A FAIR CoIN Is Tossep Twice. CALCULATE THE
ProBABILITIES. (ENTER YOUR PROBABILITIES AS FRACTIONS.)

()

A FAIR CoN Is Tossep Twice. CALcULATE THe ProeAgILITIES. (ENTER
Y our ProBABILITIES As FRACTIONS.) (A)

W/HEN ANALYZING THE OUTCOMES OF TOSSING A FAIR COIN TWICE, UNDERSTANDING THE UNDERLYING PROBABILITY PRINCIPLES IS
ESSENTIAL. EACH TOSS OF A FAIR COIN HAS TWO EQUALLY LIKELY OUTCOMES: HEADS (H) orR TAILS (T) SINCE THE COIN IS
FAIR, THE PROBABILITY OF GETTING HeADS OR TAILS IN A SINGLE TOSS IS EXACTLY ]/2 W HEN THE COIN IS TOSSED TWICE,
THE TOTAL NUMBER OF POSSIBLE OUTCOMES INCREASES, AND EACH OUTCOME'S PROBABILITY CAN BE CALCULATED BASED ON
THE INDEPENDENCE OF THE INDIVIDUAL TOSSES. THIS ARTICLE EXPLORES THE FULL SET OF POSSIBLE OUTCOMES, THEIR
PROBABILITIES, AND HOW TO COMPUTE THE PROBABILITIES OF VARIOUS COMBINED EVENTS, ALL EXPRESSED AS FRACTIONS.

UUNDERSTANDING THE SAMPLE SPACE

DEFINING THE SAMPLE SPACE

® THE SAMPLE SPACE IS THE SET OF ALL POSSIBLE OUTCOMES OF AN EXPERIMENT.
e FOR TOSSING A FAIR COIN TWICE, EACH OUTCOME IS A SEQUENCE OF TWO RESULTS, EACH BEING EITHER Hor T.

¢ SINCE EACH TOSS IS INDEPENDENT AND HAS 2 OUTCOMES, THE TOTAL NUMBER OF OUTCOMES IS 2 X 2 = 4,

LisTING THE OUTCOMES

1. HH (HEADS ON THE FIRST TOSS AND HEADS ON THE SECOND)
2. HT (HeADS ON THE FIRST TOSS AND T AILS ON THE SECOND)
3. TH (TAILS ON THE FIRST TOSS AND HEADS ON THE SECOND)

4. TT (TAILS ON THE FIRST TOSS AND T AILS ON THE SECOND)

CALCULATING BASIC PROBABILITIES



ProBABILITY OF EACH OUTCOME

SINCE THE COIN IS FAIR AND EACH TOSS IS INDEPENDENT , EACH OF THE FOUR OUTCOMES HAS AN EQUAL PROBABILITY:

o P(HH)=1/4
e P(HT)=1/4
e P(TH)=1/4
e P(TT)=1/4

THESE PROBABILITIES ARE DERIVED FROM THE FACT THAT EACH INDIVIDUAL TOSS HAS A PROBABILITY OF ]/2, AND THE
OUTCOMES ARE INDEPENDENT:

P(H oN FIRST Toss) = 1/2
P(H on seconp Toss) = 1/2
THererore, For HH: P(H) x P(H) = (1/2) x (1/2) = 1/4

PROBABILITY OF SPECIFIC EVENTS

BEYOND INDIVIDUAL OUTCOMES, WE OFTEN WANT TO CALCULATE THE PROBABILITY OF MORE GENERAL EVENTS, SUCH AS
"GETTING AT LEAST ONE HEADS” OR “GETTING EXACTLY ONE HEADS.”

CALCULATING PROBABILITIES OF SPECIFIC EVENTS

EVvenT A: BoTH Tosses ResuLT IN HeEaps (HH)

® THIS IS A SINGLE OUTCOME WITH PROBARBILITY -|/4

e So, P(HH) = 1/4.

EVENT B: BoTH Tosses ResuLT IN TalLs (TT)

e THIS IS A SINGLE OUTCOME WITH PROBABILITY 1/4.

e So,P(TT) = 1/4.



EvenT C: ExacTLY ONE Heaps (HT or TH)

e THESE ARE TWO ouTCoMES: HT AND TH.
o EACH HAS PROBABILITY 1/4.

e THE COMBINED PROBABILITY IS: P(HT) + P(TH) = 1/4 + 1/4=2/4=1/2.

EvenT D: AT LeasT ONE HEADS

THIS INCLUDES OUTCOMES WITH ONE OR TWO Heaps: HH, HT, anp TH.

e P(HH)=1/4
o P(HT) = 1/4
« P(TH) = 1/4

SUM THESE PROBABILITIES:

P(AT LEAST oNE HEADS) = 1/4 + 1/4 + 1/4 = 3/4.

EvenT E: No Heaps (1.E., BoTH TAILS)

e THIS IS THE OUTCOME TT, WITH PROBABILITY 1/4.

COMPLEMENTARY PROBABILITIES

UNDERSTANDING COMPLEMENTS

IN PROBABILITY, THE COMPLEMENT OF AN EVENT IS THE SET OF ALL OUTCOMES NOT IN THE EVENT. THE PROBABILITY OF AN
EVENT PLUS THE PROBABILITY OF ITS COMPLEMENT EQUALS 1.

CALCULATING THE PROBABILITY OF THE COMPLEMENT

® FOR EXAMPLE, THE PROBABILITY OF “No Heaps” (BoTH TAILS) I1s 1/4.



o THUS, THE PROBABILITY OF “AT LEAST ONE HEADS” 1 1 - P(No Heaps) = 1- 1/4 = 3/4.

SUMMARY OF PROBABILITIES

Event Outcome(s) Probability (as fractions)
Both Heads (HH) HH 1/4
Both Tails (TT) TT 1/4
Exactly One Heads (HT or TH) | HT, TH 2/4 =172
At Least One Heads HH, HT, TH |/
No Heads (both Tails) TT 1/4
ConcLusIoN

IN SUMMARY, WHEN TOSSING A FAIR COIN TWICE, EACH OF THE FOUR POSSIBLE oUTCOMES (HH, HT, TH, TT) HAS AN EQUAL
PROBABILITY OF 1/4. BY UNDERSTANDING THE BASIC PRINCIPLES OF PROBABILITY, INDEPENDENCE, AND THE SAMPLE SPACE, WE
CAN COMPUTE THE LIKELIHOOD OF VARIOUS COMBINED EVENTS AS FRACTIONS. THESE CALCULATIONS DEMONSTRATE
FUNDAMENTAL CONCEPTS IN PROBABILITY THEORY, SUCH AS THE USE OF THE SAMPLE SPACE, THE ADDITION RULE FOR MUTUALLY
EXCLUSIVE EVENTS, AND THE COMPLEMENT RULE. MASTERY OF THESE FUNDAMENTAL CALCULATIONS FORMS THE BASIS FOR
ANALYZING MORE COMPLEX PROBABILISTIC SCENARIOS.

FREQUENTLY AskeD QUESTIONS

\WHAT IS THE PROBABILITY OF GETTING EXACTLY ONE HEAD WHEN A FAIR COIN IS
TOSSED TWICE?

THE PROBABILITY IS 2/4, WHICH SIMPLIFIES TO 1/2.

\WHAT IS THE PROBABILITY OF GETTING TWO TAILS WHEN A FAIR COIN IS TOSSED
TWICE?

THe PROBABILITY IS 1/4.

\WHAT IS THE PROBABILITY OF GETTING AT LEAST ONE HEAD IN TWO TOSSES OF A FAIR
COIN?

THE PROBABILITY IS 3/4.



\WHAT IS THE PROBABILITY OF GETTING NO HEADS (|.E., TWO TAILS) IN TWO COIN
TOSSES?

THe PROBABILITY IS 1/4.

\WHAT IS THE PROBABILITY OF GETTING TWO HEADS IN TWO TOSSES OF A FAIR COIN?

THe PROBABILITY IS 1/4.

ARE THE OUTCOMES OF EACH COIN TOSS INDEPENDENT IN THIS EXPERIMENT?

YES/ EACH TOSS IS INDEPENDENT, MEANING THE OUTCOME OF ONE DOES NOT AFFECT THE OTHER.

WHAT IS THE TOTAL NUMBER OF EQUALLY LIKELY OUTCOMES WHEN TOSSING A FAIR
COIN TWICE?

THeRe ARE 4 ouTCcoMes: HH, HT, TH, TT.

ADDITIONAL RESOURCES

A Fair CoiN Is Tossep Twice. CALCULATE THE ProgagILITIES. (ENTER YOUR ProBABILITIES AS FRACTIONS.) (A)

W/HEN EXPLORING BASIC PROBABILITY CONCEPTS, FEW EXAMPLES ARE AS INSTRUCTIVE AND INTUITIVE AS TOSSING A FAIR COIN
TWICE. THIS SIMPLE EXPERIMENT HELPS ILLUSTRATE FUNDAMENTAL PRINCIPLES SUCH AS SAMPLE SPACES, OUTCOMES, AND
CALCULATING PROBABILITIES USING FRACTIONS. WHETHER YOU'RE A STUDENT STUDYING PROBABILITY THEORY OR A CURIOUS
MIND EXPLORING RANDOMNESS, UNDERSTANDING HOW TO COMPUTE THESE PROBABILITIES PROVIDES A SOLID FOUNDATION FOR
MORE COMPLEX STATISTICAL ANALYSES.

IN THIS ARTICLE, WE WILL DELVE INTO THE PROBLEM: A FAIR COIN IS TOSSED TWICE. CALCULATE THE PROBABILITIES. (ENTER
YOUR PROBABILITIES AS FEACTIONS.) W/E WILL BREAK DOWN THE PROBLEM SYSTEMATICALLY, DEFINE KEY CONCEPTS, AND W ALK
THROUGH THE CALCULATIONS STEP-BY-STEP. BY THE END, YOU'LL HAVE A CLEAR UNDERSTANDING OF HOW TO APPROACH
SIMILAR PROBABILITY PROBLEMS WITH CONFIDENCE.

UNDERSTANDING THE BASICS OF PROBABILITY
BEFORE DIVING INTO CALCULATIONS, IT IS ESSENTIAL TO UNDERSTAND SOME BASIC TERMINOLOGY'

- EXPERIMENT: AN ACTION THAT RESULTS IN ONE OR MORE OUTCOMES (E.G., TOSSING A COIN TWICE).

- SAMPLE SPACE (S): THE SET OF ALL POSSIBLE OUTCOMES OF AN EXPERIMENT.

- EVENT: A SUBSET OF THE SAMPLE SPACE, REPRESENTING OUTCOMES OF INTEREST.

- PROBABILITY OF AN EVENT (P): A MEASURE OF THE LIKELIHOOD THAT AN EVENT OCCURS, CALCULATED AS THE RATIO OF
FAVORABLE OUTCOMES TO TOTAL OUTCOMES, ASSUMING EACH OUTCOME IS EQUALLY LIKELY.

IN THE CASE OF TOSSING A FAIR COIN (WHICH HAS AN EQUAL CHANCE OF LANDING HEADS (H) or TAILS (T)), EACH TOSS IS
INDEPENDENT, AND THE PROBABILITY OF HEADS OR TAILS ON A SINGLE TOSS IS 1/2.

STeP 1: DEFINE THE SAMPLE SPACE

THE FIRST STEP IN SOLVING PROBABILITY PROBLEMS INVOLVING MULTIPLE COIN TOSSES IS TO IDENTIFY THE SAMPLE SPACE.
SINCE THE COIN IS TOSSED TWICE, EACH TOSS CAN RESULT IN EITHER HEADS OR TAILS. THE TOTAL NUMBER OF POSSIBLE
OUTCOMES CAN BE DETERMINED USING THE MULTIPLICATION PRINCIPLE:



- NUMBER OF OUTCOMES FOR THE FIRST Toss: 2 (Hor T)
- NUMBER OF OUTCOMES FOR THE SECOND Toss: 2 (Hor T)

TOTAL OUTCOMES: 2 X 2 =4

LisTING ALL OUTCOMES

LET’S WRITE OUT ALL POSSIBLE OUTCOMES EXPLICITLY:
1. HH (FIRST Toss HeADS, SECOND Toss HEADS)

2. HT (FIRST ToSs HEADS, SECOND TOSS TAILS)

3. TH (FIrST Toss TAILS, SECOND Toss HEADS)

4. TT (FrST Toss TAILS, SECOND TOSS TAILS)

THUS, THE SAMPLE SPACE S = {HH, HT, TH, TT}.

STEP 2: ASSIGN PROBABILITIES TO OUTCOMES

SINCE THE COIN IS FAIR, EACH INDIVIDUAL OUTCOME IN THE SAMPLE SPACE IS EQUALLY LIKELY. THE PROBABILITY OF EACH
OUTCOME IS:

\[ P(\texT{eacH ouTcome}) = \rrac{ 1\ TexT{TOTAL NUMBER OF cuTcoMES}} = \FrAac{ 143 \]

THIS IS A KEY ASSUMPTION: EACH OF THE FOUR OUTCOMES HAS AN EQUAL CHANCE OF OCCURRING.

STEP 3: IDENTIFY THE EVENT OF INTEREST

THE PROBLEM ASKS US TO CALCULATE THE PROBABILITIES OF VARIOUS OUTCOMES OR EVENTS BASED ON TOSSING THE COIN
TWICE. SINCE THE PROMPT SPECIFIES (A)/ LET'S ASSUME THE EVENT OF INTEREST IS:

ExaMpLE EVENT (A): “GETTING EXACTLY ONE HEAD IN TWO TOSSES”

THIS IS A COMMON EVENT TO ANALYZE, AND IT HELPS ILLUSTRATE HOW TO CALCULATE PROBABILITIES FOR SPECIFIC
OUTCOMES.

THE OUTCOMES WHERE EXACTLY ONE HEAD APPEARS ARE:

-HT
- TH

STeP 4: CALCULATE THE PROBABILITY OF THE EVENT
THE PROBABILITY OF AN EVENT IS CALCULATED USING THE FORMULA:

\[ PO\TexT{evenT}) = \Frrac{\TexT{NUMBER OF FAVORABLE oUTCOMES }H{\TEXT{TOTAL OUTCOMES IN THE SAMPLE SPACE} }

\]
IN OUR CASE:

- FAVORABLE OUTCOMES FOR GETTING EXACTLY ONE HEAD: HT, TH
- TOTAL oUTCOMES: 4 (FROM THE SAMPLE SPACE)

THEREFORE:



\[ P(\texT{exAcTLY one HEAD}) = \FrrAc{2X 4} = \rrac{13{2} \]

ANSWER FOR (A)Z THE PROBABILITY OF GETTING EXACTLY ONE HEAD IN TWO TOSSES IS ]/2

STeP 5: ExpLoORE OTHER POSSIBLE EVENTS

To DEEPEN UNDERSTANDING, LET'S CONSIDER ADDITIONAL EVENTS AND THEIR PROBABILITIES. YOU CAN EXTEND THIS APPROACH
TO ANY EVENT WITHIN THE SAMPLE SPACE.

EvenT (8): “GETTING TWO HEADS”
FAVORABLE oUTCOMES: HH

ToTAL ouTCoMeS: 4

\[ PO\rexT{Two Heaps}) = \rrac{1}{4} \]
EvenT (€): “GETTING NO HEADS” (L.E., TWO TAILS)
FAVORABLE oUTCOMES: TT

ToTAL ouTCoMes: 4

\[ P(\texT{no HEADS}) = \rrAc{ 13{4} \]
EVenT (D): “GETTING AT LEAST ONE HEAD”
FAavoraBLE ouTcoMes: HH, HT, TH

ToTAL ouTCoMeS: 4

\[ P(\TexT{AT LeasT onE HeAD}) = \FrRac{33}{4} \]

IMPORTANT CONCEPTS ILLUSTRATED

- MUTUALLY EXCLUSIVE oUTCOMES: OUTCOMES LIKE HH AND HT CANNOT OCCUR SIMULTANEOUSLY.
- COMPLEMENTARY EVENTS: THE PROBABILITY OF “GETTING AT LEAST ONE HEAD” (EVENT A) IS COMPLEMENTED BY “GETTING NO
HeaDs” (EVENT A'):

\[ PO\TexT{AT LeAST onE HEAD}) + P(\TExT{NO HEADS}) = 1 \]

- ADDITION RULE: FOR MUTUALLY EXCLUSIVE EVENTS, THE PROBABILITY OF EITHER EVENT OCCURRING IS THE SUM OF INDIVIDUAL
PROBABILITIES.

SUMMARY OF PROBABILITIES AS FRACTIONS

| EVENT | PROBABILITY AS FRACTION |

- ———— R
| EXACTLY ONE HEAD IN Two Tosses | 1/2 |

| Two Heaps | 1/4 |

| No HeaDs (BoTH TAILS) | 1/4 |

| AT LEAST ONE HEAD | 3/4 |



EXTENDING TO OTHER SCENARIOS
\W/HILE THIS EXAMPLE FOCUSED ON TWO COIN TOSSES, THE PRINCIPLES EXTEND TO MORE COMPLEX SITUATIONS:

- MULTIPLE TOSSES: THE SAMPLE SPACE GROWS EXPONENTIALLY, BUT THE SAME LOGIC APPLIES.

- BIASED COINS: IF THE COIN ISN'T FAIR, PROBABILITIES FOR HEADS AND TAILS WOULD DIFFER, REQUIRING ADJUSTED
CALCULATIONS.

- MULTIPLE EVENTS: CALCULATING JOINT PROBABILITIES, CONDITIONAL PROBABILITIES, AND USING RULES LIKE BAYES’ THEOREM.

FINAL REMARKS

CALCULATING PROBABILITIES FOR TOSSING A FAIR COIN TWICE IS A FUNDAMENT AL EXERCISE THAT BUILDS INTUITION AROUND
RANDOMNESS AND OUTCOMES. BY SYSTEMATICALLY LISTING OUTCOMES, ASSIGNING EQUAL PROBABILITIES, AND IDENTIFYING
FAVORABLE EVENTS, YOU CAN ACCURATELY COMPUTE THE LIKELIHOOD OF VARIOUS SCENARIOS. REMEMBER TO ALWAYS DEFINE
YOUR SAMPLE SPACE PRECISELY, CONSIDER WHETHER EVENTS ARE MUTUALLY EXCLUSIVE, AND USE FRACTIONS TO EXPRESS
PROBABILITIES CLEARLY.

THIS FOUNDATIONAL UNDERSTANDING PAVES THE WAY FOR TACKLING MORE ADVANCED PROBARBILITY PROBLEMS ENCOUNTERED IN
STATISTICS, GAMING, DECISION THEORY, AND BEYOND.
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