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INTRODUCTION

INSCRIBING GEOMETRIC SHAPES WITHIN CIRCLES IS A CLASSICAL PROBLEM IN GEOMETRY, OFTEN USED TO EXPLORE RELATIONSHIPS
BETWEEN ANGLES, SIDES, AND RADII. W/HEN A SQUARE IS INSCRIBED IN A CIRCLE, EACH OF ITS FOUR VERTICES LIES PRECISELY ON
THE CIRCLE’S CIRCUMFERENCE, CREATING SYMMETRICAL AND ELEGANT CONFIGURATIONS. UNDERSTANDING THIS ARRANGEMENT NOT
ONLY ENHANCES GEOMETRIC INTUITION BUT ALSO ALLOWS US TO DERIVE MATHEMATICAL FUNCTIONS THAT DESCRIBE THE
RELATIONSHIP BETWEEN THE SQUARE/S PROPERTIES AND THE CIRCLE'S RADIUS.

THIS ARTICLE AIMS TO DEVELOP A COMPREHENSIVE UNDERSTANDING OF THE MATHEMATICAL RELATIONSHIPS INVOLVED IN
INSCRIBING A SQUARE WITHIN A CIRCLE. WE WILL DERIVE FUNCTIONS THAT RELATE THE SIDE LENGTH OF THE SQUARE TO THE
RADIUS OF THE CIRCLE, ANALYZE THE GEOMETRIC PRINCIPLES BEHIND THESE RELATIONSHIPS, AND EXPLORE POTENTIAL
APPLICATIONS AND EXTENSIONS OF THESE FUNCTIONS.

GEOMETRY OF THE INSCRIBED SQUARE AND CIRCLE

BAsIC DEFINITIONS AND SETUP

CONSIDER A CIRCLE WITH RADIUS \( R \) A SQUARE INSCRIBED WITHIN THIS CIRCLE WILL HAVE ITS FOUR VERTICES ON THE
CIRCLE’S CIRCUMFERENCE. THE KEY PARAMETERS IN THIS CONFIGURATION INCLUDE:

e THe raDIUS \( R \) OF THE CIRCLE.
o THE sIDE LENGTH \( S \) OF THE INSCRIBED SQUARE.

® THE POSITION OF THE SQUARE RELATIVE TO THE CIRCLE'S CENTER, WHICH, BY SYMMETRY, IS AT THE orIGIN \((0, 0)\).

ASSUMING THE CIRCLE IS CENTERED AT THE ORIGIN, THE EQUATION OF THE CIRCLE IS:

\[
x"2 +v"2=R"2
\]

THE VERTICES OF THE INSCRIBED SQUARE WILL LIE ON THIS CIRCLE, AND THEIR COORDINATES CAN BE EXPRESSED RELATIVE TO
THE CIRCLE'S CENTER.

COORDINATE REPRESENTATION OF THE SQUARE'S VERTICES

A SQUARE INSCRIBED IN A CIRCLE IS SYMMETRIC WITH RESPECT TO BOTH AXES. |F WE POSITION THE SQUARE SO THAT ITS
VERTICES ARE AT EQUAL DISTANCES ALONG THE DIAGONALS, THEN:

- THE VERTICES ARE AT COORDINATES: \((\PM A, \PM A)\), wrEre \( A \) IS THE DISTANCE FROM THE CENTER TO EACH
VERTEX ALONG THE DIAGONAL.

BECAUSE THE VERTICES LIE ON THE CIRCLE, EACH VERTEX SATISFIES:

\l



AN2 + A2 =R"2
\]

WHICH SIMPLIFIES TO:

\[

2A7%2 =R"2

\]

OR

\[

A = \rrac{R}{\srT{2}3
\]

THe sioe LENGTH \( s \) oF THE sQUARE RELATES To \( A \). Since THE verTICES ARE AT \((A, A)\), \((A, -a)\), \((-A, -
A\), AND \((-A, A)\), THE SIDE LENGTH IS THE DISTANCE BETWEEN TWO ADJACENT VERTICES, FOR EXAMPLE, BETWEEN \((A,

A\) ano \((a, -a)\):

\[

s = \TexT{pIsTANCE} = \sQrT{(A - A)"2 + (A - (-a))"2} = \sqrT{0 + (2A)"2} = 2A
\]

SuesTITUTING \( A \) GIVES:

\[

s = 2 \1iMes \rRAC{R}{\sqrT{2}} = R \sqrT{2}
\]

THUS, AN IMPORTANT RELATIONSHIP EMERGES:

\[

\BOXED{

s =R \sqrT{2}

}

\]

THIS FORMULA RELATES THE SIDE LENGTH OF THE INSCRIBED SQUARE DIRECTLY TO THE CIRCLE'S RADIUS.

DerIVING THE FUNCTION: SIDE LENGTH AS A FUNCTION OF RADIUS

EXPLICIT FUNCTION FOR THE SQUARE’S SIDE LENGTH

FROM THE GEOMETRIC ANALYSIS ABOVE, THE FUNCTION THAT GIVES THE SIDE LENGTH \( S \) OF THE INSCRIBED SQUARE IN
TERMS OF THE CIRCLE RADIUS \( R \) Is:

\[
s(R) =R \sqr1{2}
\]

PROPERTIES OF THIS FUNCTION:

- 1715 LINEAR IN \( R \), MEANING THE SIDE LENGTH SCALES PROPORTIONALLY WITH THE RADIUS.
- THE CONSTANT oF PROPORTIONALITY IS \( \s@rT{2} \).

IMPLICATIONS:

- |F THE CIRCLE'S RADIUS DOUBLES, THE SQUARE'S SIDE LENGTH ALSO DOUBLES.
- THE INSCRIBED SQUARE ALWAYS HAS A SIDE LENGTH THAT IS \( \sQrT{2} \) TIMES THE RADIUS.



ALTERNATIVE DERIVATION: USING THE DIAGONAL OF THE SQUARE

ANOTHER WAY TO UNDERSTAND THE RELATIONSHIP INVOLVES CONSIDERING THE DIAGONAL OF THE SQUARE:

- THe piaGoNAL \( D \) OF THE SQUARE RELATES TO THE SIDE LENGTH \( s \) BY!

\[
D=5 \sQrT{2}
\]

- SINCE THE VERTICES OF THE SQUARE LIE ON THE CIRCLE, THE DIAGONAL STRETCHES FROM ONE VERTEX TO THE OPPOSITE
VERTEX, PASSING THROUGH THE CIRCLE'S CENTER, MAKING IT THE DIAMETER OF THE CIRCLE:

\[
D=2R
\]

- COMBINING THESE TWO RELATIONSHIPS:

\[
s\sqrT{2}=2R
\]

WHICH SIMPLIFIES TO THE SAME AS BEFORE:

\[
s =R \sqrT{2}
\]

THIS CONFIRMS THE CONSISTENCY OF THE GEOMETRIC RELATIONSHIPS.

EXTENDING THE FUNCTION: RADIUS AS A FUNCTION OF SIDE LENGTH

DERIVING THE INVERSE FUNCTION

W/HILE THE PREVIOUS FUNCTION EXPRESSES THE SIDE LENGTH IN TERMS OF THE RADIUS, IT IS ALSO USEFUL TO EXPRESS THE
RADIUS AS A FUNCTION OF THE SIDE LENGTH:

\[
s =R \srT{2} \impLies R = \rrac{s}{\sqrT{2}}
\]

THIS INVERSE FUNCTION ALLOWS US TO DETERMINE THE MINIMAL RADIUS OF THE CIRCLE NEEDED TO INSCRIBE A SQUARE OF A
GIVEN SIDE LENGTH.

SUMMARY:

\[

\soxen{

R(s) = \rrac{s}{\sarT{2}}
}

\]

APPLICATIONS:

- DESIGNING CIRCULAR ENCLOSURES FOR SQUARE OBJECTS.
- CALCULATING THE MINIMUM SIZE OF A CIRCULAR BOUNDARY TO CONTAIN A SQUARE OF SPECIFIED DIMENSIONS.



APPLICATIONS AND PRACTICAL SIGNIFICANCE

DESIGN AND ENGINEERING

(UNDERSTANDING THE RELATIONSHIP BETWEEN INSCRIBED SQUARES AND CIRCLES AIDS IN VARIOUS ENGINEERING APPLICATIONS,
SUCH AS:

- DESIGNING CIRCULAR CONTAINERS OR ENCLOSURES THAT NEED TO FIT SQUARE COMPONENTS.
- CREATING PATTERNS OR TESSELLATIONS WHERE SQUARES ARE INSCRIBED WITHIN CIRCULAR REGIONS.

MATHEMATICAL AND EDUCATIONAL USE

- DEMONSTRATES THE POWER OF COORDINATE GEOMETRY IN DERIVING RELATIONSHIPS.
- PROVIDES A BASIS FOR EXPLORING MORE COMPLEX INSCRIBED SHAPES, SUCH AS POLYGONS WITH MORE SIDES.
- ENHANCES UNDERSTANDING OF THE PYTHAGOREAN THEOREM IN GEOMETRIC CONTEXTS.

EXTENSIONS AND GENERALIZATIONS

INSCRIBING OTHER REGULAR POLYGONS

THE PRINCIPLES USED HERE CAN BE EXTENDED TO OTHER REGULAR POLYGONS INSCRIBED IN CIRCLES:

- EQUILATERAL TRIANGLES, PENTAGONS, HEXAGONS, ETC.
- EACH POLYGON HAS A SPECIFIC RELATIONSHIP BETWEEN ITS SIDE LENGTH AND THE RADIUS OF THE CIRCUMSCRIBED CIRCLE.

FOR EXAMPLE:

- FOR A REGULAR PENTAGON INSCRIBED IN A CIRCLE, THE SIDE LENGTH \( S \) RELATES To THE RADIUS \( R \) VIA:

\[
s =2 R \sin \LerT( \rrAC{\P1}{53} \RIGHT)

\]

- FOR A REGULAR HEXAGON:

\[
=R
\]

INSCrIBED SQUARE IN A CIRCLE WITH ROTATED ORIENTATION

THE ABOVE ANALYSIS ASSUMES THE SQUARE IS ALIGNED SUCH THAT ITS VERTICES TOUCH THE CIRCLE ALONG THE DIAGONALS.
IF THE SQUARE IS ROTATED DIFFERENTLY (E.G., WITH SIDES PARALLEL TO AXES)/ THE RELATIONSHIPS STILL HOLD DUE TO
SYMMETRY, BUT THE COORDINATE CALCULATIONS MIGHT DIFFER SLIGHTLY.

CoNCLUSION

IN THIS COMPREHENSIVE EXPLORATION, WE HAVE ESTABLISHED THE FUNDAMENTAL RELATIONSHIP BETWEEN THE SIDE LENGTH OF
AN INSCRIBED SQUARE AND THE RADIUS OF THE CIRCLE. THE KEY FORMULA:

\[
s =R \sqrT{2}



\]

PROVIDES A DIRECT, ELEGANT CONNECTION ROOTED IN THE GEOMETRY OF INSCRIBED FIGURES AND THE PYTHAGOREAN THEOREM.
THE INVERSE RELATION:

\[
R = \rrac{s}{\sqrT{2}}
\]

ALLOWS FOR REVERSE CALCULATIONS, ESSENTIAL IN PRACTICAL APPLICATIONS. THESE FUNCTIONS UNDERPIN NUMEROUS
GEOMETRIC CONSTRUCTIONS AND SERVE AS FOUNDATIONAL TOOLS IN BOTH THEORETICAL AND APPLIED MATHEMATICS.

UNDERST ANDING THESE RELATIONSHIPS ENRICHES OUR GRASP OF CIRCLE-SQUARE CONFIGURATIONS AND PROVIDES A STEPPING
STONE TO ANALYZE MORE COMPLEX INSCRIBED POLYGONS AND THEIR ASSOCIATED FUNCTIONS.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE RELATIONSHIP BETWEEN THE SIDE LENGTH OF A SQUARE INSCRIBED IN A
CIRCLE AND THE RADIUS OF THE CIRCLE?

THE SIDE LENGTH OF THE SQUARE IS EQUAL TO THE RADIUS OF THE CIRCLE MULTIPLIED BY 2, I.E.,, S = R 2.

How CAN WE EXPRESS THE SIDE LENGTH OF THE INSCRIBED SQUARE AS A FUNCTION OF
THE CIRCLE'S RADIUS?

THE SIDE LENGTH S(R) = R 2, WHERE R IS THE RADIUS OF THE CIRCLE.

IF THE RADIUS OF THE CIRCLE INCREASES, HOW DOES THE SIDE LENGTH OF THE INSCRIBED
SQUARE CHANGE?

THE SIDE LENGTH INCREASES LINEARLY WITH THE RADIUS, FOLLOWING THE FUNCTION S(R) = R 2.

\WHAT IS THE DOMAIN OF THE FUNCTION THAT GIVES THE SIDE LENGTH OF THE INSCRIBED
SQUARE BASED ON THE CIRCLE’S RADIUS?

THE DOMAIN IS ALL R > 0, SINCE A RADIUS CANNOT BE NEGATIVE.

Is THE FUNCTION S(R) = R[] 2 LINEAR OR NONLINEAR? \W/HY?

THE FUNCTION IS LINEAR BECAUSE IT IS OF THE FORM S(R) = KR WITHK =[] 2.

How wouLD THE FUNCTION CHANGE IF THE SQUARE WAS INSCRIBED IN A SPHERE
INSTEAD OF A CIRCLE?

THE CONCEPT CHANGES BECAUSE A SQUARE CANNOT BE INSCRIBED IN A SPHERE IN THE SAME WAY, INSTEAD, A CUBE CAN BE
INSCRIBED IN A SPHERE, WITH THE RELATION INVOLVING THE SPHERE'S RADIUS AND THE CUBE'S EDGE LENGTH.

CAN THIS FUNCTION BE USED TO FIND THE SIDE LENGTH OF THE INSCRIBED SQUARE FOR



ANY CIRCLE RADIUS? ARE THERE ANY LIMITATIONS?

YES, THE FUNCTION S(R) = R 2 APPLIES FOR ANY CIRCLE WITH RADIUS R > O. LIMITATIONS ONLY ARISE IF THE RADIUS IS
NEGATIVE, WHICH IS NOT PHYSICALLY MEANINGFUL.

How DOES UNDERSTANDING THIS FUNCTION HELP IN PRACTICAL APPLICATIONS LIKE
DESIGN OR ENGINEERING?

KNOWING THE RELATIONSHIP ALLOWS PRECISE CALCULATION OF THE SQUARE,S SIZE BASED ON CIRCLE DIMENSIONS, AIDING IN
ACCURATE DESIGN, MANUFACTURING, AND SPATIAL PLANNING.

ADDITIONAL RESOURCES

A SQUARE Is INscriBeD IN A CIRcLE SucH THAT EACH CorNER ToUCHES THE CIRCLE — THIS CLASSIC GEOMETRIC
CONFIGURATION OFFERS RICH INSIGHTS INTO THE RELATIONSHIPS BETWEEN SHAPES AND THEIR CIRCUMSCRIBED CIRCLES. W/HETHER
YOU'RE A STUDENT BRUSHING UP ON GEOMETRY FUNDAMENTALS OR A PROFESSIONAL EXPLORING ADVANCED APPLICATIONS,
UNDERSTANDING HOW TO DERIVE FUNCTIONS THAT DESCRIBE SUCH CONFIGURATIONS IS ESSENTIAL. IN THIS ARTICLE, WE'LL
DELVE DEEP INTO THE PROBLEM, EXPLORING THE GEOMETRIC PRINCIPLES, DERIVING THE RELEVANT FUNCTIONS, AND DISCUSSING
THEIR SIGNIFICANCE IN BROADER CONTEXTS.

(UNDERSTANDING THE GEOMETRIC SETUP

THe Basic CONFIGURATION

IMAGINE A CIRCLE WITH A SQUARE INSCRIBED WITHIN IT, SUCH THAT EACH CORNER OF THE SQUARE TOUCHES THE CIRCLE. THIS
CONFIGURATION IS A PERFECT EXAMPLE OF A CYCLIC QUADRILATERAL, WHERE ALL VERTICES LIE ON THE CIRCLE'S
CIRCUMFERENCE.

Key ELEMENTS

- CircLE: DeriNED BY 1Ts cenTER \( O \) anp rabius \(R \).

- SQuARE: Has sipe LenGTH \('s \) anp verTices \( A, B, C, D \).

- VERTICES: EACH VERTEX TOUCHES THE CIRCLE, MEANING ALL FOUR VERTICES LIE ON THE CIRCLE'S CIRCUMFERENCE.
GEOMETRIC RELATIONSHIPS

- THE SQUARE'S VERTICES ARE EVENLY SPACED AROUND THE CIRCLE, EACH SEPARATED BY 90°.

- THE DIAGONAL OF THE SQUARE PASSES THROUGH THE CIRCLE'S CENTER.
- THe sipe LENGTH \( s \) reLaTES To THE RADIUS \( R \) THROUGH GEOMETRIC PROPERTIES.

ESTABLISHING THE FUNDAMENTAL RELATIONSHIPS
COORDINATES OF THE SQUARE'S VERTICES

TO ANALYZE THE PROBLEM MATHEMATICALLY, CONSIDER PLACING THE CIRCLE'S CENTER AT THE orIGIN \( (0,0) \). THe
INSCRIBED SQUARE CAN THEN BE REPRESENTED BY ITS VERTICES’ COORDINATES:

- LeT THe verTICEs BE \( A, B, C,D \).
- SINCE THE SQUARE IS INSCRIBED, VERTICES ARE EVENLY SPACED AT 90° INTERVALS AROUND THE CIRCLE.

ASSUMING THE SQUARE IS ROTATED SO THAT ONE VERTEX IS AT \( (R, 0) \), THE VERTICES CAN BE EXPRESSED AS:

\[



\BEGIN{ ALIGNED}

A §= (R \cos 0™\cire, R \sin 0™\circ) = (R, 0) \\

B &= (R \cos 90™\cire, R \sin 90™\circ) = (0, R) \\

C §= (R \cos 180™\crc, R \sin 180"\ circ) = (-R, 0) \\
D &= (R \cos 270™\crc, R \sin 270"\ circ) = (0, -R)
\eno{ ALIGNED}

DERIVING THE SIDE LENGTH

- THe sIDE LENGTH \('S \) OF THE SQUARE CAN BE CALCULATED USING THE DISTANCE BETWEEN TWO ADJACENT VERTICES, FOR
exaMpLE, \( A \) anD \( B \):

\[
s =|AB|=\sqQrT{(x B-x_A)*"2+ (v B-v_A)"2}
\]

SUBSTITUTING:

\[
|AB| = \s@rT{(0 -R)"2 + (R- 0)"2} = \sqrT{R"2 + R"2} = \sqrT{2} R
\]

Hence,

\[
s=\sqrT{2} R
\]

THIS FUNDAMENTAL RELATIONSHIP INDICATES THAT THE SIDE LENGTH OF THE INSCRIBED SQUARE IS PROPORTIONAL TO THE
RADIUS OF THE CIRCLE.

DERIVING THE FUNCTION: EXPRESSING THE SQUARE'S SIDE LENGTH IN TerMS oF THE CIRCLE'S RADIUS
ANALYTICAL EXPRESSION

FROM THE PREVIOUS SECTION, THE DIRECT RELATIONSHIP IS:

\[
s =\sqrT{2} R
\]

WHICH CAN BE REARRANGED T0 ExPRESS \( R \) IN TErms oF \( s \):

\[
R = \rrac{s}{\sqrT{2}}
\]

GENERALIZED FUNCTION

SUPPOSE WE WANT TO DEFINE A FUNCTION THAT GIVES THE RADIUS \( R \) OF THE CIRCLE BASED ON THE SIDE LENGTH \('s \):

\l

\BOXED{
R(s) = \rrac{s}{\sqrT{2}}
}

\]



ALTERNATIVELY, IF THE RADIUS \( R \) IS KNOWN AND WE NEED TO FIND THE SIDE LENGTH \('s \):

\[
s(R) = \sqrT{2} R
\]

EXTENDING THE ANALYSIS: V ARIATIONS AND ADDITIONAL PARAMETERS
ROTATED SQUARES

IF THE SQUARE IS ROTATED DIFFERENTLY (NOT ALIGNED WITH THE COORDINATE AXES)/ THE SAME PRINCIPLES APPLY, BUT THE
VERTICES' POSITIONS CHANGE. THE KEY REMAINS:

- THE VERTICES ARE EQUALLY SPACED AT 90° INTERVALS.
- THE DIAGONAL PASSES THROUGH THE CIRCLE'S CENTER, SO THE RELATIONSHIP BETWEEN SIDE LENGTH AND RADIUS REMAINS
UNCHANGED.

INSCrRIBED SQUARES IN OTHER CIRCLES

THIS ANALYSIS CAN BE GENERALIZED TO OTHER POLYGONS INSCRIBED IN CIRCLES, SUCH AS REGULAR PENTAGONS, HEXAGONS,
ETC., WHERE THE RELATIONSHIPS INVOLVE MORE COMPLEX TRIGONOMETRIC FUNCTIONS.

APPLICATIONS AND BROADER CONTEXT
ENGINEERING AND DESIGN
(UNDERSTANDING THE RELATIONSHIP BETWEEN INSCRIBED SQUARES AND CIRCLES ASSISTS IN:

- DESIGNING GEARS, PULLEYS, OR CIRCULAR INTERFACES WITH SQUARE COMPONENTS.
- DEVELOPING AESTHETIC PATTERNS IN ARCHITECTURE AND ART.

MATHEMATICAL EDUCATION

THIS PROBLEM EXEMPLIFIES KEY CONCEPTS IN:

- COORDINATE GEOMETRY

- TRIGONOMETRY

- GEOMETRIC TRANSFORMATIONS

ADVANCED MATHEMATICAL EXPLORATION

THE PRINCIPLES HERE EXTEND TO:

- CALCULATING AREAS AND PERIMETERS OF INSCRIBED FIGURES.

- EXPLORING INSCRIBED POLYGONS WITH DIFFERENT NUMBERS OF SIDES.
- ANALYZING THE IMPACT OF ROTATION AND SCALING ON INSCRIBED FIGURES.

SUMMARY: THE Key FUNCTION
T o ENCAPSULATE THE CORE RELATIONSHIP:

- GIVEN THE SIDE LENGTH \('S \) OF AN INSCRIBED SQUARE, THE CIRCLE'S RADIUS \( R \) Is:



\l

\Boxen{

R(s) = \rrac{s}{\sqrT{2}}

}

\]

- Given THE RADIUS \( R \) oF THE cIRcLE, THE SIDE LENGTH \( 5 \):
\[

\Boxen{

s(R) = \sqrT{2} R

}

\]

THIS SIMPLE YET POWERFUL FUNCTION HIGHLIGHTS THE ELEGANT SYMMETRY INHERENT IN THE INSCRIBED SQUARE AND CIRCLE
CONFIGURATION.

FINAL THOUGHTS

(UNDERSTANDING HOW A SQUARE INSCRIBED IN A CIRCLE RELATES THROUGH SUCH FUNCTIONS IS FUNDAMENTAL IN BOTH
THEORETICAL AND APPLIED GEOMETRY. |T SHOWCASES THE HARMONY BETWEEN ALGEBRA, TRIGONOMETRY, AND GEOMETRIC
INTUITION. WHETHER FOR CLASSROOM LEARNING, DESIGN, OR ADVANCED MATHEMATICAL MODELING, THESE RELATIONSHIPS FORM
A CORNERSTONE FOR EXPLORING MORE COMPLEX GEOMETRIC ARRANGEMENTS AND THEIR PROPERTIES.

REMEMBER, THE BEAUTY OF GEOMETRY OFTEN LIES IN ITS SIMPLICITY. A SQUARE PERFECTLY TOUCHING A CIRCLE'S BOUNDARY
REVEALS PROFOUND RELATIONSHIPS THAT CAN BE EXPRESSED THROUGH STRAIGHTFORW ARD FUNCTIONS, GUIDING US TO DEEPER
MATHEMATICAL UNDERSTANDING AND CREATIVE APPLICATIONS.
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