72}{-32} = 2.25 \text{ seconds}
\]

Therefore, the ball reaches its maximum height after 2.25 seconds.

Calculating the Maximum Height

Substitute \(t = 2.25\) seconds into the height function:

\[
h(2.25) = 72 \times 2.25 - 16 \times (2.25)"2
\]

Calculate step-by-step:
1.\(72 \times 2.25 = 162))
2.\((2.25)"2 = 5.0625\)
3.\(16 \times 5.0625 = 81\)
Thus,

\[
h_{max} = 162 - 81 = 81 \text{ feet}
\]



The ball reaches a maximum height of 81 feet.

Determining the Total Time of Flight

The ball hits the ground when \(h(t) = 0\). Solve for \(t\):
\[

-16t™2+72t=0

\]

Factor out \(t\):

\[

t(-16t+72)=0

\]

Set each factor equal to zero:

1. \(t = 0\) (initial projection time)
2.\(-16 t + 72 = 0 \Rightarrow t = \frac{72} {16} = 4.5\) seconds

The total time of flight is 4.5 seconds.

Interpreting the Results

The quadratic model provides comprehensive insights into the projectile's behavior:

- The ball is launched at 72 ft/sec from ground level.
- It reaches a maximum height of 81 feet after 2.25 seconds.

- It spends a total of 4.5 seconds in the air before returning to the ground.

These calculations are crucial in various applications such as sports (predicting how high and far a ball
will go), engineering (designing projectile paths), and safety (estimating fall times).

Practical Applications of the Quadratic Model

Understanding the quadratic equation governing projectile motion allows for numerous practical

applications:



1. Sports and Recreation

- Basketball shots: Calculating the optimal angle and velocity to reach the hoop.
- Baseball: Predicting the height and distance of a fly ball.
- Golf: Analyzing swing trajectories for maximum distance.

2. Engineering and Design

- Ballistics: Designing projectile paths for artillery or space missions.
- Safety barriers: Calculating fall heights and impact zones.
- Amusement parks: Ensuring safety and thrill factors in rides involving projectile motion.

3. Education and Learning

- Demonstrating fundamental physics principles.
- Developing problem-solving skills with quadratic equations.

Extensions and Further Analysis

While the analysis above focuses on vertical motion, real-world projectile motion often involves
horizontal components. Combining horizontal velocity with vertical motion gives a complete picture of
a projectile’s trajectory.

To extend the analysis:

- Introduce horizontal velocity \(v_x\) to compute the range.
- Use parametric equations:

\[

\begin{cases}

x(t) = v xt\\

h(t) =v_{0} t-\frac{1}{2} gt"~2
\end{cases}

\]

- Calculate the time of flight and the horizontal distance traveled (range):

\[
\text{Range} = v x\times t {total}

\]

where \(t_{total}\) is the total flight time.



Example:
If the ball also has a horizontal velocity \(v_x = 50\) ft/sec, then:

\[
\text{Range} = 50 \times 4.5 = 225 \text{ feet}

\]

This demonstrates the importance of quadratic equations in predicting full projectile trajectories.

Conclusion

The motion of a ball projected into the air with an initial velocity of 72 feet per second can be
effectively modeled and analyzed using quadratic equations. The standard form \(h(t) = -16 t~2 + 72
t\) encapsulates the key features of the motion, enabling us to determine the maximum height, the
time to reach it, and the total duration of flight.

Understanding these quadratic relationships not only enhances our grasp of physics but also provides
practical tools for applications in sports, engineering, and education. Mastering the interpretation of
such equations is fundamental in predicting and optimizing projectile behavior, making quadratic
functions an essential component of kinematic analysis.
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Frequently Asked Questions

What is the initial velocity of the ball when projected into the
air?

The initial velocity of the ball is 72 feet per second.

How can the height of the ball be modeled mathematically?

The height can be modeled using a quadratic equation of the form h(t) = -16t"~2 + v 0t + h_0, where
v_0 is the initial velocity and h_0 is the initial height.

What does the quadratic equation tell us about the ball's



motion?

It describes how the ball's height changes over time, including its maximum height and the time it
hits the ground.

How do you find the time when the ball reaches its maximum
height?

The time can be found using the vertex formula t = -b/(2a) for the quadratic equation, where a and b
are coefficients in the height equation.

What is the significance of the quadratic in analyzing
projectile motion?

The quadratic provides a complete mathematical description of the projectile's vertical motion,
allowing calculation of key points like maximum height and time of flight.
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When a ball is thrown into the air, its motion follows the fundamental principles of physics, particularly
the laws of kinematics. Understanding the trajectory of such a projectile is not only intellectually
stimulating but also practically relevant in fields ranging from sports engineering to safety analysis. At
the heart of this analysis lies a quadratic equation, which encapsulates the ball’s vertical motion
under the influence of gravity. This article explores the mathematical modeling of projectile motion,
focusing on the quadratic functions that describe the ball's ascent and descent after being projected
with an initial velocity of 72 feet per second.

Fundamentals of Projectile Motion

Initial Conditions and Assumptions

Before delving into the quadratic equations, it's important to clarify the initial conditions:

- Initial velocity (upward): 72 ft/sec

- Launch height: Typically assumed to be ground level (0 ft), unless otherwise specified.
- Acceleration due to gravity: Approximately 32.2 ft/sec? downward.

- Air resistance: Neglected for simplicity, assuming a vacuum-like environment.

These assumptions allow us to formulate a straightforward mathematical model that accurately
describes the vertical motion of the ball.



The Physics Behind the Motion

The ball’s vertical position at any given time can be modeled using the basic kinematic equation:
\[y(t) =y 0+ v Ot-\frac{1}{2} gt™2\]

where:

-\( y(t) \): Height of the ball at time \( t\).

-\(y_0\): Initial height (here, 0 ft).

-\(v_0\): Initial velocity (here, 72 ft/sec).

-\( g \): Acceleration due to gravity (32.2 ft/sec?).

-\(t\): Time in seconds since projection.

Since the initial height is zero, the equation simplifies to:

\[y(t) =72t-16.1t"2\]

This quadratic function captures the entire vertical trajectory: the ascent, the apex, and the descent.

Formulating the Quadratic Equation

General Form

The quadratic function that models the projectile’s height over time is:
\[y(t) =-16.1t"2 + 72 t\]
This is in the standard quadratic form:

\[ y(t) = at™2 + bt + c\]

where:
-\(a=-16.1\)
-\(b=72)\)
-\(c=0))

The negative coefficient for \( t~2\) indicates the parabola opens downward, reflecting the fact that
the ball reaches a maximum height before descending.

Key Features of the Quadratic Model

Understanding this quadratic function reveals several important aspects of the projectile's motion:



- Initial Height: When \( t=0), \( y(0) = 0), confirming the initial position.

- Time to Reach Maximum Height: The vertex of the parabola gives the time at which the ball reaches
its apex.

- Maximum Height: The height at the vertex.

- Total Time of Flight: The duration until the ball hits the ground again.

Analyzing the Trajectory: Key Calculations

Time to Reach Maximum Height

The maximum point of a parabola \( y(t) = at™~2 + bt + c\) occurs at:

\[ t_{max} = -\frac{b}{2a} \]

Plugging in the known values:

\[ t_ {max} = -\frac{72}{2 \times -16.1} = \frac{72}{32.2} \approx 2.24 \text{ seconds} \]

This indicates that the ball reaches its highest point approximately 2.24 seconds after being
projected.

Maximum Height

The maximum height is obtained by substituting \( t_{max} \) into the height equation:
\[y {max} =-16.1 (t {max})"2 + 72t {max}\]

Calculating:

\[ y_{max} =-16.1(2.24)"2 + 72 \times 2.24 \]

\[ y_{max} =-16.1 \times 5.02 + 161.28 \]

\[ y_{max} \approx -80.88 + 161.28 = 80.4 \text{ feet} \]

Thus, the ball reaches approximately 80.4 feet at its peak.

Time of Flight

The total duration until the ball hits the ground again corresponds to solving \( y(t) = 0 \):

\[-16.1t"2+72t=0\]



Factoring:
\[t(-16.1t+ 72)=0\]
Solutions are:

-\(t=0) (initial launch time)
-\(t =\frac{72}{16.1} \approx 4.47 \text{ seconds} \)

Therefore, the total flight time is approximately 4.47 seconds.

Practical Implications and Applications

Sports and Recreation

Understanding the quadratic nature of projectile motion is vital in sports such as basketball, football,
and golf. Athletes and coaches analyze trajectories to optimize shot angles and velocities, improving
accuracy and distance.

Engineering and Safety

Engineers design safety nets, barriers, and launch mechanisms that rely on precise calculations of
projectile paths. For instance, in amusement parks or construction sites, predicting where objects will
land helps prevent accidents.

Physics Education and Simulation

The quadratic model serves as an educational tool, illustrating fundamental physics concepts in an
accessible mathematical framework. Computer simulations often rely on these equations to visualize
motion.

Advanced Considerations

While the basic quadratic model provides a solid foundation, real-world scenarios involve additional
complexities:

- Air Resistance: Drag forces can significantly alter the trajectory, especially at high speeds or over
long distances.

- Initial Height Variations: Launching from heights other than ground level changes the equations and
results.

- Angles of Projection: Throwing at angles other than vertical introduces horizontal components,



requiring vector analysis and multi-dimensional quadratic functions.

In such cases, the equations become more intricate, often involving trigonometric functions and
differential equations.

Conclusion: The Power of Quadratic Functions in
Motion Analysis

The journey of a projectile, like our ball launched upward at 72 ft/sec, showcases the elegance of
guadratic functions in modeling real-world phenomena. From calculating the time to reach the zenith
to predicting the maximum height and total flight duration, quadratic equations serve as essential
tools in physics, engineering, and education. They reveal not only the mathematical beauty
underlying everyday events but also provide practical insights that influence design, safety, and
performance across numerous fields. As we continue to develop more sophisticated models, the
foundational principles embodied in these quadratic equations remain central to understanding and
harnessing the dynamics of motion.
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