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A Sequence (fn) F Pointwise, Where Each Fn Has At Most A Finite Number Of
Discontinuities But F Is Not a fascinating topic in real analysis that explores the subtle
differences between pointwise convergence and the preservation of continuity properties in
the limit function. This phenomenon highlights how a sequence of functions, each with a
limited and manageable set of discontinuities, can converge to a limit function that exhibits
a far more complicated discontinuity structure—sometimes even becoming discontinuous
everywhere or at infinitely many points. Understanding this distinction is crucial for
grasping the nuanced behavior of sequences of functions and their convergence, especially
in the context of real analysis, measure theory, and functional analysis.

Introduction to Pointwise Convergence and Discontinuities
What is Pointwise Convergence?

Pointwise convergence is a mode of convergence of functions defined on a common domain
\( D \subseteq \mathbb{R} \). A sequence of functions \( \{f_n\} \) converges pointwise to a
function \( f\) if, for every point \( x\in D \),

\[
\lim_{n \to \infty} f_n(x) = f(x).
\]

This means that at each individual point, the sequence \( \{f_n(x)\} \) approaches \( f(x) \),
but the rate of convergence may vary with \( x \).

Discontinuities in the Functions \( f n)

The functions \( f_n\) in our context are characterized by having at most a finite number of
discontinuities. This means:

- Each \( f_n'\) is discontinuous at a finite set of points within the domain.
- Outside these points, \( f_n\) is continuous, often implying they are piecewise continuous
or even continuous everywhere except for finitely many jumps or cusps.

The Limit Function \( F )

While each \( f_n) is "well-behaved" in terms of discontinuities, the limit function \( F\)
obtained via pointwise convergence may not share this property. In particular, \( F\) may:

- Have infinitely many discontinuities.
- Be discontinuous at all points in the domain.
- Have a more complicated structure of discontinuities than the individual functions \( f_n\).



This discrepancy underscores the importance of understanding the nature of convergence
and its impact on the properties of the limit function.

The Phenomenon: When the Limit Function Is More Discontinuous
Intuitive Explanation

The key idea is that pointwise convergence does not necessarily preserve properties like
continuity or boundedness of the set of discontinuities. Even if each \( f_n\) is "nice" (e.qg.,
finitely discontinuous), their limit \( F \) can be "rough," exhibiting discontinuities densely or
everywhere.

Classic Examples

One of the most well-known examples demonstrating this phenomenon is the sequence of
functions approximating the Dirichlet function:

\[

f n(x) = \begin{cases}

1, & \text{if } x \text{ is rational} \\
0, & \text{if } x \text{ is irrational}
\end{cases}

\]

Here, each \( f_n\) can be constructed as a sequence of functions with finitely many
discontinuities (or even continuous functions converging pointwise to the Dirichlet
function). The limit function \( F ) is discontinuous everywhere, illustrating how the limit
can be "wilder" than the individual functions.

Constructing Sequences \( \{f_n\} \) with the Desired Properties
Stepwise Approach

To understand how such sequences are constructed, consider the following general
method:

1. Define a sequence of functions \( \{f _n\} \), each with a finite number of discontinuities.
These functions can be designed to approximate a target function \( F\) increasingly closely
at each point.

2. Ensure pointwise convergence: For each fixed \( x \), verify that \( \lim_{n \to \infty}
f n(x) = F(x) \).

3. Create complexity in the limit: Design the sequence so that the accumulation of
discontinuities in the \( f_n\) leads to a limit function \( F \) with a more complex set of
discontinuities.



Example: Approximating a Nowhere Continuous Function
Suppose we want to construct a sequence \( \{f_n\} \) such that:

- Each \( f_n) is continuous except at finitely many points.
- The limit function \( F ) is discontinuous everywhere.

Construction:

- For each \( n\), define \( f_n\) as a step function that oscillates rapidly around certain
points, with the number of discontinuities increasing with \( n\).

- For example, let:

\[
f n(x) = \sin(n x),
\]

which has infinitely many discontinuities if extended to complex functions, but on the real
line, it is continuous everywhere. To meet the finite discontinuity condition, we might
modify the sequence:

\[

f n(x) = \begin{cases}

0, & x \neq \frac{k}{n}, \, k=0,1,\dots,n \\
\text{jump discontinuity at } x = \frac{k}{n}
\end{cases}

\]

- As \( n \to\infty \), the set of discontinuities accumulates densely, and the limit function \(
F\) may be discontinuous everywhere.

Theoretical Foundations and Key Theorems
Pointwise Limits and Discontinuities

- Theorem (Limit of continuous functions): If \( \{f_n\} \) are continuous functions that
converge uniformly to \( F\), then \( F\) is continuous.

- Counterexample: For pointwise convergence (not uniform), \( F \) need not be continuous,
even if each \( f_n) is continuous.

Baire Category Theorem and Discontinuities

The theorem suggests that the set of discontinuities of a pointwise limit of continuous
functions can be "large," in particular, dense or even residual.

The Key Insight



- The set of discontinuities of \( F\) can be more complicated than the union of the
discontinuities of the \( f_n\).

- Finite vs. Infinite Discontinuities: Each \( f_n\) with finitely many discontinuities can
converge to \( F\) with infinitely many, or even uncountably many, discontinuities.

Practical Implications and Applications
In Analysis and PDEs

Understanding the behavior of sequences of functions with controlled discontinuities is
essential in:

- Approximation theory
- Study of solutions to differential equations
- Fourier analysis

In Measure Theory

Pointwise convergence may lead to limit functions with complicated discontinuity sets,
influencing integrability and measurability considerations.

In Functional Analysis

Sequences of functions with controlled discontinuities are often used in constructing
counterexamples or demonstrating the limits of certain theorems.

Summary and Key Takeaways

- Each \( f_n\) in the sequence can have a finite number of discontinuities, making them
"well-behaved."

- The limit function \( F \), obtained via pointwise convergence, can be significantly more
discontinuous—sometimes discontinuous everywhere.

- This phenomenon underscores the importance of uniform convergence when trying to
preserve continuity.

- Constructing such sequences involves carefully designing \( f_n\) to approximate a target
function with a "wilder" discontinuity structure.

- The study of these sequences provides deep insights into the nature of convergence,
continuity, and the structure of functions in real analysis.

Conclusion

The exploration of sequences \( \{f_n\} \) with controlled discontinuities converging
pointwise to a more discontinuous function \( F \) exemplifies some of the most subtle and
intriguing aspects of real analysis. It emphasizes that pointwise convergence alone does



not suffice to preserve the "niceness" of functions, and highlights the importance of
stronger notions like uniform convergence to maintain properties such as continuity.
Recognizing these nuances is fundamental for mathematicians working in analysis,
topology, and related fields, as it influences how functions are approximated, analyzed, and
understood within the broader mathematical landscape.

Frequently Asked Questions

What does it mean for a sequence of functions (f.) to be
pointwise convergent to a function F?

A sequence of functions (fn) converges pointwise to F if, for each point x in the domain, the
sequence of real numbers fn(x) approaches F(x) as n approaches infinity.

Why can each fn have only finitely many discontinuities
while the limit function F can be discontinuous
everywhere?

Each fn having finitely many discontinuities limits their irregularities, but the limit function F
can accumulate discontinuities at many points, leading to a more complex or entirely
discontinuous behavior that isn't restricted by the finiteness at each step.

Is it possible for a pointwise limit of functions with
finitely many discontinuities to be discontinuous at the
same points?

Yes, it is possible. The limit function F can be discontinuous at points where the sequence
(fn) converges but not uniformly, especially when discontinuities accumulate or are not
uniformly controlled.

What is an example of a sequence (f.) where each has
finitely many discontinuities but the limit F is
discontinuous?

A classic example is the sequence fn(x) = x" on [0,1]. Each fn is continuous (hence finitely
discontinuous), but the limit function F(x) = 0 for x in [0,1), and F(1) = 1, which is
discontinuous at x=1.

How does the concept of pointwise convergence differ
from uniform convergence in this context?

Pointwise convergence only requires convergence at each individual point, which allows
more irregular behaviors in the limit, whereas uniform convergence requires the functions
to converge uniformly across the entire domain, ensuring the limit inherits more regularity.



Can the limit function F inherit the discontinuities of
the functions in the sequence?

Not necessarily. Even if each fn has finitely many discontinuities, the limit F may introduce
new discontinuities or be discontinuous at points where the sequence converges but the
functions do not do so uniformly.

What is the significance of finiteness of discontinuities
in each fn regarding the limit function F?

The finiteness of discontinuities in each f. indicates controlled irregularities at each step,
but it does not guarantee the continuity or regularity of the limit function, which can be
much more irregular or discontinuous.

In what types of problems or fields is understanding
such sequences and their limits important?

Understanding these sequences is crucial in real analysis, functional analysis,
approximation theory, and in studying the behavior of functions in various applied fields
such as signal processing, differential equations, and mathematical modeling where limits
of functions with controlled discontinuities are analyzed.

Additional Resources
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But F Is Not

Introduction

In the realm of real analysis, the behavior of sequences of functions and their pointwise
limits offers a fertile ground for exploration, revealing intriguing phenomena that challenge
intuitive notions of continuity and convergence. A particularly compelling case arises when
we consider sequences of functions where each individual function possesses only finitely
many discontinuities, yet their pointwise limit exhibits a more complex, sometimes
pathological, structure that defies continuity or even a finite discontinuity count.

This phenomenon underscores the nuanced relationship between the properties of
functions in a sequence and those of their limits. It raises fundamental questions: How does
pointwise convergence interact with the nature and distribution of discontinuities? Can the
limit of a sequence of "well-behaved" functions be "bad" in terms of continuity?

This article delves into the intricacies of such sequences, illuminating the underlying
principles, providing illustrative examples, and discussing their implications within the
broader landscape of analysis.



The Landscape of Discontinuities in Sequences of Functions
Basic Concepts and Definitions

Before exploring the core phenomenon, it is essential to clarify some foundational
concepts:

- Pointwise Convergence: A sequence of functions \( (f n) \) defined on a domain \( D \)
converges pointwise to a function \( f\) if, for every \( x \in D \),

\[

\lim_{n\to \infty} f n(x) = f(x).

\]

- Discontinuities: A point \( x_0\in D \) is a discontinuity of a function \( f\) if \( f\) is not
continuous at \( x_0). The set of all discontinuities is denoted \( D_f ).

- Finite Discontinuities: A function \( f\) has finitely many discontinuities if \( D_f\) is a finite
set.

- Countably Many Discontinuities: If \( D_f\) is countable but infinite, the function has
countably many discontinuities.

- Nowhere Continuous / Dense Discontinuities: Functions may have discontinuities at every
point (e.g., the Dirichlet function is discontinuous everywhere).

Common Theorems and Results
- Pointwise Limits of Continuous Functions: The classical pointwise limit of a sequence of
continuous functions need not be continuous. The classic example is the sequence of

functions \( f_n\) approximating the Dirichlet function.

- Discontinuity Sets and Limit Behavior: The set of discontinuities of the pointwise limit
function \( f\) can be "larger" or "more complicated" than those of the functions \( f_n\).

- Baire's Theorem & Categories: The Baire Category Theorem implies that the set of

discontinuities of a pointwise limit of continuous functions of the first class is a \( G_\delta \)
set, which can be dense or of certain complexity.

Constructing Sequences with Finite Discontinuities but Limit with Complex Discontinuity Set
Motivation and Significance

Understanding the limits of sequences where each \( f_n\) has only finitely many
discontinuities reveals that the "good" behavior of individual functions does not necessarily
carry over to their limit. Such constructions challenge assumptions about the stability of

continuity under pointwise limits and expose subtle properties of function classes.

Pioneering Examples and Classic Constructions



One of the earliest and most illustrative examples is the sequence of step functions or
piecewise functions that approximate more pathological functions in the limit.

Example 1: The Sequence of Functions with Increasing Discontinuities
Define the sequence \( (f_n)\) as follows on the interval \( [0,1]\):

\[

f n(x) = \begin{cases}

1, & x\in\left[\frac{k} {27 n}, \frac{k+1}{2”n}\right), \quad \text{for } k=0,1,\dots, 2™n -
1,\\

0, & \text{at } x=1.

\end{cases}

\]

Each \( f_n\) is a step function with \( 27 n\) intervals, hence with finitely many
discontinuities (specifically, \( 2~n - 1\)). The sequence converges pointwise to the
function:

\[

f(x) = \begin{cases}

1, & x \text{ is rational}, \\
0, & x \text{ is irrational}.
\end{cases}

\]

This is the classic Dirichlet-type function, which is discontinuous everywhere, illustrating

that a sequence of functions with finite discontinuities can converge to a function with
uncountably many discontinuities.

Deep Dive: Theoretical Underpinnings and Key Results
1. Discontinuity Sets of Limits

A central theme is the nature of the set of discontinuities \( D_f\) of the pointwise limit \( f
\). Notably:

- Baire's Theorem states that the set of discontinuities of the pointwise limit of a sequence
of functions of the first class (pointwise limits of continuous functions) is a \( G_\delta\) set,
which can be dense or meager.

- Sierpinski-Luzin Theorem: There exist functions with dense discontinuities, and sequences
can approximate such functions even when each element is "well-behaved."

- Key insight: Even if each \( f_n\) has only finitely many discontinuities, their limit \( f\) can
have a highly complex set of discontinuities—sometimes dense, sometimes uncountable.

2. The Role of the Discontinuities in the Limit



The behavior of the sequence's discontinuities largely depends on how their positions
change with \( n\):

- Discontinuities "migrate": Discontinuity points may shift with \( n\), accumulating or
“filling" the domain to produce a dense set in the limit.

- Discontinuities "cancel out": In some sequences, discontinuities may cancel or "smooth
out" to produce a continuous limit (e.g., uniform convergence), but this is not the case
when only pointwise convergence is considered.

- Oscillatory behavior: Functions may oscillate increasingly rapidly around certain points,
producing complex sets of discontinuities in the limit.

Detailed Examples and Constructions

Example 2: A Sequence with Finite Discontinuities Converging to a Nowhere Continuous
Function

Construct the sequence \( (f_n) \) on \( [0,1]\):

\[
f n(x) = \sin(n x), \quad n \in \mathbb{N}.
\]

Though each \( f_n\) is continuous (thus trivially with no discontinuities), consider a
modified sequence:

\[

g_n(x) = \begin{cases}

1, & x\in\left[\frac{k} {n}, \frac{k}{n} + \frac{1} {2n}\right), \quad k=0, 1, \dots, n-1, \\
0, & \text{otherwise}.

\end{cases}

\]

Each \( g_n) is a step function with finitely many discontinuities (\( n\) points), but as \( n
\to \infty \), the limits of the discontinuities densely fill the interval, and the limit function
can be constructed to be discontinuous everywhere.

Example 3: An Explicit Construction of a Limit with Infinite Discontinuities
Define:

\[

f n(x) = \begin{cases}

1, & \text{if } x\leq 1/2, \\
0, & \text{if } x > 1/2,
\end{cases}

\]



for all \( n'\). Then, the sequence is constant, and the limit is the same discontinuous step
at \( x=1/2).

Now, modify each \( f_n\) to have finitely many discontinuities:

\[

f n(x) = \begin{cases}

1, & x\leq 1/2 - \frac{1}{n}, \\
0, & x> 1/2 -\frac{1}{n}.
\end{cases}

\]

Each \( f_n\) has a single discontinuity at \( x = 1/2 - 1/n\). The sequence converges
pointwise to:

\[

f(x) = \begin{cases}
1, & x < 1/2,\\

0, & x\geq 1/2,
\end{cases}

\]

which has a single discontinuity at \( x=1/2\). Here, the "discontinuity points" of the
sequence approach the point of discontinuity in the limit.

Implications and Broader Perspectives

1. Discontinuity Sets Can Be Unpredictable

The above examples demonstrate that the discontinuity set of the limit function can be
vastly more complicated than those of the functions in the sequence. This has significant

implications:

- No guarantee of preservation of discontinuity finiteness: Even if each \( f_n\) has finitely
many discontinuities, the limit can have infinitely many.

- Discontinuities may "accumulate": Discontinuity points of \( f n\) can cluster toward
points where \( f\) is discontinuous, making the set of discontinuities in \(
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