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Introduction

The story of Archimedes and his famous eureka moment in the bathtub is one of
the most celebrated tales in the history of science and mathematics. While
the anecdote is often used to illustrate the principle of buoyancy, it also
sparks curiosity about the physical phenomena involved—particularly, how the
water level in the tub changes when objects are submerged and then removed.

In practical terms, understanding the relationship between the amount of
water drained from a tub and the remaining water in liters involves
principles from fluid mechanics, geometry, and algebra. This article explores
how to model the amount of water left in a bathtub as a function of the
volume of water drained, offering insights that are both mathematically
rigorous and applicable to real-world scenarios.

The Context: Archimedes and the Principle of Buoyancy

Before delving into the mathematical modeling, it is essential to understand
the context of Archimedes' discovery. According to legend, Archimedes
realized that the volume of displaced water equals the volume of the object
submerged when he observed water displacement in his bathtub. This discovery
laid the foundation for the principle of buoyancy, which states that a body
submerged in a fluid experiences an upward force equal to the weight of the
displaced fluid.

While the story is often simplified, it also hints at the geometric and
volumetric relationships involved when objects are submerged or removed from
a container filled with water. This sets the stage for analyzing how the
water level—and consequently, the volume—changes during draining.

Modeling the Water Level in a Bathtub

To analyze how much water remains after draining, we need to establish a
mathematical model of the bathtub and the water it contains. The key
variables and parameters include:

- V_total: The total volume of water initially in the bathtub (in liters).
- V_drained: The volume of water drained from the bathtub (in liters).
- V_remaining: The volume of water remaining in the bathtub after draining
(in liters).
- h_initial: The initial height of water in the bathtub (meters).



- h_remaining: The height of water remaining after draining (meters).
- A: The cross-sectional area of the bathtub (square meters).

Assumptions for Simplification

To develop a clear mathematical model, we assume:

- The bathtub has a uniform cross-sectional area (A), i.e., it is a
rectangular prism or similar shape with a constant cross-section.
- The water level is uniform throughout the tub (no sloping sides or
irregular shapes).
- The draining process removes water uniformly from the top, without leaving
residual pockets.
- The relationship between volume and height is linear, given the constant
cross-sectional area.

Relationship Between Volume and Height

The total volume of water in the bathtub can be expressed as:

\[ V = A \times h \]

Where:

- \( V \) is in cubic meters (m³).
- \( A \) is in m².
- \( h \) is in meters.

Since we are working with liters, recall that:

\[ 1 \text{ cubic meter} = 1000 \text{ liters} \]

Therefore, the volume in liters is:

\[ V_{liters} = 1000 \times A \times h \]

This relation allows us to convert between height and volume.

Deriving the Volume as a Function of Drained Water

Suppose the initial water height is \( h_{initial} \), corresponding to the
total initial volume \( V_{total} \):

\[ V_{total} = 1000 \times A \times h_{initial} \]

When water is drained, a volume \( V_{drained} \) liters is removed, leaving:

\[ V_{remaining} = V_{total} - V_{drained} \]

The remaining water height, \( h_{remaining} \), can be calculated as:



\[ h_{remaining} = \frac{V_{remaining}}{1000 \times A} = \frac{V_{total} -
V_{drained}}{1000 \times A} \]

Expressing \( V_{remaining} \) as a function of \( V_{drained} \):

\[ V_{remaining}(V_{drained}) = V_{total} - V_{drained} \]

Thus, the amount of water left in the tub in liters is directly related to
the volume drained.

The Functional Relationship

The core mathematical relationship can be summarized as:

\[
\boxed{
V_{remaining}(V_{drained}) = V_{total} - V_{drained}
}
\]

Where:

- \( V_{total} \) is the initial volume of water in liters.
- \( V_{drained} \) is the volume drained in liters.
- \( V_{remaining} \) is the volume of water remaining after draining, in
liters.

This linear function indicates that the volume remaining is simply the
initial volume minus the drained volume, assuming uniform drainage.

Practical Applications and Examples

To illustrate this model, consider a typical bathtub scenario.

Example 1: Basic Calculation

Suppose:

- The bathtub initially contains 150 liters of water.
- The cross-sectional area \( A \) is 0.5 m².
- The initial water height:

\[
h_{initial} = \frac{V_{total}}{1000 \times A} = \frac{150}{1000 \times 0.5} =
\frac{150}{500} = 0.3 \text{ meters}
\]

If 50 liters are drained:

\[
V_{drained} = 50 \text{ liters}



\]

Remaining volume:

\[
V_{remaining} = 150 - 50 = 100 \text{ liters}
\]

Remaining height:

\[
h_{remaining} = \frac{100}{1000 \times 0.5} = \frac{100}{500} = 0.2 \text{
meters}
\]

Thus, after draining 50 liters, the water level drops from 0.3 meters to 0.2
meters.

Example 2: Generalized Function

The relationship between the drained volume and remaining volume can be
written as:

\[
V_{remaining}(V_{drained}) = 150 - V_{drained}
\]

This linear function allows for quick calculations of the remaining water
volume for any drained amount, assuming the initial conditions remain
constant.

Extending the Model: Variable Cross-Sectional Area

In real-world scenarios, bathtubs often have sloped sides, making the cross-
sectional area \( A(h) \) a function of height. To account for this, the
model becomes more complex, involving integral calculus.

The Generalized Approach

If \( A(h) \) varies with height, then:

\[
V = \int_0^{h} A(h') \, dh'
\]

And the volume remaining after draining a height \( h \) is:

\[
V_{remaining} = \int_0^{h_{remaining}} A(h') \, dh'
\]



The relationship between drained volume and remaining height becomes:

\[
V_{drained} = V_{total} - V_{remaining} = \int_{h_{remaining}}^{h_{initial}}
A(h') \, dh'
\]

This integral approach allows for modeling complex shapes, but for typical
rectangular or simple-shaped tubs, the linear model suffices.

Real-World Considerations and Limitations

While the mathematical model provides a straightforward relationship,
practical factors can influence the actual water volume:

- Residual water: Some water may remain due to surface tension or
irregularities.
- Drainage inefficiency: Draining may not be perfectly complete, leaving
pockets of water.
- Shape irregularities: Many bathtubs are not perfectly rectangular,
requiring more complex modeling.
- Measurement errors: Actual measurements of water volume and height may
vary.

Despite these limitations, the linear model remains a powerful tool for
estimating water volume during draining processes.

Conclusion

Analyzing the amount of water left in a bathtub as a function of the drained
volume combines principles from geometry, algebra, and fluid mechanics.
Assuming a uniform cross-sectional area, the relationship is linear and
straightforward:

\[
V_{remaining} = V_{total} - V_{drained}
\]

This simple yet effective model enables quick calculations and provides
insight into the volumetric changes during draining. For more complex shapes,
integral calculus can be employed to account for variable cross-sections,
ensuring accurate modeling in diverse scenarios.

Understanding these relationships not only enhances our appreciation for
classical physics but also has practical applications in plumbing, fluid
management, and engineering design. Whether solving academic problems or
managing real-world water resources, the principles outlined here serve as a
foundational tool for analyzing fluid volume dynamics in containers like
bathtubs.

---
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Frequently Asked Questions

What is the mathematical function that models the
amount of water left in Archimedes' tub after
draining part of it?
The function can be modeled as a decreasing function, for example, W(t) = W₀
- r·t, where W₀ is the initial volume of water, r is the rate of drainage in
liters per unit time, and t is the time elapsed.

How does the shape of the tub influence the function
describing water volume over time?
The tub's shape determines the relationship between the height of water and
its volume, often making the function nonlinear if the cross-sectional area
varies with height. For simple shapes like rectangular or cylindrical tubs,
the function is linear; for complex shapes, it might be quadratic or more
complex.

Can Archimedes' principle be used to determine the
rate at which water drains from the tub?
Archimedes' principle relates to buoyant force and is not directly used to
determine drainage rates. To model water draining, principles of fluid
dynamics, such as Bernoulli's equation and flow rate equations, are more
applicable.

What are some real-world applications of modeling
the water volume in a draining tub as a function?
This modeling applies to engineering problems like designing drainage
systems, modeling fluid flow in tanks, and understanding the rate of water
loss in various hydraulic systems.

How would changes in water temperature affect the
function describing the water volume in the tub?
Water temperature affects viscosity and flow characteristics but not the
volume directly. However, temperature changes could influence the rate of
drainage if they alter flow rates, which can be incorporated into the
function as a variable parameter.



What mathematical tools are useful for analyzing the
function of water volume remaining in the tub over
time?
Tools such as differential equations, integration, and calculus are used to
analyze and derive the function, especially when dealing with nonlinear
relationships due to changing cross-sectional areas or flow rates.

Additional Resources
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The story of Archimedes and his famous discovery about displacement is one of
the most celebrated tales in the history of science and mathematics. While
the legend generally involves Archimedes realizing how to determine an
object's volume by water displacement, a fascinating mathematical problem
inspired by this story revolves around understanding how the amount of water
remaining in a tub changes as water is drained out. Specifically, modeling
the amount of water left in the tub, measured in liters, as a function of the
amount drained offers rich insights into mathematical functions, physics
principles, and their real-world applications. This article delves into the
detailed analysis of this problem, exploring the mathematical modeling,
practical considerations, and implications of understanding the water level
dynamics during drainage.

---

Understanding the Scenario: The Draining Water
in a Tub

The basic premise involves a tub initially filled with a certain volume of
water. As water is drained from the tub—whether through a hole, a siphon, or
a tap—the volume of water remaining decreases over time. The key question is:
How can we model the amount of water left in the tub in liters as a function
of the volume of water drained?

This problem has both theoretical and practical relevance. For example:

- Designing efficient drainage systems.
- Understanding fluid dynamics in containers.
- Reconstructing the process mathematically for educational purposes.

To model this scenario accurately, several factors must be considered:

- The initial volume of water in the tub.



- The shape of the tub (cylindrical, conical, irregular).
- The method and rate at which water is drained.
- The height of water at each stage.
- The relationship between the drained volume and the remaining water.

---

Mathematical Foundations: Modeling Water Volume
as a Function

Basic Assumptions and Variables

Let's define some key variables:

- \( V_0 \): Initial volume of water in liters.
- \( V(t) \): Volume of water remaining at time \( t \) (or after draining
volume \( v \)), measured in liters.
- \( v \): Cumulative volume of water drained, in liters.
- \( h \): Height of water at a given time or drained volume.
- \( A(h) \): Cross-sectional area of the tub at height \( h \).

The primary goal is to find a function \( V(v) \) that gives the remaining
volume in liters as a function of the drained volume \( v \).

---

Volume as a Function of Drained Water in Simple
Geometries

Cylindrical Tubes:

Suppose the tub is a perfect cylinder with cross-sectional area \( A \)
(constant). The volume of water at height \( h \) is:

\[
V = A \times h
\]

Given that the total initial volume is \( V_0 = A \times h_0 \), where \( h_0
\) is the initial water height.

As water is drained, the height reduces from \( h_0 \) to \( h \). The volume
of drained water is:



\[
v = V_0 - V = A(h_0 - h)
\]

Expressing \( V \) as a function of \( v \):

\[
V(v) = V_0 - v
\]

which is a linear function. The simplicity here stems from the constant
cross-sectional area.

Features:

- Pros:
- Easy to model mathematically.
- Linear relationship, straightforward to analyze.
- Cons:
- Oversimplifies real-world scenarios with irregular shapes.

---

Non-Uniform Cross-Sectional Shapes

Suppose the tub has a non-uniform shape, such as a conical or irregular
profile. In such cases, the cross-sectional area \( A(h) \) varies with
height \( h \).

Example: Conical Tub

For a conical tub with:

- Height \( H \),
- Base radius \( R \),
- Cross-sectional area at height \( h \):

\[
A(h) = \pi \left( \frac{R}{H} h \right)^2 = \pi \frac{R^2}{H^2} h^2
\]

The volume of water at height \( h \):

\[
V(h) = \int_0^h A(t) dt = \int_0^h \pi \frac{R^2}{H^2} t^2 dt = \pi
\frac{R^2}{H^2} \frac{h^3}{3}
\]

Expressed explicitly:



\[
V(h) = \frac{\pi R^2}{3 H^2} h^3
\]

Now, if we invert this to find \( h \) as a function of \( V \):

\[
h(V) = \left( \frac{3 H^2 V}{\pi R^2} \right)^{1/3}
\]

The drained volume \( v \) corresponds to a reduction in height from \( h_0
\) to \( h \). The volume of drained water:

\[
v = V_0 - V(h) = V_0 - \frac{\pi R^2}{3 H^2} h^3
\]

Expressed in terms of \( v \):

\[
V(v) = V_0 - v
\]

but since \( V \) depends on \( h \), the relationship between the drained
volume \( v \) and remaining volume involves the inverse function:

\[
V(v) = \frac{\pi R^2}{3 H^2} h^3
\]

where

\[
h = \left( \frac{3 H^2 (V_0 - v)}{\pi R^2} \right)^{1/3}
\]

Features:

- Pros:
- More realistic for conical or tapered tubs.
- Provides a nonlinear relationship reflecting real geometries.
- Cons:
- More complex to invert for \( V \) as a function of drained volume.
- Requires knowledge of the tub's shape parameters.

---



Modeling Drainage Dynamics: Rate of Water Flow
and Its Impact

While the previous models focus on static relationships between volume and
height, real drainage involves dynamics—how quickly water leaves the tub. The
rate of drainage depends on factors like:

- The size and shape of the outlet (hole, tap).
- The water height (pressure).
- Fluid properties.

Torricelli's Law states that the velocity \( v \) of water exiting a hole at
height \( h \):

\[
v = \sqrt{2 g h}
\]

where \( g \) is acceleration due to gravity.

The volumetric flow rate \( Q \) (liters per second):

\[
Q = A_{out} \times v = A_{out} \sqrt{2 g h}
\]

where \( A_{out} \) is the cross-sectional area of the outlet.

Expressing the drained volume over an infinitesimal time \( dt \):

\[
dv = Q \times dt
\]

and the differential equation governing the drainage:

\[
\frac{dv}{dt} = A_{out} \sqrt{2 g h}
\]

Given \( V = V(h) \) and \( v = V_0 - V(h) \), the rate at which volume
decreases is linked to the height \( h(t) \):

\[
\frac{dV}{dt} = -Q(h) = -A_{out} \sqrt{2 g h}
\]

This differential equation can be solved to find \( V(t) \) or \( V(v) \),
depending on the initial conditions.



Implications:

- The rate of drainage accelerates as \( h \) decreases.
- The total drainage time can be computed by integrating over \( h \).

---

Practical Applications and Considerations

Understanding the function \( V(v) \) is not purely academic; it has tangible
applications:

- Design of drainage systems: Ensuring efficient emptying without overflow or
underperformance.
- Fluid mechanics education: Demonstrating how geometry influences fluid
behavior.
- Environmental modeling: Predicting how water bodies drain or fill over
time.

However, real-world factors complicate the modeling:

- Friction and turbulence: Affect flow rate.
- Irregular shapes: Require more complex geometric modeling.
- Air pressure and siphoning effects: Can alter flow dynamics.

---

Summary of Key Features and Considerations

| Feature | Description | Advantages | Limitations |
|---|---|---|---|
| Linear model (cylinder) | \( V(v) = V_0 - v \) | Simplicity |
Oversimplified, shape-independent |
| Nonlinear model (conical, irregular) | \( V(h) \) involves \( h^3 \) or
other powers | Realistic for complex shapes | Requires detailed shape
parameters |
| Dynamic drainage modeling | Incorporates flow rate via physics laws |
Accurate timing and flow predictions | Complex differential equations |

---

Conclusion

Modeling the amount of water left in a tub as a function of drained volume is



a fascinating intersection of geometry, physics, and mathematics. Starting
from simple assumptions about shape and flow, it
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