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Understanding the process of saltwater mixing in tanks is essential for industries such as
water treatment, chemical manufacturing, and food processing. When a tank initially filled
with pure water receives a continuous or intermittent inflow of brine — a solution of salt in
water — the salt concentration in the tank changes over time. This article explores the
dynamics of such a scenario, focusing on the key concepts, mathematical modeling, and
practical implications of adding brine containing 0.07 kg of salt per liter into a tank filled
initially with pure water.

---

Introduction to Saltwater Mixing in Tanks

In many industrial and environmental applications, understanding how the concentration
of a substance changes within a vessel over time is vital. The process of adding brine to
pure water involves complex interactions between inflow, outflow, and diffusion processes.
Specifically, in our scenario:

- The tank initially contains 1000 liters of pure water (no salt).
- Brine with a salt concentration of 0.07 kg per liter flows into the tank.
- The dynamics depend on whether the inflow and outflow are continuous or batch-wise, as
well as the flow rates involved.

This situation is a classic example of a mixing problem in chemical engineering, often
modeled using differential equations to predict concentration changes over time.

---

Understanding the Key Concepts

Before delving into the mathematical modeling, it is essential to clarify some fundamental
concepts:

1. Salt Concentration
- Defined as the amount of salt per unit volume of water, typically expressed in kg/L.



- In the initial state, the water is pure, so the salt concentration is zero.

2. Inflow and Outflow Rates
- The rate at which brine enters (inflow rate, Q_in).
- The rate at which mixture leaves (outflow rate, Q_out).
- The flow rates influence how quickly the concentration changes.

3. Assumptions in Modeling
- Perfect mixing: the salt concentration is uniform throughout the tank at all times.
- Constant flow rates.
- No salt removal or addition other than the inflow.
- The volume of water in the tank remains constant (if inflow equals outflow).

---

Mathematical Modeling of Salt Concentration

The core of understanding how the salt concentration evolves involves setting up and
solving a differential equation based on mass balance principles.

1. Basic Setup
Let:
- \( C(t) \) = concentration of salt in the tank at time \( t \) (kg/L).
- \( V \) = volume of water in the tank = 1000 L (constant).
- \( Q_{in} \) = inflow rate (L/min or L/hr).
- \( Q_{out} \) = outflow rate (L/min or L/hr).

Since the tank initially contains pure water, \( C(0) = 0 \).

2. Differential Equation Derivation
The rate of change of the amount of salt in the tank, \( S(t) = C(t) \times V \), is given by:

\[
\frac{dS}{dt} = \text{Salt entering} - \text{Salt leaving}
\]

- Salt entering per unit time: \( Q_{in} \times C_{in} \), where \( C_{in} = 0.07 \) kg/L.
- Salt leaving per unit time: \( Q_{out} \times C(t) \).

Assuming equal inflow and outflow rates (\( Q_{in} = Q_{out} = Q \)), maintaining
constant volume:



\[
\frac{dS}{dt} = Q \times C_{in} - Q \times C(t)
\]

Expressed in terms of \( C(t) \):

\[
V \frac{dC(t)}{dt} = Q \times C_{in} - Q \times C(t)
\]

Rearranged:

\[
\frac{dC(t)}{dt} + \frac{Q}{V} C(t) = \frac{Q}{V} C_{in}
\]

This is a first-order linear differential equation.

3. Solution to the Differential Equation
The general solution:

\[
C(t) = C_{in} \left(1 - e^{-\frac{Q}{V} t}\right)
\]

since initial concentration \( C(0) = 0 \).

Key points:
- As \( t \to \infty \), \( C(t) \to C_{in} \), the equilibrium concentration.
- The rate at which the concentration approaches equilibrium depends on \( Q \) and \( V \).

---

Calculating the Time to Reach Specific
Concentrations

Suppose the flow rate \( Q \) is known; we can determine how long it takes for the tank to
reach a certain salt concentration.

Example Calculation

Given:
- \( C_{in} = 0.07 \) kg/L.
- \( V = 1000 \) L.



- \( Q = 10 \) L/min.

Objective:
Find the time \( t \) when \( C(t) \) reaches 50% of \( C_{in} \).

\[
C(t) = 0.5 \times 0.07 = 0.035 \text{ kg/L}
\]

Using the solution:

\[
0.035 = 0.07 \left(1 - e^{-\frac{Q}{V} t}\right)
\]

\[
\Rightarrow \frac{0.035}{0.07} = 1 - e^{-\frac{Q}{V} t}
\]

\[
\Rightarrow 0.5 = 1 - e^{-\frac{Q}{V} t}
\]

\[
\Rightarrow e^{-\frac{Q}{V} t} = 0.5
\]

\[
\Rightarrow -\frac{Q}{V} t = \ln(0.5)
\]

\[
\Rightarrow t = -\frac{V}{Q} \times \ln(0.5)
\]

\[
t = -\frac{1000}{10} \times \ln(0.5) = -100 \times (-0.6931) \approx 69.31 \text{ minutes}
\]

Thus, it takes approximately 69.3 minutes for the concentration to reach 50% of the inlet
concentration.

---

Practical Implications and Applications

Understanding the dynamics of saltwater mixing has broad applications:



1. Water Treatment Plants
- Managing salt levels for desalination processes.
- Ensuring correct dosing of chemicals.

2. Chemical Manufacturing
- Controlling salt concentrations in solutions for reactions.

3. Food Industry
- Preparing brine solutions for preservation and flavoring.

4. Environmental Monitoring
- Assessing salt intrusion in aquifers and water bodies.

5. Industrial Design
- Designing tanks and flow systems for optimal mixing and residence time.

---

Factors Affecting Salt Concentration Dynamics

Several factors influence how quickly and effectively the salt concentration reaches
desired levels:

1. Flow Rate of Brine
- Higher flow rates lead to faster concentration increases.
- Trade-offs include system capacity and energy consumption.

2. Outflow Rate
- Determines the residence time of water in the tank.
- Affects the steady-state concentration.

3. Tank Volume
- Larger volumes require more time to reach a specific concentration.



4. Inflow Concentration
- Higher inlet salt concentrations accelerate the process.

5. Mixing Efficiency
- Perfect mixing assumption simplifies calculations.
- In real systems, imperfect mixing can cause concentration gradients.

---

Advanced Topics and Considerations

Beyond the basic model, more complex scenarios can be analyzed:

1. Variable Inflow Rates
- Time-dependent flow rates require solving nonhomogeneous differential equations.

2. Salt Removal or Additional Inputs
- Introducing salt removal processes or additional solutions affects the steady state.

3. Non-ideal Mixing
- Partial mixing or stratification can cause concentration variations.

4. Transient Conditions
- Sudden changes in flow rates or concentrations necessitate dynamic modeling.

5. Numerical Methods
- For complex systems, numerical simulation tools (e.g., MATLAB, Simulink) are used.

---

Conclusion

The process of adding brine containing 0.07 kg of salt per liter into a tank initially filled
with pure water exemplifies fundamental principles of chemical mixing, mass balance, and



differential equations. By modeling the system mathematically, engineers and scientists
can predict how the salt concentration evolves over time, optimize process parameters,
and ensure desired outcomes. Whether in water treatment, industrial processing, or
environmental management, understanding these principles is essential for effective
system design and operation.

Key takeaways

Frequently Asked Questions

What is the initial amount of salt in the tank before the
brine starts entering?
The initial amount of salt is 0 kg since the tank contains only pure water.

How much salt enters the tank per liter of brine?
The brine contains 0.07 kg of salt per liter.

If brine keeps entering the tank at a constant rate, how
does the salt concentration change over time?
The salt concentration initially increases as salt enters, but over time, it approaches a
steady-state value depending on the rate of inflow and outflow.

What is the steady-state concentration of salt in the
tank?
The steady-state concentration depends on the rate of inflow and outflow; if the inflow rate
equals the outflow rate, the salt concentration approaches 0.07 kg/L.

How can we model the amount of salt in the tank over
time?
The amount of salt can be modeled using a differential equation considering the rate of
salt entering with the brine and leaving with the outflow, typically: dS/dt = (0.07 × inflow
rate) - (outflow rate × S(t)/V).

If the inflow rate equals the outflow rate, what is the
final salt concentration in the tank?
It would be 0.07 kg per liter, assuming the brine continues to enter and mix uniformly
without leakage.



How long does it take for the salt concentration to
reach near steady state?
The time depends on the flow rates; generally, it approaches steady state exponentially,
with the time constant determined by the ratio of tank volume to flow rate.

What impact does increasing the inflow rate have on the
salt concentration over time?
Increasing the inflow rate introduces more salt per unit time, causing the concentration to
rise faster and reach a higher steady-state level more quickly.

Can the tank ever reach a concentration higher than
0.07 kg per liter?
No, the concentration will asymptotically approach 0.07 kg per liter, but will not exceed it
if the inflow contains salt at that concentration and the system reaches equilibrium.

Additional Resources
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---

Introduction

In industrial processes, environmental management, and chemical engineering,
understanding the dynamics of mixing substances in large containers is crucial. One
common scenario involves the gradual addition of saltwater (brine) into a tank initially
filled with pure water. This process not only affects the concentration of salt within the
tank but also has implications for process control, resource management, and
environmental safety. This article delves into the detailed analysis of such a scenario: a
tank initially filled with 1000 liters of pure water into which brine containing 0.07 kg of
salt per liter continuously enters.

---

The Scenario and Its Significance

Background and Context

Imagine a large industrial tank used for chemical processing, water treatment, or even
aquaculture. Maintaining specific salt concentrations is vital for optimal operation. The
process under consideration involves:

- An initial volume of 1000 liters of pure water (zero salt concentration).
- A steady inflow of brine with a known salt concentration, specifically 0.07 kg/liter.



- The potential for outflow or mixing dynamics that influence the salt concentration over
time.

Understanding this process helps engineers optimize resource usage, predict the time
required to reach desired concentrations, and prevent environmental or operational
hazards caused by improper mixing.

---

Fundamental Concepts and Assumptions

Basic Principles

The analysis hinges on several fundamental principles:

- Mass balance: The total amount of salt in the tank changes based on the inflow of
saltwater and the outflow (if any).
- Conservation of mass: No salt is created or destroyed; the salt quantity changes only due
to inflow and outflow.
- Steady inflow rate: For simplicity, assume the inflow rate is constant.
- Perfect mixing: The tank contents are uniformly mixed, ensuring the salt concentration is
the same throughout at any given time.

Assumptions for Simplification

To facilitate a clear analytical approach, the following assumptions are made:

- The inflow rate of brine is constant at \( Q \) liters per minute (or any consistent time
unit).
- The outflow rate, if present, is equal to the inflow rate \( Q \), maintaining a constant
volume.
- The initial salt content in the tank is zero.
- The temperature and other physical conditions remain constant, not affecting solubility
or mixing efficiency.
- The system is well-mixed at all times, ensuring uniform concentration.

---

Mathematical Modeling of the Process

Defining variables

Let:

- \( V(t) \): volume of liquid in the tank at time \( t \) (liters).
- \( C(t) \): salt concentration in the tank at time \( t \) (kg/liter).
- \( Q \): inflow (and outflow, assuming equal rates) of brine (liters/min).
- \( c_{in} \): salt concentration of inflow brine = 0.07 kg/liter.
- \( M(t) \): total mass of salt in the tank at time \( t \) (kg).

Given the initial conditions:



- \( V(0) = 1000 \) liters.
- \( M(0) = 0 \) kg (since initially the water is pure).

Volume Dynamics

Since the inflow and outflow rates are equal:

\[ V(t) = 1000 \text{ liters} \quad \text{(constant)} \]

This simplifies the analysis, as the volume remains unchanged.

Salt Mass Differential Equation

The rate of change of salt mass in the tank:

\[
\frac{dM}{dt} = \text{Salt inflow} - \text{Salt outflow}
\]

- Salt inflow: \( Q \times c_{in} \) (kg/min).
- Salt outflow: \( Q \times C(t) \) (kg/min), since the outflow has the same salt
concentration as the tank (due to perfect mixing).

Thus:

\[
\frac{dM}{dt} = Q c_{in} - Q C(t)
\]

But since \( M(t) = V \times C(t) \), and \( V \) is constant:

\[
C(t) = \frac{M(t)}{V}
\]

Substituting:

\[
\frac{d}{dt}(V C(t)) = Q c_{in} - Q C(t)
\]

\[
V \frac{dC(t)}{dt} = Q c_{in} - Q C(t)
\]

Rearranged:

\[
\frac{dC(t)}{dt} + \frac{Q}{V} C(t) = \frac{Q}{V} c_{in}
\]



This is a first-order linear differential equation.

---

Solving the Differential Equation

Homogeneous Solution

The homogeneous equation:

\[
\frac{dC}{dt} + \frac{Q}{V} C = 0
\]

has the solution:

\[
C_h(t) = A e^{-\frac{Q}{V} t}
\]

where \( A \) is a constant determined by initial conditions.

Particular Solution

Since the nonhomogeneous term is constant, the particular solution \( C_p \) is constant:

\[
C_p = c_{in}
\]

Plug into the differential equation:

\[
0 + \frac{Q}{V} c_{in} = \frac{Q}{V} c_{in}
\]

which satisfies the equation.

General Solution

Combining both:

\[
C(t) = C_p + C_h(t) = c_{in} + A e^{-\frac{Q}{V} t}
\]

Apply initial condition at \( t=0 \):

\[
C(0) = 0 = c_{in} + A \Rightarrow A = - c_{in}
\]



Thus, the concentration over time:

\[
\boxed{
C(t) = c_{in} \left( 1 - e^{-\frac{Q}{V} t} \right)
}
\]

This expression describes how the salt concentration in the tank approaches the inlet
concentration exponentially, with a time constant \( \tau = \frac{V}{Q} \).

---

Analysis of the Results

Time to Reach a Specific Salt Concentration

The exponential model allows us to determine how long it takes for the tank to reach a
certain percentage of the inlet salt concentration. For instance:

- To reach 63.2% of \( c_{in} \) (the value at \( t = \tau \)):

\[
C(\tau) = c_{in} \left( 1 - e^{-1} \right) \approx 0.632 c_{in}
\]

This characteristic time \( \tau = \frac{V}{Q} \) is critical because it indicates how quickly
the tank responds to the inflow.

Practical Implications

Suppose the inflow rate \( Q \) is 10 liters per minute:

\[
\tau = \frac{1000}{10} = 100 \text{ minutes}
\]

- After approximately 100 minutes, the salt concentration in the tank reaches about 63.2%
of 0.07 kg/liter, i.e., roughly 0.044 kg/liter.
- To reach near equilibrium (say 99%), solve:

\[
C(t) = 0.99 c_{in} \Rightarrow 1 - e^{-\frac{Q}{V} t} = 0.99
\]

\[
e^{-\frac{Q}{V} t} = 0.01 \Rightarrow t = - \frac{V}{Q} \ln(0.01) \approx 4.605 \times
\tau
\]

which for \( \tau = 100 \) minutes gives roughly 460.5 minutes (~7.7 hours).



---

Additional Considerations

Outflow Dynamics

In real-world systems, outflow rates may differ from inflow rates, leading to changing
volumes. If outflow exceeds inflow, the volume decreases over time, and the differential
equations become more complex, involving terms for volume change.

Non-Constant Inflow

In some scenarios, the brine inflow rate or concentration varies over time. Such cases
require modifying the equations to include time-dependent functions.

Environmental and Safety Factors

- Excessive salt concentrations can harm aquatic ecosystems if discharged improperly.
- Buffering and control systems are necessary for maintaining optimal concentrations.
- Monitoring equipment can track salt levels in real-time for better process control.

---

Practical Applications

Water Treatment

The principles described are fundamental in designing filtration and desalination systems.
Engineers must predict how long it takes to achieve desired salinity levels to optimize
process efficiency.

Industrial Chemical Processing

In chemical manufacturing, precise salt concentrations influence product quality and
reaction rates. The exponential approach to equilibrium informs batch and continuous
process controls.

Environmental Management

Understanding how saltwater mixes in natural or artificial systems helps prevent pollution,
manage salinity in irrigation, and protect aquatic life.

---

Conclusion

The analysis of filling a tank with pure water and subsequently introducing brine with a
known salt concentration exemplifies fundamental principles of fluid mechanics and
chemical engineering. By modeling the process mathematically, we gain insights into the
time scales involved, the dynamics of concentration change, and operational parameters
critical for effective resource management. The exponential model derived underscores



the importance of flow rates and
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