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Understanding the concept of stationarity is fundamental in time series analysis,
especially when it comes to modeling and forecasting economic, financial, or
environmental data. When conducting a stationarity test, such as the Augmented Dickey-
Fuller (ADF) or the Phillips-Perron test, the core step involves estimating a specific
regression formula. This estimated regression form allows statisticians and data analysts
to determine whether a time series possesses a unit root, indicating non-stationarity, or if
it is stationary.

In this article, we will explore in detail the regression formulas estimated during
stationarity tests, clarifying their structure, purpose, and interpretation. Whether you are
a student, researcher, or practitioner, understanding these formulas is essential for
correctly diagnosing your time series data.

Understanding Stationarity and Its Importance in
Time Series Analysis

Before diving into the regression formulas, it's important to grasp what stationarity means
and why it matters. In simple terms:

What Is Stationarity?
- A time series is considered stationary if its statistical properties such as mean, variance,
and autocorrelation are constant over time.
- Non-stationary series often exhibit trends, seasonality, or other evolving characteristics.

Why Is Stationarity Important?
- Many modeling techniques assume stationarity because it simplifies the analysis and
improves forecast accuracy.
- Non-stationary data can lead to spurious regression results, where relationships appear
significant but are not meaningful.



Regression Formulas for Stationarity Tests

The core of most stationarity tests involves estimating a regression model that captures
the properties of the time series and tests for the presence of a unit root. The estimated
regression formulas differ slightly depending on the specific test, but they share common
elements.

1. The Augmented Dickey-Fuller (ADF) Test Regression
Formula

The ADF test is one of the most widely used procedures for testing stationarity. It extends
the basic Dickey-Fuller test by including lagged differences of the series to account for
higher-order serial correlation.

The general regression formula for the ADF test is:

Δyt = α + β yt-1 + γ1 Δyt-1 + γ2 Δyt-2 + ... + γp-1 Δyt-(p-1) + εt

Where:
- Δyt = yt - yt-1 (the first difference of y)
- α = constant term (can be omitted in some versions)
- β = coefficient on the lagged level of the series (yt-1)
- γi = coefficients on lagged differences
- p = number of lagged difference terms included to ensure white noise residuals
- εt = error term

Purpose of the regression:
- To test the null hypothesis H₀: β = 0 (presence of a unit root, non-stationarity)
- Against the alternative hypothesis H₁: β < 0 (stationarity)

Interpretation:
- If the test statistic for β is less than the critical value, we reject H₀ and conclude the
series is stationary.
- If not, the series likely contains a unit root and is non-stationary.

2. The Phillips-Perron (PP) Test Regression Formula

The PP test is similar to the ADF but differs in how it accounts for serial correlation and
heteroskedasticity in the error term without adding lagged difference terms explicitly.

The regression formula for the PP test can be written as:

yt = α + β yt-1 + εt



In this case:
- The test focuses on the coefficient β in the regression of y on its lagged value.
- The null hypothesis is again H₀: β = 0 (unit root present).
- The test adjusts the test statistic to account for serial correlation and heteroskedasticity
using a non-parametric correction.

Note: The PP test typically involves estimating the above simple regression but uses a
different correction method than the ADF to compute the test statistic.

Step-by-Step Explanation of the Regression
Components

To better understand the regression formulas, let's break down each component:

Dependent Variable: Δyt

- Represents the change in the series from one period to the next.
- Critical for transforming a potentially non-stationary series into a form suitable for
stationarity testing.

Lagged Level: yt-1

- The key variable under test.
- The coefficient β indicates whether the series has a unit root.

Lagged Differences: Δyt-1, Δyt-2, ...
- Used in the ADF test to account for higher-order serial correlation.
- The number of lags (p−1) is selected based on information criteria (like AIC or BIC).

Constant Term (α)
- Optional, depending on whether a trend is included in the test.
- Helps account for non-zero means or deterministic trends in the data.

Interpreting the Results of the Regression

Once the regression is estimated, the next step involves hypothesis testing:



Null Hypothesis (H₀):
- The series has a unit root (non-stationary).
- β = 0

Alternative Hypothesis (H₁):
- The series is stationary.
- β < 0

Decision Rule:
- If the test statistic for β is less than the critical value (from the Dickey-Fuller
distribution), reject H₀.
- This indicates evidence against the presence of a unit root, implying stationarity.

Implications:
- A rejection suggests the series does not have a unit root.
- Failing to reject indicates the series is non-stationary.

Practical Considerations When Performing
Stationarity Tests

While understanding the regression formulas is crucial, there are practical aspects to
consider:

Choosing the Correct Model Specification
- Decide whether to include a constant, trend, or both based on the data characteristics.
- Different specifications lead to different critical values and interpretations.

Determining the Number of Lags (p)
- Use criteria like AIC, BIC, or the significance of lagged differences to select p.
- Proper lag selection prevents overfitting or underfitting.

Interpreting Test Results in Context
- Consider the economic or domain context.
- Stationarity tests are sensitive to sample size and data peculiarities.

Summary



In summary, performing a test for stationarity involves estimating a regression formula
that typically takes the form:

Augmented Dickey-Fuller (ADF) Test:

Δyt = α + β yt-1 + γ1 Δyt-1 + ... + γp-1 Δyt-(p-1) + εt

Phillips-Perron (PP) Test:

yt = α + β yt-1 + εt

The key focus is on the coefficient β of the lagged level yt-1. If β is significantly less than
zero, the series is considered stationary; if not, it likely contains a unit root and is non-
stationary.

Understanding these regression formulas helps researchers accurately diagnose the
properties of their time series data, guiding appropriate modeling choices and ensuring
robust analysis.

Frequently Asked Questions

What is the typical regression formula used to test for
stationarity in a time series?
A common regression formula used is: ΔY_t = α + βY_{t-1} + ε_t, where ΔY_t is the
change in the series, Y_{t-1} is the lagged level, and ε_t is the error term.

How does the regression formula relate to the
Augmented Dickey-Fuller (ADF) test for stationarity?
The ADF test estimates a regression of ΔY_t on Y_{t-1} and lagged differences to test if
Y_{t-1} has a unit root, with the basic form being ΔY_t = α + βY_{t-1} + Σγ_iΔY_{t-i} +
ε_t.

What are the key components of the regression formula
used in stationarity tests?
The key components include the dependent variable (change in the series), the lagged
level of the series, and possibly lagged differences of the series to account for higher-
order autocorrelation.



Why is the coefficient β in the regression formula
important in stationarity testing?
The coefficient β indicates whether the series has a unit root; a significantly negative β
suggests stationarity, while a β close to zero indicates a unit root and non-stationarity.

Can you provide a simple example of the regression
formula used in testing for stationarity?
Yes, a simple example is ΔY_t = α + βY_{t-1} + ε_t, where testing whether β is
significantly less than zero helps determine if the series is stationary.
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In the realm of time series analysis, understanding whether a dataset is stationary or non-
stationary forms the cornerstone of effective modeling and forecasting. Stationarity
implies that the statistical properties of a series—such as its mean, variance, and
autocorrelation—remain constant over time, making it amenable to many analytical
techniques. Conversely, non-stationary data can lead to misleading inferences and
unreliable predictions if not properly addressed. To determine whether a time series is
stationary, statisticians and economists often rely on formal hypothesis testing methods,
with the Augmented Dickey-Fuller (ADF) test being among the most widely used. Central
to these tests is the estimation of a specific regression model, which allows us to assess
the presence of a unit root—a hallmark of non-stationarity. This article delves into the
structural form of the regression model estimated during stationarity testing, explaining
its components, interpretation, and significance in the context of time series analysis.

---

Understanding the Foundation: The Importance of Stationarity

Before examining the regression formula itself, it’s essential to grasp why stationarity
matters:

- Predictability: Stationary series have consistent statistical properties, making future
behavior more predictable.
- Model Assumptions: Many models (e.g., AR, ARIMA) assume stationarity; applying them
to non-stationary data can produce spurious results.
- Variance and Covariance Stability: Stationary data exhibit constant variance and
autocorrelation structure over time.

When a series is non-stationary—often evidenced by trending behavior or changing
variance—test procedures like the ADF are employed to statistically evaluate the presence
of a unit root, which indicates non-stationarity.



---

The Regression Model in Stationarity Tests: The Augmented Dickey-Fuller Framework

The core of the stationarity test lies in estimating a regression model designed to evaluate
whether a time series possesses a unit root. The most common approach used is the
Augmented Dickey-Fuller (ADF) test, which extends the simple Dickey-Fuller test by
accounting for higher-order autocorrelation.

The General Regression Formula:

\[
\Delta y_t = \alpha + \beta y_{t-1} + \sum_{i=1}^{p} \gamma_i \Delta y_{t-i} +
\varepsilon_t
\]

Where:

- \(\Delta y_t = y_t - y_{t-1}\): the first difference of the series
- \(\alpha\): the intercept term (constant)
- \(\beta\): the coefficient indicating the presence of a unit root
- \(\sum_{i=1}^{p} \gamma_i \Delta y_{t-i}\): the sum of lagged differences, capturing
higher-order autocorrelation
- \(\varepsilon_t\): the error term, assumed to be white noise
- \(p\): the number of lagged difference terms included to ensure residuals are
uncorrelated

---

Dissecting the Regression Components

To fully understand how this regression operates in the context of stationarity testing, it is
crucial to interpret each component:

1. The Differenced Series (\(\Delta y_t\))
By taking the first difference, the test focuses on the change from one period to the next,
which helps stabilize the mean of the series if it is non-stationary due to a stochastic trend.
This transformation is a key step in identifying whether the series has a unit root.

2. The Constant Term (\(\alpha\))
The intercept captures the mean level of the differenced series. Its inclusion depends on
whether the test is performed with or without a constant, which affects the null
hypothesis.

3. The Coefficient \(\beta\) and Its Role
The crux of the test lies in the coefficient \(\beta\):

- When \(\beta = 0\), the series has a unit root, implying non-stationarity.
- When \(\beta < 0\), the series is stationary around a deterministic trend or mean,
depending on the model specification.



The null hypothesis (\(H_0: \beta = 0\)) states that the series has a unit root (non-
stationary), while the alternative hypothesis (\(H_A: \beta < 0\)) suggests stationarity.

4. Lagged Difference Terms (\(\sum_{i=1}^p \gamma_i \Delta y_{t-i}\))
These terms are added to the regression to account for higher-order autocorrelation in the
residuals. The number of lags \(p\) is chosen to ensure that the error terms
\(\varepsilon_t\) are white noise, which validates the use of standard statistical inference
methods.

---

Variants of the Regression Model

Depending on the characteristics of the data and the specific hypotheses tested, the
regression model can take different forms:

- With a constant only: Tests for a unit root in a series with no deterministic trend.

\[
\Delta y_t = \alpha + \beta y_{t-1} + \sum_{i=1}^{p} \gamma_i \Delta y_{t-i} +
\varepsilon_t
\]

- With a constant and trend: When the series exhibits a deterministic trend, the model
includes a trend term:

\[
\Delta y_t = \alpha + \delta t + \beta y_{t-1} + \sum_{i=1}^{p} \gamma_i \Delta y_{t-i} +
\varepsilon_t
\]

where \(t\) is a time trend variable.

The choice among these models depends on the data's behavior and the specific
hypothesis under investigation.

---

Interpreting the Results of the Regression

Once the regression is estimated, the next step involves hypothesis testing:

- Null Hypothesis (\(H_0\)): \(\beta = 0\) (unit root, non-stationarity)
- Alternative Hypothesis (\(H_A\)): \(\beta < 0\) (stationarity)

If the test statistic for \(\beta\) is less than the critical value (more negative), we reject the
null hypothesis, concluding that the series is stationary. Conversely, failing to reject the
null suggests the series has a unit root and is non-stationary.

---



Significance of the Regression Formula in Practice

This regression formula is more than a theoretical construct; it forms the backbone of
practical stationarity testing:

- Model Specification: Ensures that autocorrelation is adequately modeled, improving test
reliability.
- Decision-Making: Guides analysts on the stationarity properties, affecting subsequent
modeling choices.
- Forecasting: Determines whether differencing or detrending is necessary before applying
predictive models.

---

Final Remarks

The regression formula estimated during a stationarity test, notably the Augmented
Dickey-Fuller test, exemplifies the intersection of statistical theory and practical analysis.
By regressing differenced data on lagged levels and differences, analysts obtain a rigorous
basis for assessing the presence of a unit root—a key indicator of whether a time series is
stationary. Understanding the components and implications of this regression equips
researchers and practitioners with the tools necessary to handle time series data
effectively, ensuring robust modeling and reliable forecasting. As the foundation for many
econometric analyses, the proper application and interpretation of this regression are
indispensable in the toolkit of modern data analysis.
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