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In the realm of mathematics and computational analysis, the concept of intervals plays a pivotal role,
especially when dealing with uncertainties, approximations, or ranges of possible values. Interval
arithmetic is a powerful framework that allows us to perform mathematical operations directly on
these intervals, producing results that encompass all possible outcomes. This approach is
particularly useful in fields such as numerical analysis, control systems, optimization, and computer
science, where precise values are often unknown, but bounds are available.

Understanding how arithmetic operations are defined on intervals, their properties, and their
expected behaviors is essential for leveraging interval arithmetic effectively. This article explores
the foundational concepts, the definitions of various operations, their properties, and practical
applications, providing a comprehensive overview suitable for both beginners and advanced
practitioners.

What Are Intervals and Why Are They Important?

An interval is a set of real numbers lying between two endpoints, representing a continuous range of
values. Formally, an interval can be expressed as:

- Closed interval: \[a, b\], where \(a \leq b\), includes all points \(x\) such that \(a \leq x \leq b\).

- Open interval: \((a, b)\), includes all points \(x\) such that \(a < x < b\).

- Half-open intervals: \([a, b)\) or \((a, b]\).

In computational contexts, the most common form used is the closed interval, denoted as \([a, b]\).
Intervals are crucial for representing uncertainty, measurement errors, or ranges of possible values

in scientific computations. Instead of relying on a single numerical value, intervals provide a more
robust and realistic depiction of data.

Interval Arithmetic: An Overview

Interval arithmetic extends standard arithmetic operations to intervals. Instead of computing with
point values, calculations are performed on entire ranges, ensuring that the true value of a quantity,



which might be unknown or imprecise, is contained within the resulting interval.

Key motivation: To guarantee that the true result of a calculation lies within the computed interval,
accounting for uncertainties and rounding errors.

Core idea: Define arithmetic operations on intervals such that the operation’s result is the minimal

interval containing all possible outcomes of applying the operation to any elements within the
operand intervals.

Defining Arithmetic Operations on Intervals

The fundamental arithmetic operations—addition, subtraction, multiplication, and division—are
extended to intervals with specific definitions that preserve inclusion properties.

Addition
Given two intervals \([a, b]\) and \([c, d]\), their sum is defined as:
\[[a, b]+[c,dl=[a+c, \,b+d]\]

Intuition: The smallest possible sum occurs when adding the lower bounds, and the largest when
adding the upper bounds.

Subtraction
Subtracting one interval from another:
\[[a, b]-[c,dl=[a-d,\ b-c]\]

Note: The lower bound is obtained by subtracting the upper bound of the second interval from the
lower bound of the first, and vice versa for the upper bound.

Multiplication

Multiplication is more involved because the product of intervals depends on the signs of the
endpoints:

\[ [a, b] \times [c, d] = \left[ \min \{ ac, ad, bc, bd \}, \max \{ ac, ad, bc, bd \} \right] \]
This ensures the resulting interval captures all possible products.

Division

Division is defined when the divisor interval does not include zero:

\[ [a, b] \div [c, d] = [a, b] \times \left[ \frac{1}{d}, \frac{1}{c} \right] \]



provided \(0 \notin [c, d]\). If zero lies within the divisor interval, division is undefined or requires
special handling to avoid division by zero.

Expected Properties of Interval Arithmetic Operations

Interval operations are designed to uphold certain mathematical properties that make them reliable
for computations involving uncertainties.

Inclusion Property

For any operation \(\ast\), the true result of applying \(\ast\) to any values within the operand
intervals is contained within the resulting interval:

\[ \text{If } x\in [a, b], \, y \in [c, d], \text{ then } x\ast y \in [a, b] \ast [c, d] \]

This guarantees that interval arithmetic provides a conservative estimate that encloses all possible
outcomes.

Commutativity and Associativity
- Addition and multiplication are both commutative:

+ [a, b]\]

\[ [a, b] + [c, d] = [c, d]
1 =[c, d] \times [a, b] \]

\[ [a, b] \times [c, d
- Associativity holds for addition and multiplication:

\[ ([a, b] + [c, d]) + [e, f] = [a, b] + ([c, d] + [e, D) \]

Distributivity

Interval multiplication distributes over addition:

\[ [a, b] \times ([c, d] + [e, f]) = [a, b] \times [c, d] + [a, b] \times [e, f] \]
Monotonicity

Operations are monotonic concerning interval bounds; increasing an operand interval leads to an
increase in the result interval.

Expected Behavior and Practical Implications



The definitions and properties of interval arithmetic aim to produce results that reliably contain all
possible real outcomes, given the input ranges. Some key expectations include:

- Conservative estimates: The resulting intervals are guaranteed to enclose all possible exact values
resulting from the operation.

- Minimal overestimation: Efforts are made to keep the resulting interval as tight as possible to avoid
unnecessary overestimation, which can lead to less informative results.

- Handling of rounding errors: Interval arithmetic inherently accounts for rounding errors by using
directed rounding modes to ensure the inclusion property.

Challenges and Considerations

While interval arithmetic provides robust bounds, there are challenges:

- Dependency problem: Reusing the same interval multiple times in an expression can lead to
overestimation because the dependencies between variables are not explicitly modeled.

- Wrapping effect: Successive operations can cause the intervals to become wider, reducing
precision.

- Division by intervals containing zero: Special care must be taken to avoid undefined operations or
to define meaningful extensions.

Applications of Arithmetic Operations on Intervals

Interval arithmetic is employed across numerous fields, leveraging the defined operations and
properties to handle uncertainty effectively.

Numerical Analysis and Error Bounds

Interval arithmetic allows mathematicians and engineers to compute error bounds in numerical
algorithms, ensuring results stay within acceptable limits even with rounding errors.

Control Systems and Robust Design

Designing control systems that can tolerate parameter variations relies on interval computations to
guarantee stability and performance under uncertainty.

Optimization and Constraint Satisfaction

Interval methods facilitate global optimization techniques by bounding feasible regions and pruning
search spaces efficiently.

Computer Graphics and Geometric Computations

Bounding volumes in 3D modeling and collision detection often utilize interval arithmetic to handle
geometric uncertainties.



Summary and Future Directions

Arithmetic operations on intervals are fundamental to the discipline of interval analysis, providing a
framework to perform calculations that account for uncertainty, error, and imprecision. These
operations are carefully defined to preserve inclusion properties, offering reliable bounds for all
possible outcomes.

Advancements in interval arithmetic include techniques to reduce overestimation, such as:

- Affine arithmetic: Extends interval arithmetic by capturing linear dependencies.
- Taylor models: Use polynomial approximations to improve bounds.
- Constraint propagation: Refines intervals based on additional information.

As computational power increases and algorithms become more sophisticated, the future of interval
arithmetic promises tighter bounds, better dependency management, and broader applicability
across scientific and engineering disciplines.

Conclusion

Understanding how arithmetic operations are defined and behave on intervals is crucial for anyone
working with uncertain data or numerical approximations. The principles outlined—conservative
bounding, inclusion properties, and expected behaviors—form the backbone of reliable interval
analysis. By applying these principles thoughtfully, practitioners can achieve robust, accurate, and
meaningful results in complex computational tasks involving ranges of values.

Keywords: interval arithmetic, interval operations, bounds, uncertainty, error analysis, numerical
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Frequently Asked Questions

What are interval arithmetic operations and how are they
defined?

Interval arithmetic operations involve computing results over intervals rather than precise numbers,
where the result interval encompasses all possible values from applying the operation to any
element within the input intervals. They are defined to ensure the true value lies within the resulting
interval, maintaining mathematical correctness.



Why is interval arithmetic important in numerical
computations?

Interval arithmetic is crucial in numerical computations because it provides bounds on errors and
uncertainties, ensuring that solutions account for rounding errors and data imprecision, leading to
more reliable and robust results.

How do addition and subtraction operate on intervals?

Addition of intervals [a, b] and [c, d] results in [a + ¢, b + d], while subtraction resultsin [a-d, b -
c], capturing all possible sums or differences between any elements in the input intervals.

Can multiplication and division be directly extended to
intervals? How are they defined?

Yes, multiplication and division can be extended to intervals. Multiplication involves considering all
products of endpoints and taking the minimum and maximum. Division is defined similarly, with care
taken to avoid division by zero; it involves reciprocals of the divisor interval when applicable.

What does it mean that arithmetic operations on intervals are
‘expected'?

When called 'expected’, it indicates that the operations are designed to produce intervals that
reliably contain all possible outcomes of the operation, accounting for uncertainties and ensuring
correctness in computations.

What are some common challenges in interval arithmetic
operations?

Challenges include the dependency problem, where multiple occurrences of the same variable can
lead to overestimation of bounds, and the wrapping effect, which can cause the result intervals to
become excessively broad, reducing precision.

How can interval arithmetic be used in practical applications?

Interval arithmetic is used in error analysis, control systems, scientific simulations, and verified
computing to provide bounds on results, ensure safety margins, and handle imprecise or uncertain
data effectively.

Additional Resources
Arithmetic on Intervals: Arithmetic Operations May Be Defined on Intervals and Are Expected
In the realm of numerical analysis and computational mathematics, interval arithmetic has emerged

as an essential tool for managing uncertainty, bounding errors, and ensuring reliable computations.
At its core, interval arithmetic involves performing mathematical operations on intervals rather than



on precise point values. This approach encapsulates uncertainty, rounding errors, and measurement
inaccuracies effectively, making it invaluable in fields such as control systems, optimization,
scientific computing, and formal verification.

This comprehensive review delves into the fundamental principles of arithmetic on intervals, the
definition and properties of interval operations, and their theoretical and practical implications. We
will explore how arithmetic operations are extended to intervals, examine the expectations and
guarantees these operations provide, and analyze their applications and challenges in various
domains.

Understanding Intervals and Interval Arithmetic

What is an Interval?

An interval is a set of real numbers lying between two endpoints. Formally, it is denoted as:

\[
\text{Interval } I = [a, b] = \{ x \in \mathbb{R} \mid a \leq x \leq b \}
\]

where:

-\(a, b \in \mathbb{R}\),
-\(a \leq b\).

Intervals can be classified based on their openness or closedness:

- Closed interval: \([a, b]\),
- Open interval: \((a, b)\),
- Half-open intervals: \([a, b)\) or \((a, b]\).

In interval arithmetic, the focus is primarily on closed intervals, as they are more straightforward to
handle computationally.

What is Interval Arithmetic?

Interval arithmetic involves performing algebraic operations directly on intervals, resulting in a new
interval that contains all possible results of the operation applied to any elements within the operand
intervals. This encapsulation of uncertainty ensures that the true value, which may be unknown or
imprecise, is always contained within the computed interval.



For example, given two intervals \(A =[a 1, a 2]\) and \(B = [b 1, b 2]\), the sum \(A + B\) is defined
as:

\[

A+B=[al+b1,a2+b?2]
\]

Similarly, other operations are extended accordingly, with the goal of capturing all potential results.

Fundamental Interval Operations

The core of interval arithmetic involves defining the basic arithmetic operations—addition,
subtraction, multiplication, and division—on intervals. These definitions are designed to produce an
interval that encloses all possible outcomes of the operation on any points within the operand
intervals.

Addition and Subtraction

Addition:

Given two intervals \(A =[a 1, a 2]\) and \(B = [b_1, b 2]\), the sum is:

\[
A+B=[al+bl,a2+Db2]
\]

Properties:

- Closure: Closed under addition, meaning the sum of two intervals is another interval.
- Enclosure: Contains all possible sums \(x + y\) where \(x \in A\) and \(y \in B\).

- Commutativity: \(A + B = B + A)).

- Associativity: \(A+ B) + C=A + (B + C)\).

Subtraction:

Defined as:

\[
A-B=[al-b2a2-bl]
\]

This ensures the interval contains all differences \(x - y\) for \(x \in A\), \(y \in B\).



Multiplication

Multiplication is more intricate because the sign of the endpoints can affect the result. The product
of two intervals \(A =[a 1,a 2]\) and \(B = [b 1, b 2]\) is given by:

\[
A\times B = [\min S, \max S]
\]

where

\[
S=\{albl,alb2a2bl,a2b2\}
\]

The minimum and maximum are selected from these four products. This accounts for all possible
combinations, including negative and positive values.

Properties:

- Closure: The product of two intervals is another interval.

- Enclosure: Contains all products \(x \times y\) with \(x \in A\), \(y \in B\).

- Non-commutativity in some cases: While multiplication of real numbers is commutative, interval
multiplication is commutative as well.

- Distributivity: Multiplication distributes over addition, but with caution due to interval
overestimations.

Division

Division is defined when the divisor interval does not include zero to avoid undefined behavior and
division by zero.

\[
A\div B = A \times B~{-1}
\]

where \(B”~{-1}\) is the reciprocal of the interval \(B\), defined as:

\[
B~ {-1} = \left[\frac{1}{b 2}, \frac{1}{b 1}right], \quad \text{if } 0 \notin B
\]

Note: If \(0 \in B\), division is undefined or must be handled carefully, often through extended



interval definitions or by partitioning the domain.

Expected Properties and Theoretical Foundations

Interval arithmetic operations are designed to satisfy certain expectations and properties that make
them robust and reliable for computational tasks.

Containment and Enclosure

A fundamental expectation is that the result of an interval operation encloses all possible exact
results:

\[
\text{For } A, B \text{ intervals, } \quad \text{Exact result} \subseteq \text{Interval result}

\]

This property guarantees soundness, ensuring that the true value (if unknown or uncertain) always
lies within the computed interval.

Monotonicity

Operations are expected to be monotonic with respect to the inclusion order:
- If \(A \subseteq A"\), then:

\[

A + B \subseteq A' + B

\]

\[

A \times B \subseteq A' \times B
\]

and similarly for other operations. This property ensures that narrowing an interval (reducing
uncertainty) leads to narrower results, preserving the logical consistency of the method.



Associativity and Commutativity

- Addition and multiplication are commutative and associative in interval arithmetic, mirroring the
properties in real arithmetic, which simplifies the algebraic manipulation of intervals.

Distributivity and Subdistributivity

- While distributivity of multiplication over addition holds exactly in real numbers, in interval
arithmetic, it may not be exactly distributive due to overestimation, especially when intervals are
large or contain zero.

Expected Challenges and Overestimation

Despite the desirable properties, interval arithmetic faces several challenges rooted in the
dependency problem and overestimation.

Dependency Problem

When the same interval appears multiple times within an expression, traditional interval arithmetic
can overestimate the result because it treats each occurrence as independent, even if the variables
are actually the same.

Example:

\[

x\in [1, 2]

\]

\[

x-x\in[1, 2]-[1, 2] =[-1, 1]
\]

But since \(x - x = 0\) always, the interval should be \(\{O\}\). The overestimation arises because the
operation does not recognize the dependency.



Overestimation and Wrapping Effect

The process of enclosing all possible results can lead to wider intervals than necessary, especially in
complex expressions or iterative computations, impairing the precision of the results.

This is called the wrapping effect, where the interval “wraps around” the true set of possible values,
leading to less informative bounds.

Expected Uses and Applications

Interval arithmetic is integral to various applications where reliable bounds are crucial.

Error Analysis and Rigorous Computations

- Bounding rounding errors in floating-point computations.
- Ensuring verified solutions in numerical methods.
- Providing rigorous bounds in scientific simulations.

Global Optimization

- Using interval methods to prune search spaces.
- Guaranteeing global minima or maxima within bounds.

Control and Safety-Critical Systems

- Ensuring system stability under uncertainties.
- Formal verification of hardware/software correctness.

Mathematical and Scientific Modeling



- Handling measurement uncertainties.
- Propagating errors through complex models.

Advanced Concepts and Extensions

Beyond basic operations, interval arithmetic encompasses various advanced concepts to improve
accuracy and efficiency.



