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Imagine a scenario where a fair coin is tossed 100 times, and you have the
opportunity to select 11 specific numbers corresponding to the tosses. The
question that naturally arises is: what is the probability that the number of
heads in these 100 tosses will match a certain number? This situation
combines elements of probability theory, combinatorics, and strategic
decision-making, offering an intriguing challenge for enthusiasts of
mathematics and gambling alike.

In this article, we will explore the underlying principles of this scenario
in detail. We will analyze how to approach the probability calculations,
understand the significance of choosing specific numbers, and discuss
practical applications and strategies. Whether you are interested in odds
calculation, game theory, or simply curious about the mathematics of coin
tosses, this comprehensive guide will provide valuable insights.

Understanding the Basic Setup

At the core of this scenario is a simple yet fascinating experiment: tossing
a fair coin 100 times. Each toss has two possible outcomes—heads or
tails—with equal probability of 0.5. The total number of heads in 100 tosses
follows a binomial distribution, which is fundamental to understanding the
probabilities involved.

Key points:

- Number of tosses: 100

- Probability of heads in each toss: 0.5

- Probability of tails in each toss: 0.5

- Random variable: X = number of heads in 100 tosses

The probability that exactly k heads occur is given by the binomial
probability formula:

\ [

P(X = k) = \binom{100}{k} \times (0.5)"{k} \times (0.5)7{100-k} =
\binom{100}{k} \times (0.5)"{100}

\1



where \(\binom{100}{k}\) is the binomial coefficient, representing the number
of ways to choose k heads out of 100 tosses.

Choosing 11 Numbers: The Strategy

Before delving into the probability calculations, it’s essential to
understand the significance of selecting 11 numbers. These numbers correspond
to specific toss positions, for example, choosing tosses 5, 12, 23, 37, etc.,
up to 11 such positions.

Why select specific numbers?

- To analyze the probability that the number of heads in these particular
tosses matches a certain value.

- To evaluate the likelihood of a particular outcome within a subset of the
total tosses.

- To develop strategies for betting or decision-making based on partial
information.

Possible approaches:

- Random selection: Picking 11 random toss positions.

- Strategic selection: Choosing tosses based on past outcomes or patterns.
- Uniform distribution: Ensuring selected numbers are evenly spread across
the sequence to minimize bias.

Probability that Number of Heads in Selected
Tosses Equals a Target

Suppose you select 11 specific tosses out of the 100, and you are interested
in the probability that the number of heads among these 11 chosen tosses
equals a particular number, say k. This can be modeled using the binomial
distribution with parameters \(n=11\) and \(p=0.5\):

\ [

P(\text{Heads in selected 11}) = \binom{11}{k} \times (0.5)"k \times
(0.5)"{11 - k} = \binom{11}{k} \times (0.5)"{11}

\1

Example:

- If you want the probability that exactly 6 of the selected 11 tosses are



heads:

\ [
P = \binom{11}{6} \times (0.5)"{11}
\]

Calculating:

\ [

\binom{11}{6} = 462

\1]

\ [

P = 462 \times (0.5)"{11} = 462 \times \frac{1}{2048} \approx 0.225
\1]

This indicates roughly a 22.5% chance that exactly 6 heads appear in your
chosen 11 tosses.

Note: The probability distribution for the selected subset is independent of
the other tosses, assuming all tosses are independent and fair.

Linking Selected Tosses to Total Heads in 100
Tosses

The main question revolves around the overall number of heads in the 100
tosses, not just those in the selected 11. The total number of heads, \(X\),
follows the binomial distribution \(Bin(100, 0.5)\).

Connecting the dots:

- The number of heads in the selected 11 tosses, \(K\), and the total heads
in 100 tosses, \(X\), are related but not independent.

- If you select specific tosses, the distribution of heads among those
selected depends on the overall distribution, but the probability that the
total number of heads equals a given number can be analyzed using
combinatorial methods.

Conditional probability:

Suppose you are interested in the probability that the total number of heads
in 100 tosses is exactly \(k\), given that the number of heads in your
selected 11 tosses is \(m\). This involves complex combinatorial calculations
but can be approached with the hypergeometric distribution, which models the
probability of \(m\) successes in a subset:

\ [



P(\text{Heads in selected} = m \mid \text{Total heads} = k) =
\frac{\binom{k}{m} \times \binom{100 - k}{11 - m}}{\binom{100}{11}}
\1]

This formula helps understand the likelihood of observing a specific number
of heads in your selected tosses, given the total number of heads in all 100.

Calculating the Probability That Total Heads
Equal a Specific Number

Suppose you want to find the probability that the total number of heads in
100 tosses is exactly \(k\), and your selected 11 tosses contain exactly
\(m\) heads.

Step-by-step:
1. Determine the probability of the total number of heads being \(k\):

\ [
P(X = k) = \binom{100}{k} \times (0.5)"{100}
\]

2. Calculate the probability that among these \(k\) total heads, exactly
\(m\) are in your selected 11 tosses:

\ [
P(\text{K heads in total} \text{ with } m \text{ in selected}) =

\frac{\binom{11}{m} \times \binom{89}{k - m}}{\binom{100}{k}}
\1]

3. Combine these to find the joint probability:

\ [

P(\text{Total heads} = k \text{ and selected 11 have } m \text{ heads}) = P(X
= k) \times \frac{\binom{11}{m} \times \binom{89}{k - m}}{\binom{100}{k}}

\1

This approach allows you to analyze the likelihood of specific configurations
and outcomes.



Expected Values and Variance

Understanding the expected number of heads and variability helps in making
informed predictions:

- Expected number of heads in 100 tosses:

\ [
E[X] = 100 \times 0.5 = 50
\]

- Variance of total heads:

\ [
Var[X] = 100 \times 0.5 \times 0.5 = 25

\1]

- Expected number of heads in the 11 selected tosses:

\ [
E[M] = 11 \times 0.5 = 5.5
\]

- Variance of selected tosses:

\ [
Var[M] = 11 \times 0.5 \times 0.5 = 2.75

\1]

These values provide a baseline for understanding the typical outcomes and
their spread.

Practical Applications and Strategies

This probabilistic framework has several practical implications, including in
gambling, decision-making, and statistical analysis:

- Betting strategies: Knowing the probabilities can help in placing bets
where the odds are favorable.

- Game design: Designing fair games or simulations based on binomial
outcomes.

- Data analysis: Inferring the likelihood of observed outcomes in real-world
experiments involving binary data.

- Educational purposes: Teaching probability concepts through tangible, real-
world scenarios.



Strategies for choosing numbers:

- Random selection to minimize bias.

- Even distribution to cover various potential outcomes.

- Pattern-based selection if past data suggests certain tosses are more
likely to be heads (though in a fair coin, this has no effect).

Conclusion

The scenario of tossing a coin 100 times and selecting 11 tosses to analyze
the number of heads is a rich example of applied probability. It combines the
binomial distribution, hypergeometric distribution, and strategic thinking to
evaluate outcomes and make predictions.

By understanding the underlying mathematics, you can compute the likelihood
of various outcomes, develop strategies for decision-making, and appreciate
the elegance of probability theory in real-world situations. Whether for
academic purposes, gaming, or just curiosity, mastering these concepts
empowers you to navigate the fascinating world of randomness and chance with

Frequently Asked Questions

What is the probability of getting exactly 11 heads
when tossing a fair coin 100 times?

The probability can be calculated using the binomial formula: P = C(100, 11)
(0.5)"11 (0.5)~(89), which simplifies to C(100, 11) (0.5)"100.

If you select 11 specific numbers representing the
number of heads, what is the likelihood that the
actual number of heads equals one of your chosen
numbers?

Assuming each number corresponds to a possible number of heads, the
probability that the actual number of heads matches any one of your 11
selected numbers is the sum of their individual probabilities, i.e., sum over
those numbers of C(100, k)(0.5)"100.

How does choosing 11 numbers influence the



probability of correctly predicting the number of
heads in 100 coin tosses?

Selecting 11 numbers increases your chances of correctly predicting the
outcome compared to choosing fewer numbers, but the overall probability
remains limited by the binomial distribution's spread centered around 50
heads.

What is the expected number of heads in 100 coin
tosses, and how does that relate to choosing your 11
numbers?

The expected number of heads is 50, since each toss has a 0.5 probability.
When choosing 11 numbers, you might include numbers around this expected
value to maximize your chances of a correct prediction.

Can selecting specific numbers improve your chances
of matching the actual number of heads in this
scenario?

Yes, especially if you select numbers near the mean (around 50), because the
binomial distribution is centered there, increasing the likelihood that the
actual number of heads falls within your chosen set.

If the number of heads matches one of your 11 chosen
numbers, what is the probability that this occurs
given the binomial distribution?

The probability is the sum of C(100, k) (0.5)7100 for each of the 11 selected
numbers k, which collectively represents your chance of a correct prediction.

Additional Resources
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Introduction

The intriguing scenario of flipping a coin 100 times and selecting specific
numbers taps into fundamental principles of probability, combinatorics, and
statistical reasoning. It presents a compelling question: If you pick 11
numbers beforehand, what is the probability that the number of Heads matches
one of your chosen numbers? This problem combines elements of binomial
probability distributions, strategic selection, and the broader implications
of chance versus certainty.



This review explores the problem comprehensively—dissecting the mathematical
underpinnings, strategic considerations, real-world applications, and
potential extensions. Whether you're a mathematics enthusiast, a student
exploring probability, or someone interested in game theory, this content
aims to provide a thorough understanding of the scenario.

The Core Problem Breakdown

Scenario Recap:

- A fair coin is tossed 100 times.

- You select 11 specific numbers (e.g., 45, 50, 55, etc.) before the tosses
begin.

- After the tosses, the total number of Heads (let’s denote it as H) is
observed.

- The question: What is the probability that H equals one of the numbers you
selected?

The key components involve:

- The probability distribution of H.

- The selection of the 11 numbers.

- The calculation of the probability that H matches at least one of these
numbers.

Fundamental Concepts in Play
Binomial Distribution

The total number of Heads in 100 coin flips follows a binomial distribution,
denoted as \( Bin(n=100, p=0.5) \).

- Probability mass function (PMF):

\ [

P(H = k) = \binom{100}{k} \times (0.5)"k \times (0.5)"{100 - k} =
\binom{100}{k} \times (0.5)"{100}

\]

Key properties:

The mean (expected value): \( \mu = np = 50 \).
- The variance: \( \sigma”™2 = np(1l - p) = 25 \).
The distribution is symmetric around 50.

Understanding this distribution is crucial because it tells us how likely it
is for the total number of Heads to be any specific number between 0 and 100.



Choosing the 11 Numbers
Strategies for Selection

The way you choose your 11 numbers significantly influences the probability
of your success. Some common strategies include:

1. Random Selection:

- Picking 11 numbers uniformly at random from 0 to 100.

- Equally likely to pick any number, leading to a uniform coverage over the
distribution.

2. Targeted Selection Around the Mean:

- Choosing numbers close to 50, such as 45, 46, 47, ..., 55.

- This maximizes the chance that the actual number of Heads matches one of
your choices because the binomial distribution peaks at the mean.

3. Spread Out Selection:

- Picking numbers spread across the entire range, e.g., 10, 20, 30, 40, 50,
60, 70, 80, 90, 95, 99.

- This approach covers more of the tail regions, potentially increasing the
chance of hitting less probable outcomes.

4. Weighted or Adaptive Selection:
- Using prior knowledge or probabilistic models to select numbers with higher
likelihoods based on the distribution.

In most practical considerations, selecting numbers near the mean (around 50)
generally provides the highest probability of success because the binomial
distribution concentrates most of its mass there.

Calculating the Probability
Basic Calculation
Let \( S \) be the set of your 11 chosen numbers.

The probability that the number of Heads matches at least one of your chosen
numbers is:

\ [
P(\text{success}) = P(\bigcup {k \in S} H = k)
\1]

Since the outcomes are mutually exclusive (the total number of Heads can't be
two different values at once), this simplifies to:

\ [
P(\text{success}) = \sum {k \in S} P(H = k)



\]

where

\ [
P(H = k) = \binom{100}{k} \times (0.5)"{100}
\]

Thus, the overall success probability is the sum of binomial probabilities
over the 11 chosen numbers.

Approximations and Numerical Estimation

Computing exact binomial probabilities for all 11 values is feasible with
software or scientific calculators, but for a deeper understanding, we rely
on approximation techniques.

Normal Approximation

Given that \( n = 100 \) and \( p = 0.5 \), the binomial distribution can be
approximated by a normal distribution:

\ [
H \sim N(\mu=50, \sigma”~2=25)
\1

with the standard deviation:

\ [
\sigma = 5
\1

Approximate probability:

\ [

P(H = k) \approx \frac{1}{\sqrt{2\pi}\sigma} \exp\left(-\frac{(k -
50)72}{2\sigma”~2}\right)

\1]

for large \( n \), this approximation improves.

Probability of a Match (Example: Choosing 11 numbers around the mean)
Suppose you pick 11 numbers centered around 50, like:

\ [

45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55
\]



Calculating the approximate probabilities for each:
- For \( k =50 \):

\ [

P(H=50) \approx \frac{l}{\sqrt{2\pi} \times 5} \times e”~{0} \approx
\frac{1}{\sqrt{2\pi} \times 5} \approx 0.0798

\1]

- For \( k = 45 \) or 55:

\ [

P(H=45) \approx \frac{1}{\sqrt{2\pi} \times 5} \times e"{-\frac{(45-50)"2}{2
\times 25}} = 0.0798 \times e~{-\frac{25}{50}} = 0.0798 \times e~{-0.5}
\approx 0.0798 \times 0.6065 \approx 0.0484

\1]

Similarly, probabilities for other numbers can be estimated.

Adding these:

\ [
P(\text{match}) \approx \sum {k=45}"{55} P(H=k)
\1]

which sums approximately to:

\ [

(2 \times 0.0484) + 0.0798 + \text{additional terms} \approx 0.0968 + 0.0798
+ \text{others}

\1

The total roughly approaches 0.8 or higher, suggesting an 80% chance of
success if selecting 11 numbers tightly clustered around the mean.

Impact of Selection Strategy
Concentrating Near the Mean

- Advantages:

- Maximizes the cumulative probability because the binomial distribution's
mass is concentrated near 50.

- A small set of numbers near the mean covers the bulk of the probability
mass.

- Disadvantages:
- Less coverage of tails, so if the actual Heads count is unlikely to be near
the mean, the chance drops.



Spreading Out Across Range

- Advantages:
- Increases coverage of rare outcomes in the tails.
- Useful if you believe outcomes might deviate significantly from the mean.

- Disadvantages:
- Less effective in capturing the high-probability central outcomes, reducing
overall probability.

Extensions and Variations
Increasing or Decreasing the Number of Chosen Numbers

- Picking more than 11 numbers (say, 20 or 30) increases the chance of
success but may not always be feasible.

- Conversely, choosing fewer than 11 reduces the chance but might be more
precise or manageable.

Non-Uniform Selection

- Prioritize numbers with higher individual probabilities based on the
distribution.

- For example, select a higher density of numbers around the mean if you aim
to maximize success probability.

Multiple Trials and Expected Qutcomes
- Conducting multiple independent sets of 100 flips with different selections
can help analyze expected success rates.

- Over many repetitions, the law of large numbers ensures the actual outcomes
align with theoretical probabilities.

Practical Applications
Gambling and Betting Strategies

Understanding such probability calculations informs betting strategies,
especially in games involving binary outcomes or random events.

Data Science and Statistical Testing

- The scenario models real-world situations where outcomes are probabilistic,
and certain thresholds or matches are of interest.

- For example, in quality control, matching observed results to expected
ranges can be crucial.



Education and Educational Tools

This problem serves as an excellent teaching example to introduce students to
binomial distributions, probability calculations, and strategic decision-
making.

Limitations and Considerations

- The assumption of a fair coin (p=0.5) simplifies calculations. Real-world
biases or unfair coins alter probabilities.

- Human factors, such as selecting numbers based on superstition or
heuristics, can influence outcomes in practice.

- The problem assumes perfect independence and randomness
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