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A Uniform Ladder Rests Against A Smooth Vertical Wall. There Is No Friction Between The
Ladder And The wall, presenting an intriguing scenario in classical mechanics that involves
understanding forces, equilibrium, and the role of friction in supporting structures. This
configuration is a common problem in physics, illustrating fundamental principles such as static
equilibrium, the distribution of forces, and the significance of friction in preventing slipping. In this
article, we will explore the physics behind this setup in detail, analyzing the forces involved, deriving
the conditions for equilibrium, and discussing the implications of the absence of friction between the
ladder and the wall.

Understanding the Setup: A Uniform Ladder and a
Smooth Vertical Wall

The Components of the System

This scenario involves several key elements:

e The Ladder: A uniform ladder of length \( L \) and mass \( m \). Its weight acts at its center of
mass, which is at the midpoint of the ladder.

e The Wall: A smooth (frictionless) vertical wall that the ladder leans against.

e The Ground: A horizontal surface supporting the ladder, which provides friction to prevent
slipping.

The Assumptions

To analyze this problem, we make some simplifying assumptions:
e The ladder is rigid and uniform.
e The wall is perfectly smooth, meaning no frictional force acts between the ladder and the wall.

e The ground exerts both a normal force and frictional force to support the ladder and prevent
slipping.

e Gravity acts downward on the ladder's center of mass.



e The system is in static equilibrium, meaning it is at rest and not accelerating.

Forces Acting on the Ladder

Identifying the Forces

In the static equilibrium of the ladder, several forces act:
e Weight (\( W\)): Acts downward through the ladder's center of mass, located at its midpoint.
Magnitude \( W = mg \).

e Normal force from the ground (\( N_g \)): Acts upward at the base where the ladder
contacts the ground.

e Frictional force at the ground (\( F_f\)): Acts horizontally at the base, opposing relative
motion that could cause slipping.

e Normal force from the wall (\( N_w \)): Acts horizontally at the point of contact with the
wall, directed inward (perpendicular to the wall).

Friction Between the Ladder and the Ground

While the problem specifies no friction between the ladder and the wall, friction between the ladder
and the ground is crucial. It prevents the ladder from slipping away from the wall as it leans at an
angle.

Conditions for Equilibrium

Sum of Forces Must Be Zero

Since the ladder is at rest, the net force in both the horizontal and vertical directions must be zero:

e Horizontal direction: \( N w = F ) (assuming no other horizontal forces).

e Vertical direction: \( N g = W).



Sum of Torques Must Be Zero

To prevent rotational motion, the sum of torques about any point must be zero. Usually, choosing the
base of the ladder as the pivot simplifies calculations, as the forces at the base exert no torque about
that point.

Deriving the Conditions for the Ladder’s Stability

Setting Up the Torque Equation

Taking moments about the base of the ladder:

- The weight \( W) acts at the midpoint, located at \( L/2 \) from the ground, at a height \( h = (L/2)
\sin \theta \), where \( \theta \) is the angle the ladder makes with the ground.
- The normal force from the wall \( N w\) acts at the top contact point, at height \( L \sin \theta \).

Assuming the ladder leans at an angle \( \theta \):

\[

\text{Torque due to } W = W \times \left( \frac{L} {2} \cos \theta \right)
\]

\[

\text{Torque due to } N w = N w \times L \sin \theta

\]

The torque balance (taking clockwise as positive):

\[
N w \times L \sin \theta = W \times \frac{L} {2} \cos \theta

\]
Simplifies to:

\[
N w = \frac{W}{2} \cot \theta
\]

Frictional Force at the Base
The frictional force \( F_f\) at the ground prevents the ladder from slipping outward. The horizontal

equilibrium condition:

\[
Ff=Nw
\]

And the vertical equilibrium:



\[
Ng=W
\]

The maximum static friction force is:

\[
F {f\text{max}} =\mu sN g =\mu s W
\]

where \(\mu s ) is the coefficient of static friction between the ladder and the ground.
To prevent slipping:

\[
F f\leq\mu s W
\]

which implies:

\[
N w\leq\mu s W
\]

Using earlier expression for \( N w\):

\[

\frac{W}{2} \cot \theta \leq \mu s W
\]

\[

\frac{1}{2} \cot \theta \leq \mu _s

\]

or equivalently:

\[

\cot \theta \leq 2 \mu_s

\]

\[

\theta \geq \arctan \left( \frac{1}{2 \mu s} \right)
\]

This inequality establishes the minimum angle \( \theta \) for which the ladder remains in equilibrium
without slipping, given the coefficient of static friction.

Implications of No Friction Between the Ladder and the



Wall

How the Lack of Friction Affects Stability

Since the wall is smooth, it cannot exert any horizontal frictional force, only a normal force. This
means:

- The wall can only support the ladder through the normal force \( N w \).

- The ladder relies entirely on the ground friction to prevent slipping.

- If the ladder is pushed or displaced, the maximum support from the wall is limited to \( N w ),
which depends on the angle \( \theta \) and the weight \( W \).

Critical Angle and Slipping Condition

As the ladder leans closer to the ground (smaller \( \theta \)), the required \( N w\) increases,
potentially exceeding the maximum supportable by the ground friction. Conversely, at larger angles,
the ladder is more stable.

The critical angle \( \theta c\) beyond which the ladder slips can be found from:

\[
\cot \theta ¢ = 2 \mu_s
\]

or

\[
\theta c = \arctan \left( \frac{1}{2 \mu s} \right)
\]

If the actual angle \( \theta \) is less than \( \theta c ), the ladder will slip unless the coefficient \(
\mu s ) is increased or other supports are provided.

Practical Considerations and Real-World Applications

Designing Safe Ladder Supports

Understanding the physics of a uniform ladder against a smooth vertical wall informs safety
standards and design considerations:

e Ensuring sufficient friction at the base to prevent slipping.

¢ Positioning the ladder at an appropriate angle to maintain equilibrium.



e Using materials with adequate static friction coefficients.

Limitations and Real-World Factors

While the idealized model provides valuable insights, real-world scenarios involve:

e Friction between the ladder and the wall, which can aid stability.
e Deformation under load, affecting force distribution.

e Dynamic forces during movement, not accounted for in static analysis.

Conclusion

The scenario of a uniform ladder resting against a smooth vertical wall highlights critical principles
of static equilibrium and force analysis. Without friction between the ladder and the wall, the
stability hinges primarily on the frictional force at the ground and the angle at which the ladder
leans. By understanding the relationships between the forces, torques, and the coefficient of static
friction, engineers and safety professionals can design safer ladders and support systems. This
analysis also underscores the importance of friction in everyday structures and the delicate balance
required to maintain stability in physical systems.

In summary, the absence of friction between the ladder and the wall simplifies the force analysis but
emphasizes the crucial role of ground friction and proper angle selection in ensuring the ladder's
stability. Recognizing these principles is essential for safe ladder use, structural engineering, and
understanding the fundamental concepts of mechanics.

Frequently Asked Questions

What is the significance of the ladder resting against a smooth
vertical wall?

It implies that there is no friction between the ladder and the wall, meaning the wall does not oppose
any horizontal force, affecting the ladder's equilibrium conditions.

How does the absence of friction between the ladder and the
wall affect the ladder's stability?

Without friction at the wall, the ladder cannot have any horizontal reaction force there, so stability
depends solely on the friction at the ground and the ladder's weight distribution.



What forces act on the ladder when it rests against a smooth
vertical wall?

The forces include the weight of the ladder acting downward, the normal force at the ground acting
upward, the horizontal reaction force at the ground, and the normal force exerted by the wall acting
horizontally.

How can we analyze the equilibrium of a ladder leaning
against a smooth wall?

By applying conditions of static equilibrium: the sum of all horizontal and vertical forces must be
zero, and the sum of all moments (torques) about any point must also be zero.

What is the role of the coefficient of friction at the ground in
this scenario?

The coefficient of friction determines the maximum frictional force at the ground, which is vital for
preventing slipping of the ladder since no friction exists at the wall.

Can the ladder slip downward under its own weight in this
setup?

Yes, if the friction at the ground is insufficient to counteract the component of the ladder’s weight
tending to slide downward, the ladder may slip.

Why is understanding this problem important in real-world
applications?

It helps in designing safe ladder placements and understanding how forces distribute in structures
with frictionless contact points, which is essential for safety and stability assessments.

What assumptions are made in analyzing a ladder against a
smooth vertical wall?

Assumptions include no friction at the wall, the ladder being rigid, the weight acting at the center of
mass, and the surface contacts being ideal with no deformation.

Additional Resources
Uniform Ladder Resting Against a Smooth Vertical Wall: An In-Depth Analysis

Understanding the physics of a uniform ladder resting against a smooth vertical wall involves
exploring concepts related to equilibrium, forces, and moments. This scenario, often encountered in
physics and engineering problems, offers rich insights into how objects behave under various force
conditions, especially when friction is absent at certain contact points. In this comprehensive review,



we will dissect the problem systematically, examining the forces involved, the conditions for
equilibrium, the implications of the smooth wall, and the resulting behavior of the ladder.

Introduction to the Problem Setup

Imagine a ladder that is uniform, meaning its weight is evenly distributed along its length. It leans
against a smooth vertical wall, meaning:

- The wall exerts a normal force perpendicular to its surface.

- There is no friction between the ladder and the wall, implying the wall cannot exert any horizontal
frictional force.

- The ground, typically, is considered to be rough enough to prevent slipping, or at least, the analysis
focuses on the forces at the contact points.

This setup is fundamental in statics, where the goal is to analyze the forces and moments to
determine the ladder’s equilibrium position and the nature of the forces involved.

Key Assumptions and Conditions

Before analyzing the forces, let's specify the assumptions:

- The ladder is rigid and uniform.

- The ladder leans against a smooth vertical wall (no friction).

- The ladder contacts the ground at point \(A\) and the wall at point \(B\).

- The ladder leans at an angle \(\theta\) from the horizontal.

- The length of the ladder is \(L\).

- The weight of the ladder, \(W\), acts at its center of gravity (midpoint), vertically downward.

- The forces involved are:

- The reaction force at the ground at \(A\), which can be resolved into a horizontal component \(H_A\)
and a vertical component \(V_A)).

- The reaction force at the wall at \(B\), which, due to the smoothness, exerts only a normal force
\(N_B\) perpendicular to the wall (horizontal in this case).

- The weight \(W\) acting downward at the center of the ladder.

Forces Acting on the Ladder

Understanding the forces is crucial:



1. Force at the Ground \(A))

- Vertical Reaction \(V_A\): Supports the weight of the ladder.
- Horizontal Reaction \(H A\): Prevents the ladder from slipping horizontally at the base.

2. Force at the Wall \(B\)

- Normal Force \(N_B\): Acts horizontally, pushing the ladder away from the wall; no friction implies
it cannot exert a tangential (frictional) force along the wall.

3. Weight \(W\) of the Ladder

- Acts downward at the ladder's center of gravity, located at \(L/2\) from the base.

Conditions for Equilibrium

For the ladder to be in equilibrium, two primary conditions must be satisfied:

1. Sum of Forces Must Be Zero

\[
\sum \vec{F} =0

\]
This condition applies separately in the horizontal and vertical directions:

- Horizontal direction:

\[

HA=NB

\]

- Vertical direction:
\[

VA=W

\]

2. Sum of Moments Must Be Zero

\[
\sum \tau = 0

\]
Choosing the base point \(A\) simplifies calculations, as the reactions at \(A\) pass through this point,
producing no moment. The moments are due to:



- The weight \(W\) acting at the center of the ladder.
- The normal force \(N_B\) at the top contact point \(B\).

Analyzing the Equilibrium Conditions

Let's delve into the mathematics of the problem.

Coordinate Setup

- Assume the ladder leans at an angle \(\theta\) from the horizontal.

- The length of the ladder is \(L\).

- The horizontal distance from the base \(A\) to the point of contact with the wall \(B\) is \(x\).
- The vertical distance from \(A\) to \(B\) is \(y\).

From geometry:
\[
x = L \cos \theta
\]
\[
y = L \sin \theta
\]

Force Equilibrium Equations

- Horizontal:
\[
HA=NB
\]

- Vertical:

\[
VA=W
\]

Moment Equilibrium about \(A))
Taking moments about point \(A\) (to eliminate reaction forces at \(A\) which pass through \(A\)):

\[

\text{Moment due to } W:\quad W \times \frac{L} {2} \cos \theta

\]

(since the center of gravity is at the midpoint, at distance \(L/2\) along the ladder, and the horizontal
component is scaled by \(\cos \theta\)).



\[

\text{Moment due to } N B:\quad N B \times L \sin \theta

\]

(since the normal force acts at the top contact point \(B\), located at a vertical height \(L \sin \theta\)
from \(A))).

The sum of moments must be zero for equilibrium:

\[
N B \times L \sin \theta - W \times \frac{L}{2} \cos \theta = 0
\]

Simplifying:

\[

N B \sin \theta = \frac{W}{2} \cos \theta
\]

\[

N B = \frac{W}{2} \cot \theta

\]

Implications of No Friction at the Wall

The key aspect of this problem is the absence of friction between the ladder and the wall. This has
several important implications:

- The normal force \(N_B)) is the only force exerted by the wall; it acts horizontally.
- The wall cannot exert any tangential (frictional) force to oppose slipping.

- Any tendency of the ladder to slip downward or outward must be countered by the reactions at the
base.

Determining the Reaction at the Base

From force equilibrium:
- Vertical component:

\[

VA=W

\]

- Horizontal component:



\[
H A =N B = \frac{W}{2} \cot \theta
\]

The reaction at the base is then:

\[
R A =\sqrt{V A"2 + H A"2} = \sqrt{W"2 + \left(\frac{W} {2} \cot \theta\right)~2}
\]

which simplifies to:

\[
R A =W\sqrt{1 + \frac{1}{4} \cot™2 \theta}
\]

Check for Slipping Conditions

Since the wall is smooth, the only horizontal force at the wall is \(N_B\). To prevent slipping at the
base, the frictional force must be sufficient to counter any horizontal component:

\[
F {friction} \geq H A
\]

If the ground is rough enough, static friction can provide this force. The maximum static friction is:

\[
F {max} =\mu sV A=\mu sW
\]

where \(\mu_s\) is the coefficient of static friction at the base.
To prevent slipping, the following must hold:

\[
H A\leq\mu s W
\]

which implies:

\[

\frac{W}{2} \cot \theta \leq \mu s W
\]

Dividing both sides by \(W\):



\[
\frac{1}{2} \cot \theta \leq \mu _s
\]

or equivalently:

\[
\cot \theta \leq 2 \mu_s
\]

This inequality establishes the minimum angle \(\theta\) at which the ladder can rest without
slipping, given the friction coefficient \(\mu_s\) at the base.

Special Considerations: Critical Angle and Stability

The critical angle \(\theta c\) for equilibrium without slipping can be derived from:

\[

\cot \theta ¢ = 2 \mu s

\]

\[

\Rightarrow \theta c = \arctan \left(\frac{1}{2 \mu s}\right)
\]

- For large \(\mu_s\) (high friction), the ladder can lean at a smaller angle.
- For small \(\mu _s\) (low friction), the ladder must lean more steeply (larger \(\theta\)) to remain in
equilibrium.

Stability Analysis:

- The equilibrium is stable if small displacements result in restoring forces.

- For a ladder leaning against a smooth wall, the stability depends on the angle and the friction at
the base.

- Generally, the ladder is more stable at larger angles, where the
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