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Understanding consumer preferences and decision-making is fundamental in economics. Among
various utility functions used to model consumer behavior, the function u(x, y) = XY, where X and Y
are quantities of two goods and C is a positive constant, offers insightful implications about how
consumers derive satisfaction from their consumption choices. This article explores this specific utility
function in detail, analyzing its properties, implications, and applications within microeconomic
theory.

Introduction to Utility Functions

What Is a Utility Function?
A utility function represents a consumer's preferences over a set of goods and services. It assigns a
real number (utility) to each possible combination of goods, with higher numbers indicating more
preferred bundles. Utility functions help economists understand how consumers make choices under
constraints like income and prices.

Importance of Utility Functions in Economics
Utility functions are crucial in analyzing:
- Consumer choice behavior
- Demand functions
- Market equilibrium
- Welfare analysis

By modeling preferences mathematically, economists can make predictions about how consumers will
respond to changes in prices and income.

The Specific Utility Function: u(x, y) = XY

Formulation and Interpretation
The utility function under consideration is:



u(x, y) = Cxy

where:
- x and y are quantities of goods X and Y consumed
- C > 0 is a positive constant that scales utility

This function implies that utility depends on the product of the quantities of the two goods, scaled by
C. The form suggests that the consumer derives satisfaction from the interaction of the two goods
rather than their individual quantities independently.

Implications of the Function Form
- Complementarity: The multiplicative form indicates a form of perfect complementarity. The
consumer's utility increases when both x and y increase simultaneously.
- Diminishing Marginal Utility: The marginal utility of each good decreases as the quantity of that good
increases, holding the other constant.
- Symmetry: The function is symmetric in x and y; exchanging the two goods does not alter the
functional form.

Properties of the Utility Function u(x, y) = Cxy

Marginal Utilities
The marginal utilities measure how much utility changes with a small change in each good, holding
the other constant.

- Marginal Utility of x:

MU_x = ∂u/∂x = C y

- Marginal Utility of y:

MU_y = ∂u/∂y = C x

These expressions indicate that the marginal utility of each good depends on the quantity of the other
good.

Indifference Curves
Indifference curves represent all combinations of x and y that yield the same utility level, U.

- Equation of Indifference Curves:

u(x, y) = Cxy = U



Rearranged as:

y = U / (C x)

- Shape of Indifference Curves:

These are rectangular hyperbolas, with asymptotes along the axes, indicating that increasing
consumption of one good requires a decrease in the other to maintain the same utility.

Convexity and Marginal Rate of Substitution (MRS)
- MRS of x for y:

MRS_{xy} = - (MU_x / MU_y) = - (C y) / (C x) = - y / x

The MRS depends on the ratio of y to x, decreasing as x increases or y decreases.

- Convexity of Indifference Curves:

Since the second derivatives are negative, indifference curves are convex to the origin, satisfying a
key assumption of consumer preference theory.

Budget Constraints and Consumer Optimization

Budget Set
Consumers are constrained by their income and the prices of goods.

- Budget Equation:

p_x x + p_y y = I

where:
- p_x and p_y are prices of goods X and Y
- I is consumer income

Consumer's Problem
Maximize utility u(x, y) = Cxy subject to the budget constraint.

- Optimization Approach:
Use the method of Lagrange multipliers to find the optimal consumption bundle (x, y).



Solution to the Optimization Problem
- Set up the Lagrangian:

ℒ = Cxy - λ(p_x x + p_y y - I)

- First-order Conditions:

1. ∂ℒ/∂x = C y - λ p_x = 0
2. ∂ℒ/∂y = C x - λ p_y = 0
3. p_x x + p_y y = I

- Solving the System:

From 1 and 2:

λ = (C y) / p_x = (C x) / p_y

Equate:

(C y) / p_x = (C x) / p_y

Simplify:

p_y y = p_x x

Rearranged:

y = (p_x / p_y) x

- Find x and y:

Substitute y into the budget constraint:

p_x x + p_y ( (p_x / p_y) x ) = I

Simplify:

p_x x + p_x x = I

2 p_x x = I → x = I / (2 p_x)

Then:

y = (p_x / p_y) x = (p_x / p_y) (I / (2 p_x)) = I / (2 p_y)

Result:
- Optimal consumption:



x = I / (2 p_x)

y = I / (2 p_y)

Economic Insights and Implications

Proportional Consumption of Goods
The optimal consumption bundle suggests consumers allocate their income equally between the two
goods when considering the prices, assuming the utility function's symmetry.

Impact of the Constant C
- The constant C scales the utility but does not affect the optimal consumption bundle.
- Consumers will choose the same quantity ratios regardless of C, as long as prices and income
remain constant.

Substitution and Income Effects
- Given the multiplicative form, substitution effects are significant.
- An increase in the price of one good shifts consumption towards the other, maintaining the
proportional relationship.

Applications and Extensions

Modeling Complementary Goods
Since the utility depends on the product xy, this function models perfect complements to some
degree. However, because the consumer can substitute between goods (as shown by the MRS), the
model exhibits a blend of complementarity and substitutability.

Utility Function Variations
- Changing the form to Cobb-Douglas (e.g., u(x, y) = A x^α y^β) introduces different substitution
patterns.
- The current multiplicative form emphasizes interaction effects between goods.



Practical Use Cases
- Modeling consumption patterns where goods are consumed jointly.
- Analyzing how changes in prices and income influence the ratio of goods consumed.
- Understanding the effects of scaling utility through constants in welfare analysis.

Conclusion

The utility function u(x, y) = Cxy offers a rich framework for understanding consumer preferences
involving two goods. Its properties—such as marginal utilities depending on the other good,
hyperbolic indifference curves, and proportional optimal consumption—provide valuable insights into
consumer choice behavior. The analysis demonstrates that consumers tend to allocate their income
proportionally when faced with prices and constraints, and the constant C scales the utility without
affecting optimal choices.

Economists and analysts can utilize this utility model to predict how consumers respond to price
changes, income variations, and other market dynamics. By understanding the underlying
assumptions and implications of this utility function, policymakers and businesses can better
anticipate consumer behavior, craft effective marketing strategies, and design policies that influence
consumption patterns.

In summary, the utility function u(x, y) = Cxy encapsulates key aspects of consumer preferences,
blending elements of complementarity and substitutability, and remains a vital tool in the
microeconomic analysis of consumer choice.

---
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Frequently Asked Questions

What does the utility function U(x, y) = Cxy imply about the
consumer's preferences for goods X and Y?
It indicates that the consumer derives utility from the product of quantities of X and Y, meaning both
goods are essential and their utility increases multiplicatively when consumed together. The constant
C scales the overall utility level.

How does the positive constant C affect the consumer's utility
in the function U(x, y) = Cxy?
The constant C acts as a scaling factor; increasing C proportionally increases the utility for any given
combination of x and y, reflecting a change in overall utility levels without altering the relative
preferences.



What are the properties of the utility function U(x, y) = Cxy in
terms of preferences and marginal utilities?
The utility function is homogeneous of degree two, with positive marginal utilities for both goods (MUx
= C y and MUy = C x), indicating that more of either good increases utility, and the consumer prefers
balanced consumption of X and Y.

How can we derive the consumer's demand functions for
goods X and Y from U(x, y) = Cxy?
By setting up the budget constraint and maximizing utility, the demand functions typically show
proportional relationships, such as x = (I / 2p_x) and y = (I / 2p_y), assuming a specific budget and
prices, reflecting the consumer's optimal consumption bundle.

Is the utility function U(x, y) = Cxy convex, concave, or
neither, and what does this imply for consumer behavior?
The function is neither globally convex nor concave but is quasi-concave, implying that the consumer
has well-behaved preferences with convex indifference curves, leading to stable and optimal
consumption choices.

Additional Resources
Utility Function Analysis: U(x, y) = Cxy — An In-Depth Examination of Consumer Preferences and
Decision-Making

---

Introduction

In the realm of microeconomics, understanding consumer preferences is foundational to analyzing
market behavior, demand, and overall economic equilibrium. A pivotal concept in this domain is the
utility function, which encapsulates an individual's preferences over a set of goods. Today, we delve
into a specific utility function:

U(x, y) = Cxy,

where x and y are quantities of two goods, and C is a positive constant. This utility function is a classic
example of a Cobb-Douglas form, known for its simplicity, analytical tractability, and profound
implications in consumer theory.

This article aims to provide an exhaustive review of this utility function, exploring its mathematical
properties, economic interpretations, implications for consumer behavior, and practical applications.
Whether you're an economics student, a market analyst, or a curious enthusiast, this detailed
discussion will illuminate the nuances behind this elegant mathematical representation of consumer
satisfaction.

---



The Structure of the Utility Function: U(x, y) = Cxy

What Does the Function Represent?

The utility function U(x, y) = Cxy suggests that the consumer derives utility through the interaction of
the quantities of goods x and y. The multiplicative nature indicates that utility increases as both
goods are consumed in tandem, reflecting complementarity—consuming one good without the other
yields less utility.

- C (Positive Constant): Acts as a scaling parameter. Since C > 0, it adjusts the overall level of utility
but does not alter the underlying preference structure.

- Variables x and y: Non-negative quantities (x, y ≥ 0), representing the consumer's choices.

This form embodies perfect substitutability in the sense that utility depends on the product, but the
marginal rate of substitution (discussed later) reveals the consumer's willingness to substitute one
good for another.

---

Mathematical Properties of the Utility Function

Understanding the mathematical features of U(x, y) = Cxy is critical for analyzing consumer behavior.

1. Homogeneity of Degree Two

The utility function is homogeneous of degree two, meaning that scaling both goods by a positive
factor t results in utility being scaled by t²:

\[ U(tx, ty) = C (tx)(ty) = C t^2 xy = t^2 U(x, y) \]

This property indicates that the consumer’s preferences are scale-invariant up to a quadratic factor,
which has implications for how consumption scales with income.

2. Convexity and Quasi-Concavity

For consumer optimization, the utility function should be quasi-concave:

- Since U(x, y) = Cxy is log-concave (as the log of utility is linear: log(U) = log C + log x + log y), the
function is quasi-concave over the domain where x, y > 0.

- Convexity of the upper contour sets: The sets where utility exceeds a certain level are convex,
allowing for the existence of well-behaved demand functions.

3. Marginal Utilities

The marginal utilities are derived by partial differentiation:

- Marginal utility with respect to x:

\[ MU_x = \frac{\partial U}{\partial x} = C y \]



- Marginal utility with respect to y:

\[ MU_y = \frac{\partial U}{\partial y} = C x \]

Notice that the marginal utility of each good depends on the quantity of the other good—highlighting
the complementary nature of the goods.

---

Economic Interpretations

1. Consumer Preferences and Complementarity

The utility function U(x, y) = Cxy suggests that the consumer gains utility only when both goods are
consumed together. If either x or y is zero, the utility drops to zero:

\[ U(0, y) = 0, \quad U(x, 0) = 0 \]

This indicates strict complementarity, meaning that the consumer does not derive any utility from
consuming only one of the goods—both are necessary to generate satisfaction.

2. Diminishing Marginal Utility

While the marginal utilities depend on the other good's quantity, they are linear in that variable. In
particular, the marginal utility increases as the other good's quantity increases:

- As y increases, MU_x increases linearly with y.
- As x increases, MU_y increases linearly with x.

This suggests no diminishing marginal utility in the classic sense for individual goods alone, but the
overall utility's dependence on the product emphasizes the importance of balanced consumption.

---

Consumer Optimization and Budget Constraints

1. Budget Constraint

Assuming the consumer faces prices p_x and p_y for goods x and y, respectively, and has income I,
the budget constraint is:

\[ p_x x + p_y y = I \]

The consumer aims to maximize U(x, y) = Cxy subject to this constraint.

2. Lagrangian Formulation

The problem can be formulated as:

\[
\mathcal{L} = Cxy + \lambda (I - p_x x - p_y y)



\]

Setting partial derivatives to zero:

\[
\frac{\partial \mathcal{L}}{\partial x} = C y - \lambda p_x = 0
\]
\[
\frac{\partial \mathcal{L}}{\partial y} = C x - \lambda p_y = 0
\]
\[
\frac{\partial \mathcal{L}}{\partial \lambda} = I - p_x x - p_y y = 0
\]

From the first two conditions:

\[
\lambda = \frac{C y}{p_x} = \frac{C x}{p_y}
\]

Equating these:

\[
\frac{C y}{p_x} = \frac{C x}{p_y} \Rightarrow y / p_x = x / p_y \Rightarrow y = \frac{p_x}{p_y} x
\]

Substituting into the budget constraint:

\[
p_x x + p_y \left( \frac{p_x}{p_y} x \right) = I \Rightarrow p_x x + p_x x = I \Rightarrow 2 p_x x = I
\]

\[
x^ = \frac{I}{2 p_x}
\]

Similarly:

\[
y^ = \frac{p_x}{p_y} x^ = \frac{p_x}{p_y} \cdot \frac{I}{2 p_x} = \frac{I}{2 p_y}
\]

Optimal consumption bundle:

\[
\boxed{
x^ = \frac{I}{2 p_x}, \quad y^ = \frac{I}{2 p_y}
}
\]

This indicates that the consumer divides income equally between the two goods, proportionally to



their prices.

3. Demand Functions

The resulting demand functions:

\[
x^(p_x, p_y, I) = \frac{I}{2 p_x}
\]
\[
y^(p_x, p_y, I) = \frac{I}{2 p_y}
\]

are demand functions proportional to income and inverse proportional to prices, characteristic of
perfect complements in Cobb-Douglas preferences.

---

Key Implications and Insights

1. Balanced Consumption

The consumer optimally allocates their income equally across both goods in terms of the budget
share:

- Each good accounts for half of the total expenditure:

\[
p_x x^ = p_y y^ = \frac{I}{2}
\]

This reflects the symmetrical nature of the utility function.

2. Elasticity of Demand

The demand functions exhibit unit elasticity with respect to income:

\[
\frac{\partial x^}{\partial I} \times \frac{I}{x^} = 1
\]

Similarly for y. Price elasticity is:

\[
\frac{\partial x^}{\partial p_x} \times \frac{p_x}{x^} = -1
\]

indicating unit elastic demand.

---



Practical Applications and Limitations

1. Modeling Complementary Goods

This utility function is particularly suited to modeling perfect complements—goods that are consumed
together in fixed proportions, such as left and right shoes, or certain technological components.

2. Understanding Consumer Behavior

Economists and market strategists can leverage this model to predict how consumers will allocate
their income across goods with strong complementarities, especially under varying price and income
scenarios.

3. Limitations

While insightful, this utility function assumes:

- No substitutability: consumers cannot easily substitute one good for another.
- Constant preferences: the utility structure does not change with consumption levels.
- No satiation or diminishing returns: the model does not incorporate diminishing marginal utility
explicitly.

For more general or nuanced consumer behavior, more flexible utility functions (like CES or
quasilinear forms) may be more appropriate.

---
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