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In the competitive world of transportation, bus companies continually seek strategies to
maximize revenue while maintaining customer satisfaction. Currently, a bus company
charges $2 per ticket, but management is considering raising the ticket price to increase
daily revenue. To evaluate this decision, it’s essential to understand how the company's
revenue depends on ticket price and the number of tickets sold. This article explores the

mathematical modeling of daily revenue, the factors influencing passenger demand, and
the implications of increasing ticket prices.

Understanding the Basics: Revenue and Pricing

Revenue as a Function of Ticket Price

Revenue for the bus company depends on two primary variables:

- Ticket price (x): The amount charged per ticket.
- Number of tickets sold (N(x)): How many passengers buy tickets at price x.

The total daily revenue, denoted as R(x), can be expressed as:

¢ R(x) = x X N(x)

This formula underscores the trade-off between ticket price and demand: increasing the
price might lead to fewer passengers, potentially reducing total revenue, while decreasing
the price might increase passengers but lower per-ticket earnings.

Current Situation

- Current ticket price: $2
- Current daily revenue: R(2)

The goal is to analyze how changing x (ticket price) impacts R(x) and identify the optimal
price point that maximizes revenue.



Modeling Demand: The Relationship Between
Price and Number of Tickets Sold

To evaluate the impact of price changes, the company needs a demand function, N(x),
which models how passenger numbers respond to ticket price.

Demand Function: Common Forms

Several models can describe demand, including:
- Linear demand: N(x) =a-b X x
- Exponential demand: N(x) = No X e”™{-k x}

- Logarithmic or other nonlinear functions

For simplicity and clarity, we’ll assume a linear demand function, which is often a
reasonable approximation in introductory economic analysis.

Example Demand Function

Suppose the current number of tickets sold at $2 is No. If the demand decreases by a fixed
amount for each dollar increase in price, then:

e N(x) =No-m X (x-2)

where:

- No = current number of tickets sold at $2.
- m = rate of decrease in demand per dollar increase in price.

This model assumes demand drops linearly as price increases.

Formulating the Revenue Function R(x)

Using the demand function, the revenue function becomes:
R(x) = x X N(x) = x X [No - m(x - 2)]
Expanding this:

Rx)=xXNo-mx(x-2)
Rx)=Nox-mx*+2mx



Rearranged:
Rx)=-mx*+ (No+2m)Xx

This quadratic function describes revenue as a function of ticket price x.

Analyzing the Revenue Function

Finding the Revenue-Maximizing Price

The quadratic function R(x) = -m x2 + (No + 2 m) x is concave downward (since the
coefficient of x? is negative), which means it has a maximum point.

The vertex of a quadratic ax? + bx + c occurs at x = -b/(2a). Applying this:
X {max} =-(No+2m)/(2X-m)=No+ 2m)/(2m)

This x {max} represents the ticket price that maximizes daily revenue.

Interpreting the Model

- If the demand drops sharply with price increases (large m), the optimal price will be
closer to the current $2.

- If demand is relatively insensitive (small m), the company could raise prices more
substantially.

- The actual values of No and m depend on market data, customer behavior, and
competition.

Implications for the Bus Company’s Pricing
Strategy

Steps to Determine the Optimal Price

1. Gather Data: Collect data on current ticket sales and how demand varies with price.
2. Estimate Demand Parameters: Determine No (current demand) and m (demand
sensitivity).

3. Calculate the Vertex: Use the demand model to find x {max} for revenue.

4. Evaluate Feasibility: Ensure that the optimal price isn’t too high to deter most
customers, which could reduce revenue.



Potential Outcomes and Risks

- Raising prices beyond the optimal point could lead to a decline in total revenue.

- A significant increase in ticket price might reduce ridership too much, negatively
impacting revenue.

- Maintaining a balance between a higher ticket price and acceptable demand is crucial.

Real-World Considerations Beyond the Model

While mathematical models provide valuable insights, real-world factors influence pricing
decisions:

e Customer elasticity: How sensitive are passengers to price changes?
e Competition: Are there alternative transportation options?

e Operational costs: Will revenue increases offset potential costs or service
reductions?

¢ Brand reputation: How might higher prices affect customer satisfaction?

Understanding these factors helps refine the demand model and make informed decisions.

Conclusion

In summary, the bus company's revenue depends on the ticket price and the
corresponding demand. By modeling the demand as a function of price, and expressing
revenue as R(x) = x X N(x), the company can identify the optimal ticket price that
maximizes daily revenue. This involves analyzing the quadratic revenue function,
calculating its vertex, and considering market realities. Careful data collection and
analysis are necessary before implementing any price change to ensure that the strategy
aligns with customer behavior and business objectives.

Key Takeaways:

- Revenue maximization involves balancing higher prices with decreased demand.

- Mathematical modeling helps predict the impact of price changes.

- Real-world data is essential to accurately estimate demand and make informed decisions.
- Strategic pricing can lead to increased profitability without alienating customers.

By understanding and applying these principles, the bus company can make data-driven
decisions that enhance revenue while maintaining a loyal customer base.



Frequently Asked Questions

What factors should the bus company consider before
raising ticket prices to ensure profitability?

The company should analyze current demand elasticity, customer willingness to pay,
competition, operational costs, and potential impact on ridership to determine an optimal
new price point that maximizes revenue without significantly reducing passenger
numbers.

How is the daily revenue R(x) modeled in relation to the
ticket price x?

R(x) is typically modeled as the product of the ticket price x and the number of tickets sold
at that price, which often decreases as x increases. The model might be expressed as R(x)
= x D(x), where D(x) represents the demand function depending on price.

What impact does increasing ticket prices have on the
demand function D(x)?

Generally, increasing ticket prices causes demand D(x) to decrease, reflecting the inverse
relationship between price and quantity demanded, assuming the demand is elastic.

How can the bus company determine the optimal ticket
price to maximize daily revenue?

By analyzing the demand function D(x) and finding the price x that maximizes R(x) = x
D(x), often through calculus methods such as setting the derivative R'(x) to zero and
solving for x.

What is the significance of the elasticity of demand in
deciding whether to raise ticket prices?

Demand elasticity indicates how sensitive customers are to price changes. If demand is
inelastic, raising prices may increase revenue; if elastic, it could lead to a significant drop
in ridership and reduce overall revenue.

How can the bus company use historical data to improve
the R(x) model?

They can analyze past ticket sales at various prices to estimate the demand function D(x),
allowing for more accurate modeling of R(x) and better-informed pricing decisions.



What are potential risks of raising ticket prices based
on the R(x) model predictions?

Risks include decreasing demand too much, losing customers to competitors, damaging
brand reputation, and ultimately reducing overall revenue if the demand becomes too
elastic or if external factors change.

Additional Resources

A Bus Company Charges $2 Per Ticket But Wants To Raise The Price. The Daily Revenue
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When a bus company charges $2 per ticket but wants to raise the price, it faces a common
dilemma: how will increasing the fare impact its revenue? To analyze this, we employ a
model for daily revenue, denoted as R(x), where x represents the additional amount the
company plans to add to the original fare. Understanding how this model works is crucial
for making informed pricing decisions that maximize profit without losing ridership. In this
article, we will delve into the components of the revenue model, explore how to analyze
the effects of price changes, and discuss strategic considerations for fare adjustments.

Understanding the Revenue Model: R(x)

At the core of our analysis lies the revenue function, R(x), which expresses the total daily
revenue based on the ticket price increase x. The initial scenario involves a ticket price of
$2, and the company is contemplating raising this price by x dollars, making the new fare
(2 + x) dollars.

Basic Components of the Model

- Original Ticket Price: $2

- Price Increase: x dollars

- New Ticket Price: (2 + x) dollars

- Number of Tickets Sold: N(x), which depends on the new price

- Total Revenue: R(x) = (Price per ticket) X (Number of tickets sold)

The pivotal component is N(x), the demand function, which typically decreases as the
price increases, reflecting the law of demand. To model this relationship, we often assume
a linear demand function for simplicity, but more complex models may incorporate
nonlinear demand.

Modeling Ticket Sales: The Demand Function

The demand function N(x) describes how many tickets are sold at a given price increase x.
Let's consider a common linear demand model:



Nx) =No-kx
where:
- No: the number of tickets sold at the original price ($2)

- k: the rate at which demand decreases as price increases (a positive constant)

This model assumes that for every dollar increase in fare, the number of tickets sold
decreases by k.

Example:

Suppose:

- No = 500 tickets (daily sales at $2)
- k = 50 tickets per dollar increase

Then, at x = 0 (no increase), sales are 500 tickets, and at x = 1 (raising fare to $3), sales
drop to 450 tickets.

Formulating the Revenue Function R(x)

Given the demand function, the total daily revenue R(x) can be expressed as:
R(x) = (2 + x) x N(x)

Substituting N(x):

R(x) = (2 + x) X (No - k %)

This expands to:

Rx) =2 +x)(No-kx)=2No-2kx+ Nox-kx"™2

Or simplified:

R(x) = (2 No) + No-2k)x-kx"2

This quadratic function models how revenue changes with the price increase x.

Analyzing the Revenue Function

1. Graphing R(x):

Plotting R(x) against x reveals the shape of the revenue curve. Typically, R(x) is a parabola
opening downward (since the coefficient of x™2 is negative), indicating there is a

maximum point where revenue is highest.

2. Finding the Optimal Price Increase (x):



To maximize revenue, we calculate the critical point of R(x) by taking its derivative and
setting it to zero:

dR/dx = (No-2k)-2kx
Set to zero for maximum:
0=(MNo-2k)-2kx
Solve for x:
x=(No-2k)/(2k)
Using our example values:

- No = 500
-k=50

Calculate:

x = (500 - 2x50) / (2x50) = (500 - 100) / 100 =400/100 =4
This suggests that the optimal price increase is $4, making the new fare:
$2 + $4 = $6

3. Interpreting Results:

At this optimal x, the number of tickets sold:

N(4) = 500 - 50%x4 = 500 - 200 = 300

Total revenue:

R(4) = (2 + 4) x 300 = $6 x 300 = $1800

Compare to original revenue:

Original revenue at $2: 500 x $2 = $1000

The model indicates that raising the fare to $6 could increase daily revenue significantly.

Limitations and Real-World Considerations
While the model provides insights, actual demand may not follow a perfectly linear
pattern. Factors such as customer loyalty, alternative transportation options, and market

conditions influence demand.

Potential Limitations:



- Demand Nonlinearity: In reality, demand might decline more sharply or gradually than
modeled.

- Price Sensitivity: Different customer segments have varying sensitivities to price
changes.

- Competitive Factors: The presence of competitors can cap demand elasticity.

- Capacity Constraints: The bus's capacity limits the maximum number of tickets sold.

Strategic Recommendations:

- Test Small Price Increases: Before a significant hike, conduct pilot tests to observe actual
demand.

- Monitor Customer Feedback: Understand how customers react to price changes.

- Adjust Based on Data: Refine the demand model with real sales data to make better
decisions.

- Consider Other Revenue Strategies: Such as discounts for bulk purchases, loyalty
programs, or bundled services.

Visualizing the Impact of Price Changes

Creating a chart or graph of R(x) over a range of x values can help visualize the revenue-
maximizing price point. Such visualization allows decision-makers to balance potential
revenue gains against customer retention.

Sample Plot Insights:

- Revenue rises as price increases up to a certain point.

- Beyond that point, further price increases decrease total revenue.
- The peak of the parabola indicates the optimal increase in fare.

Final Thoughts and Strategic Takeaways

- Mathematical modeling of revenue helps forecast the impact of fare adjustments.

- Linear demand assumptions simplify analysis but should be validated with real data.
- Maximizing revenue involves finding the price point where the product of ticket price
and demand reaches its peak.

- Incremental testing and data collection are essential to refine models and ensure
profitability.

In conclusion, understanding and utilizing the revenue model R(x) enables bus companies
to make data-driven decisions on fare increases. By carefully analyzing the demand
elasticity and the shape of the revenue function, the company can identify the most
advantageous fare price to maximize daily revenue without unnecessarily sacrificing
ridership. Ultimately, a combination of mathematical analysis, market research, and
strategic planning will lead to optimal pricing strategies that support sustainable growth.
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