At T =0, A 785g Mass At Rest On The
End Of A Horizontal Spring (k=184N/m)
Is Struck By A Hammer Which

Introduction

At T = 0, a 785g mass at rest on the end of a horizontal spring (k=184 N/m) is
struck by a hammer which introduces a dynamic scenario involving oscillatory motion,
energy transfer, and the principles of classical mechanics. This setup provides a rich
context for exploring concepts such as elastic collisions, harmonic oscillations, energy
conservation, damping effects, and the subsequent motion of the mass-spring system.
Understanding how the system responds immediately after impact, as well as its
subsequent behavior, is fundamental in mechanics and has applications in engineering,
physics, and material science.

Initial Conditions and System Setup

Mass and Spring Parameters

- Mass (m): 785 grams, which converts to 0.785 kg.

- Spring Constant (k): 184 N/m.

- Initial State: The mass is initially at rest, positioned either at the equilibrium point or
displaced depending on the scenario.

- Impact: The mass is struck by a hammer at T = 0, imparting an initial velocity or force.

Assumptions for Analysis

To analyze the problem effectively, certain assumptions are typically made:

- The spring obeys Hooke's Law within the elastic limit.

- The collision between the hammer and the mass is either elastic or inelastic, depending
on the scenario.

- The system is isolated with negligible damping unless specified.

- The mass is constrained to move horizontally without friction unless otherwise stated.



Impact Dynamics and Initial Conditions

Nature of the Hammer Strike

The description of the hammer strike is critical in understanding the system’s initial
conditions:

- Type of Impact: Is it a perfectly elastic collision, inelastic, or partially inelastic?

- Force Profile: Does the hammer impart an instantaneous velocity (impulse) or a force over
a finite time?

- Magnitude of Impulse or Force: The magnitude influences the initial velocity of the mass
after impact.

Determining the Initial Velocity of the Mass

Assuming the hammer imparts an impulse \( J \), the initial velocity \( v_0\) of the mass
immediately after impact can be calculated as:

\[
v_0 = \frac{J}{m}
\]

If the hammer strikes with a certain velocity \( v_h\) and the impact is elastic, the velocity
transfer depends on the relative masses and elasticity. For simplicity, if the hammer's mass
is negligible compared to the mass (or if it strikes with a known velocity \( v_h)), the initial
velocity of the mass can be approximated as:

\[
v_0 =\frac{2 m_hv_h}{m + m_h}
\]

where \( m_h') is the hammer's mass and \( v_h\) its velocity. If \( m_h\) is very small, the
velocity imparted to the mass approximates to:

\[
v_0\approx v_h
\]

Alternatively, if the impulse \( ] \) is specified, the initial velocity is:

\[
v_0 = \frac{J}{m}
\]

Note: Precise calculation depends on the detailed impact parameters.



Post-Impact Motion of the Mass

Oscillatory Behavior

Following the impact, the mass will typically oscillate due to the restoring force of the
spring:

- Type of Oscillation: Simple harmonic motion (SHM) if damping is negligible.
- Frequency of Oscillation:

\[
f =\frac{1}{2\pi} \sqrt{\frac{k}{m}} = \frac{1}{2\pi} \sqrt{\frac{184}{0.785}}
\]

Calculating:

\[
\sqrt{\frac{184}{0.785}} \approx \sqrt{234.39} \approx 15.32

\]

Thus,

\[
flapprox \frac{15.32}{2\pi} \approx \frac{15.32} {6.283} \approx 2.44\, \text{Hz}

\]

- Period of Oscillation:

\[
T = \frac{1}{f} \approx \frac{1}{2.44} \approx 0.41\, \text{seconds}

\]

Amplitude of Oscillation

The amplitude \( A\) depends on the initial velocity:

\[
A = \frac{v_0}{\omega}
\]

where

\[
\omega = 2\pi f = \sqrt{\frac{k}{m}} \approx 15.32\, \text{rad/sec}
\]



and

\[
A =\frac{v_0}{15.32}
\]

The initial velocity \( v_0), as determined from impact parameters, directly influences the
maximum displacement during oscillations.

Energy Considerations

Initial Kinetic Energy

The energy imparted to the mass immediately after impact is:

\[
KE_{initial} = \frac{1}{2} mv 072
\]

This energy is converted into potential energy stored in the spring at maximum
displacement, given by:

\[
PE_{max} = \frac{1}{2} kK A™2
\]

Equating these:

\[
\frac{1}{2} mv 072 =\frac{1}{2} kA"2
\]

which confirms the earlier relation for amplitude:

\[
A = \frac{v_0}{\omega}
\]

Energy Losses and Damping

In real systems, damping due to friction or air resistance causes energy dissipation:

- Damped Oscillation: Amplitude decreases over time.
- Damping Coefficient (\( ¢ \)): Quantifies energy loss per cycle.
- Damped Natural Frequency:



\[
\omega_d = \sqrt{\frac{k}{m} - \left(\frac{c}{2m}\right)~2}
\]

In the absence of damping, the system would oscillate indefinitely with constant amplitude.

Effects of Different Impact Scenarios

Elastic Impact

- The mass and hammer conserve kinetic energy.
- The velocity transfer is maximized.
- The mass attains maximum initial velocity consistent with conservation laws.

Inelastic Impact

- Some kinetic energy is lost as heat or deformation.
- The initial velocity of the mass is less than in elastic impact.
- The subsequent oscillation amplitude is reduced.

Impulsive vs. Force-Based Impact

- Impulsive impact: Imparted over a very short time, modeled as an impulse.
- Force-based impact: Force applied over finite duration, affecting the velocity and energy
transfer.

Further Considerations and Real-World
Applications

Damping and Frictional Effects

In practical scenarios, damping cannot be neglected:
- Air Resistance: Slight energy loss during motion.
- Friction in the System: Between the mass and any guiding surfaces.

- Material Damping: Internal friction within the spring or mass.

Damping results in:



- Reduction of oscillation amplitude over time.
- Possible eventual cessation of motion.

Resonance and System Response

If the system is subjected to periodic impacts or external forces matching its natural
frequency, resonance could occur, leading to large oscillations and potential structural
failure.

Applications in Engineering and Physics

- Vibration Analysis: Understanding how impacts induce oscillations.

- Design of Shock Absorbers: Using spring-mass systems to dissipate energy.
- Seismic Engineering: Modeling building responses to sudden forces.

- Material Testing: Studying impact resistance and damping properties.

Summary and Conclusions

- The impact at T=0 sets the initial conditions for oscillatory motion governed by the mass-
spring system.

- The magnitude and nature of the hammer strike determine the initial velocity and energy
imparted.

- The system exhibits simple harmonic motion characterized by its natural frequency and
period.

- Energy considerations reveal how initial kinetic energy converts into potential energy and
vice versa during oscillation.

- Real-world factors such as damping and inelasticity influence the amplitude and longevity
of oscillations.

- Understanding these dynamics is essential in designing systems that either mitigate or
utilize impact-induced oscillations.

This detailed exploration underscores the fundamental principles of mechanics involved in
impact and oscillation phenomena, providing insight into both theoretical and practical
aspects of mass-spring systems subjected to impulsive forces.

Frequently Asked Questions

What is the initial potential energy stored in the spring
when the 785g mass is at rest at equilibrium?

Initially, the mass is at rest and the spring is at its natural length, so the potential energy
stored in the spring is zero.



How does the impact of the hammer affect the motion
of the mass on the spring?

The hammer imparts an impulse to the mass, causing it to accelerate and compress or
extend the spring, converting kinetic energy into elastic potential energy.

What is the maximum compression or extension of the
spring after the hammer strikes the mass?

The maximum displacement depends on the impulse delivered by the hammer and the
spring constant; it can be calculated using conservation of energy or impulse-momentum
principles.

How can we determine the velocity of the mass
immediately after the hammer strike?

Using the impulse-momentum theorem, the change in momentum equals the impulse
delivered by the hammer, allowing calculation of the velocity immediately after impact.

What role does the spring constant (k=184 N/m) play in
the oscillatory motion of the mass?

The spring constant determines the stiffness of the spring, influencing the frequency and
period of oscillations after the impact.

How does the mass's energy change during the
oscillation after being struck?

Energy is exchanged between kinetic energy and elastic potential energy during oscillation,
with total mechanical energy conserved if damping is neglected.

What additional factors could influence the motion of
the mass after impact in a real-world scenario?

Factors include friction, air resistance, damping effects, and any imperfections in the spring
or impact force, which could dissipate energy and affect the motion.

Additional Resources

At T = 0, A 785g Mass At Rest On The End Of A Horizontal Spring (k=184N/m) Is Struck By A
Hammer Which...

This scenario presents a classic physics problem that explores the fundamental principles of
harmonic motion, energy transfer, and dynamic response of elastic systems. Investigating
what happens when a mass attached to a spring is struck by a hammer at the initial
moment (T=0) provides insights into oscillatory behavior, damping effects, and potential



real-world applications such as seismic analysis, engineering design, and material testing.

In this comprehensive review, we will analyze the problem from multiple perspectives,
including the physics principles involved, the mathematical modeling, real-world
implications, experimental considerations, and potential extensions of the problem. By
dissecting each component and its role, we aim to provide a detailed understanding
suitable for students, educators, and engineers interested in oscillatory systems.

Fundamental Concepts and Initial Conditions

The System Components

The system consists of a mass (m), which is 785 grams (or 0.785 kg), attached horizontally
to a spring with spring constant k = 184 N/m. The mass initially rests at equilibrium,
meaning no initial displacement or velocity. At T=0, it is struck by a hammer, imparting an
initial impulse or velocity.

Key Assumptions

- The spring obeys Hooke’s Law within the elastic limit.

- The mass is constrained to move horizontally without friction or air resistance.

- The impact by the hammer provides an initial velocity to the mass, or an initial force
(depending on the nature of the strike).

- The system is idealized as a simple harmonic oscillator unless damping or external forces
are introduced.

Mathematical Modeling of the Oscillatory Motion

Equation of Motion
The fundamental differential equation governing the system is:

\[
m \frac{d"2x}{dt"™2} + kx =0
\]

where:

-\( x(t) \) is the displacement from equilibrium,
-\( m\) is the mass,

-\( k) is the spring constant.

Solution to the Differential Equation
The general solution is:

\[
x(t) = A\cos(\omega t) + B \sin(\omega t)

\]

where:
-\(\omega = \sqrt{\frac{k}{m}} \) is the angular frequency,



-\( A\) and \( B\) are determined by initial conditions.

Initial Conditions
Suppose the hammer strikes the mass at T=0, imparting an initial velocity \( v_0 ). If the
initial displacement is zero (\( x(0) = 0)), then:

\[

x(0) = 0 \Rightarrow A =0

\]

\[

\frac{dx} {dt}\big| {t=0} = v_0 \Rightarrow B = \frac{v_0}{\omega}
\]

Thus, the motion becomes:

\[
x(t) = \frac{v_0}{\omega} \sin(\omega t)
\]

The maximum displacement (amplitude) is \( A = \frac{v_0}{\omega}\).

Impact of the Hammer: Types of Impulses and Their Effects

Impulse and Momentum Transfer
When struck by a hammer, the mass receives an impulse \( J \), which is related to the
change in momentum:

\[
J=\Deltap=mv_ 0
\]

The magnitude of \( v_0\) depends on the force and duration of the impact:

\[
v_0 = \frac{J}{m}
\]

Nature of the Hammer Strike

- Elastic Impact: The hammer strikes quickly, imparting a sharp impulse with minimal
energy loss.

- Inelastic Impact: Some energy is dissipated (e.g., deformation, heat), reducing the
amplitude of oscillation.

- Controlled vs. Random Strike: Controlled strikes produce predictable initial velocities,
while random impacts introduce variability.

Pros and Cons
| Pros | Cons |

| Precise initial conditions can be modeled with known impulse | Real-world impacts often



involve energy losses and complex force profiles |
| Enables studying pure harmonic motion | Simplification may neglect damping and non-
elastic effects |

Dynamics Post-Impact: Oscillations and Energy Considerations

Energy Transfer
The initial impact converts some of the hammer's energy into kinetic energy of the mass:

\[
E {kin} = \frac{1}{2} mv 072
\]

This energy is stored temporarily as elastic potential energy in the spring at maximum
displacement.

Oscillatory Behavior
The mass will oscillate back and forth, with amplitude:

\[
A =\frac{v_0}{\omega}
\]

and period:

\[
T = 2 \pi\sqrt{\frac{m}{k}}
\]

Calculating \( \omega \) and \( T \):

\[
\omega = \sqrt{\frac{184}{0.785}} \approx \sqrt{234.39} \approx 15.32\, \text{rad/sec}

\]

\[

T = 2 \pi /\omega \approx 2 \pi / 15.32 \approx 0.41\, \text{sec}
\]

Features

- The oscillation period is independent of amplitude, characteristic of simple harmonic
motion.

- The maximum displacement depends directly on the initial velocity imparted by the
hammer.

Effects of Damping and External Factors



Damping Considerations
In real systems, damping due to air resistance, internal friction, or other factors causes
amplitude decay over time:

\[
x(t) = A e~ {-\beta t} \sin(\omega' t + \phi)
\]

where \( \beta \) is the damping coefficient, and \( \omega'\) is the damped angular
frequency.

Pros and Cons of Damping

- Pros: Prevents indefinite oscillations, dissipates energy, useful for controlled systems.
- Cons: Reduces amplitude, complicates modeling, and diminishes energy transfer
efficiency.

External Forces
Additional forces, such as friction or external driving forces, can modify the oscillation
characteristics, leading to forced oscillations or resonance phenomena.

Experimental and Practical Considerations

Measurement Techniques

- Use of sensors (accelerometers, displacement sensors) to record oscillations.
- High-speed cameras to analyze impact and subsequent motion.

- Force sensors in the hammer to quantify impact energy.

Material and System Limitations

- Spring elasticity limits: beyond elastic limit, permanent deformation occurs.
- Mass distribution and attachment points can influence motion.

- External damping factors should be minimized for ideal studies.

Applications

- Testing spring constants and material properties.

- Studying impact responses in engineering components.

- Educational demonstrations of harmonic motion principles.

Extensions and Advanced Topics

Nonlinear Oscillations

If the impact is strong enough to cause nonlinear effects (large displacements, nonlinear
spring force), the system’s behavior deviates from simple harmonic motion, requiring more
complex models.

Damped and Driven Oscillations
Introducing damping or external periodic driving forces leads to rich dynamics, including
resonance phenomena and amplitude modulation.



Multi-Degree-of-Freedom Systems
Extending the problem to multiple masses and springs allows analysis of coupled oscillators
and wave propagation.

Real-World Engineering Design
Understanding impact responses informs design of shock absorbers, seismic isolators, and
vibration control systems.

Summary of Key Features and Takeaways

- The problem illustrates fundamental principles of simple harmonic motion initiated by an
impulsive force.

- Initial conditions (velocity imparted by the hammer) critically determine oscillation
amplitude and energy.

- System parameters like mass and spring constant define the oscillation frequency and
period.

- Realistic factors such as damping, energy losses, and material limits influence actual
behavior.

- The scenario offers a versatile platform for exploring theoretical concepts and practical
applications in physics and engineering.

Final Thoughts

The scenario of a mass at rest on a spring struck by a hammer encapsulates core physics
concepts, offering a window into the dynamics of elastic systems and harmonic motion.
Whether used as an educational tool or a foundational principle in engineering design,
understanding the detailed mechanics behind this setup enhances our ability to analyze,
predict, and control oscillatory phenomena in diverse applications.

By carefully examining the initial impact, motion equations, energy transfer, and real-world
considerations, we gain not only theoretical insights but also practical skills applicable to
fields ranging from mechanical engineering to materials science. This problem exemplifies
how simple systems can reveal complex behaviors, highlighting the elegance and utility of
classical mechanics.
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