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Calculate K for a hexagonal lattice of 1.4 cm radius natural uranium rods and graphite if
the lattice involves understanding the neutron multiplication factor, typically denoted by K. This
factor indicates whether a nuclear chain reaction is self-sustaining, increasing, or decreasing. To
accurately determine K, we need to analyze the lattice geometry, material properties, and neutron
interactions within the system. This comprehensive guide walks through the fundamental concepts,
calculations, and considerations involved in deriving K for such a configuration.

Understanding the Fundamentals of the Lattice
Structure

What is a Hexagonal Lattice?

¢ A hexagonal lattice is a repeating geometric pattern where each element (here, uranium rods)
is surrounded by six neighbors in a hexagonally arranged pattern.

e Commonly used in nuclear reactor design due to efficient packing and moderation properties.

e The lattice parameters are determined by the radius of the rods and the spacing between them.

Physical Dimensions and Geometry

Rod radius (r): 1.4 cm

Rod diameter: 2.8 cm (since diameter = 2 X radius)

Center-to-center distance (lattice pitch): the distance between the centers of adjacent rods.

Hexagonal cell side length (a): relates to the rod radius and the lattice pitch.



Determining the Lattice Pitch

The pitch (a) is crucial for calculating neutron moderation and absorption. It is typically chosen based
on reactor design criteria to optimize neutron economy.

 For a close-packed hexagonal lattice, the minimum pitch is approximately equal to the rod
diameter, but often larger to allow moderation.

e Assuming a typical lattice pitch, a common value might be around 1.2 to 1.5 times the rod
diameter.

Material Properties and Neutron Interactions

Natural Uranium Composition

e Contains about 0.7% U-235 and 99.3% U-238.

e U-235 is fissile; U-238 can capture neutrons and breed plutonium.

Graphite as a Moderator

¢ Slows down fast neutrons to thermal energies, increasing the likelihood of fission in U-235.

* Has a low neutron absorption cross-section, making it an effective moderator.

Neutron Cross-Sections

e Fission cross-section for U-235 at thermal energies: approximately 585 barns.
e Capture cross-section for U-235: around 98 barns.

e Neutron scattering cross-section for graphite: about 4.74 barns.



Calculating the Criticality Condition (K)

Definition of the Multiplication Factor K

K is defined as the ratio of the number of neutrons in one generation to the previous generation. It
depends on:

¢ Neutron production per fission

e Neutron losses due to leakage and absorption

Mathematically,

K = (Neutrons produced in fission) / (Neutrons lost or absorbed)

Factors Influencing K

1. Fissile Material Concentration: The amount of U-235 present.
2. Moderator Effectiveness: How well graphite moderates neutrons.

3. Geometric Configuration: The lattice arrangement influences neutron leakage and
absorption.

4. Material Purity and Density: Affect neutron interactions.

Step-by-Step Calculation of K

1. Determine the Geometric Buckling (B?)

- The geometric buckling accounts for neutron leakage based on the shape and size of the reactor
core.
- For a hexagonal lattice, the buckling B2 is approximated by:

B2 = (2nm / a)?

- Alternatively, for detailed calculations, use neutron diffusion theory:

B2 = (m / L eff)?



where L_eff is the effective diffusion length considering the moderator and fissile material.

2. Calculate the Macroscopic Cross-Sections

- Macroscopic cross-section (Z) is given by:

where:
- N = number density of the material (atoms per cm3),
- 0 = microscopic cross-section (barns converted to cm?).

- For uranium, calculate N based on its density (~19.1 g/cm3) and molar mass (~238 g/mol).

- For graphite, use its density (~1.7 g/cm3) and molar mass (~12 g/mol).

3. Compute the Neutron Production and Loss Terms

- Fission neutron production per absorption:

vx 3 f

where:

- v = 2.43 neutrons per fission for U-235,
- Z_f = macroscopic fission cross-section.
- Losses include:

- Neutrons captured in non-fissile materials,
- Neutron leakage, related to B2.

4. Apply the Criticality Condition

- The condition for criticality is:

- The effective multiplication factor K can be expressed as:

K=nx(g/ (1L +(B/ Za)))

where:



- n = reproduction factor (number of neutrons produced per absorption in U-235),
- € = fast neutron escape probability,
- 2_a = macroscopic absorption cross-section.

- For a reactor to be critical, the geometric and material parameters must satisfy:

K= (vxpf)x (£f/Xa)xP

where P accounts for neutron leakage.

Practical Examples and Numerical Estimation

Estimating N for Uranium and Graphite

- For uranium:

U = (Density U / MolarMass U) x AvogadroNumber
(19.1 g/cm3 / 238 g/mol) x 6.022 x 1023 atoms/mol
.83 x 1022 atoms/cm3

N_

=

- For graphite:

=~ (1.7 g/cm3 / 12 g/mol) x 6.022 x 1023 atoms/mol
.55 x 102 atoms/cm3

Sample Calculation of Macroscopic Cross-Sections
- Using 0_U-235 = 585 barns = 5.85 x 1022 cm?,
- ¥ U-235 = N_U x 0.007 x 0 U-235

Similarly, calculate for U-238 and graphite.

Estimating the Critical Radius or Lattice Spacing

- Using the buckling condition and cross-section data, determine the critical lattice pitch, 'a,' that
satisfies K=1.
- For example, with certain assumptions, a lattice pitch of approximately 1.4 cm might be critical.



Conclusion and Final Remarks

Calculating the criticality factor K for a hexagonal lattice of natural uranium rods and graphite
requires integrating geometric considerations, material properties, neutron physics, and diffusion
theory. By analyzing the lattice geometry, computing macroscopic cross-sections, and applying
criticality conditions, one can estimate the parameters necessary for a sustained chain reaction. Such
calculations are fundamental in reactor design, safety analysis, and understanding neutron economy.
Precise determination involves iterative computational modeling, often utilizing neutron transport
codes, but the outlined approach provides a foundational understanding for preliminary assessments
and educational purposes.

Frequently Asked Questions

How do you calculate the packing factor of a hexagonal lattice
with uranium rods of 1.4 cm radius and graphite moderator?

The packing factor is calculated as the ratio of the volume occupied by the uranium rods to the total
volume of the lattice. For a hexagonal close-packed structure, itismr?/( (vV3)/2 a? ), where r is the
radius of the rods and a is the center-to-center distance (lattice parameter). Typically, the lattice
parameter can be derived from the arrangement, and then the packing factor is calculated
accordingly.

What is the significance of the lattice parameter in a
hexagonal uranium-graphite arrangement?

The lattice parameter 'a' defines the center-to-center distance between adjacent rods in the
hexagonal array. It influences the packing density, neutron moderation, and overall reactor geometry,
affecting the neutron flux and reactor efficiency.

How can the lattice constant be determined if the uranium
rods have a radius of 1.4 cm in a hexagonal lattice?

In a hexagonal lattice, the center-to-center distance 'a' can be related to the rod radius 'r' through
packing considerations. For close packing, a common relation is a = 2r / (vV3/2), which simplifies to a =
2r/ (V3/2). Using r = 1.4 cm, you can calculate 'a' accordingly.

What is the formula for calculating the volume of a single
uranium rod in the lattice?

The volume of a single uranium rod is given by V =t r2 L, where r is the radius (1.4 cm) and L is the
length of the rod. If L is not specified, the calculation focuses on the cross-sectional area.



How does the arrangement of uranium rods in a hexagonal
lattice affect neutron moderation in a graphite-moderated
reactor?

A hexagonal lattice provides a high packing density, ensuring efficient neutron moderation due to the
proximity of uranium rods and graphite. The lattice spacing influences neutron path length and
moderation effectiveness, impacting the reactor's criticality.

What are the steps to compute the total volume of uranium in
a given lattice with specified dimensions?

First, determine the number of rods in the lattice based on its dimensions. Then, calculate the volume
of a single uranium rod using V = nrL. Multiply by the total number of rods to find the total uranium
volume.

How does changing the lattice parameter 'a’ influence the
neutron flux in the reactor?

Increasing 'a' reduces the packing density, allowing more space for neutron moderation but
decreasing uranium concentration. Decreasing 'a' increases uranium density but may lead to neutron
self-shielding. Optimal 'a' balances these effects for desired neutron flux.

What is the typical lattice arrangement for uranium rods in a
graphite moderator, and why is hexagonal preferred?

Hexagonal close-packed arrangement is often preferred because it maximizes packing efficiency
(~90.7%), ensuring a compact, uniform distribution of rods that promotes efficient neutron
moderation and reactor stability.

Can you provide a sample calculation for the K-effective in a
hexagonal lattice of uranium rods and graphite?

Calculating K-effective involves neutron transport simulations considering the lattice geometry,
material properties, and neutron interactions. As a simplified approach, you can estimate the
multiplication factor based on the ratio of neutron production to losses, but detailed calculations
typically require reactor physics software.

Additional Resources
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Understanding the neutron economy within a nuclear reactor is essential for designing safe, efficient,
and sustainable systems. One critical parameter in reactor physics is the effective multiplication
factor (K), which indicates whether a reactor is subcritical, critical, or supercritical. When dealing with
a hexagonal lattice of 1.4 cm radius natural uranium rods and graphite, calculating the K value
involves a detailed understanding of the lattice geometry, material properties, neutron interactions,



and the associated physics formulas. In this guide, we will explore the step-by-step process to
determine K for such a lattice, providing a comprehensive analysis suitable for students, researchers,
and nuclear engineers.

Introduction to the Problem

In a typical nuclear reactor design, especially in graphite-moderated systems such as the RBMK or
certain research reactors, uranium fuel rods are arranged within a moderator matrix like graphite. The
hexagonal lattice configuration offers high packing efficiency and uniform neutron flux distribution.
Here, each natural uranium rod has a radius of 1.4 cm, and the entire lattice is embedded within
graphite, which acts as both a moderator and a reflector.

The key question: How do we calculate the effective multiplication factor (K) for such a lattice? To

answer this, we need to understand the physics behind neutron interactions, the geometry of the
lattice, and the material properties.

Understanding the Hexagonal Lattice Geometry

Hexagonal Lattice Basics

A hexagonal lattice arranges fuel rods in a pattern where each rod is surrounded by six neighbors,
forming a pattern of equilateral triangles. This configuration is favored because of its high packing
density and symmetry.

Parameters:

- Rod radius (r) = 1.4 cm

- Lattice pitch (a) = center-to-center distance between adjacent rods (to be determined or given)
- Number of rods per unit cell = 1 (since the lattice repeats periodically)

Calculating the Lattice Pitch

The pitch a relates directly to the radius r. For a close-packed hexagonal lattice:

\[ @ = 2r \times \text{packing factor} \]

In an ideal hexagonal packing:

\[ @ = 2r \times \frac{1}{\text{packing density}} \]

But more straightforwardly, for a hexagonal cell:

\[ a = 2r \times \text{a factor depending on packing} \]

Typically, the center-to-center distance (a) is chosen based on design constraints, but for a close-
packed lattice:



\[ @ \approx 2r \times \text{some factor} \]

Alternatively, if the problem provides the lattice pitch (or if we assume a typical value), we can
proceed with that.

Fundamental Concepts for Calculating K
Calculating K involves several steps:

1. Determining the neutron multiplication through the lattice, which depends on the microscopic
cross-sections of uranium and graphite.

2. Estimating the neutron economy, including absorption, scattering, and leakage.

3. Applying the diffusion theory or more advanced models to relate these parameters to K.

Key Parameters:

- Macroscopic cross-section (2): For fuel, moderator, and other materials.

- Mean free path (A): The average distance a neutron travels before interaction.

- Neutron diffusion length (L»): Characteristic length over which neutrons diffuse before absorption or
leakage.

- Resonance escape probability (p): Probability that a neutron escapes resonance absorption during
moderation.

- Fast fission factor (€): Accounts for neutrons causing fast fission outside the thermal spectrum.

Step-by-Step Calculation of K

Step 1: Determine Material Properties

- Natural uranium composition: ~0.7% U-235, 99.3% U-238.
- Neutron cross-sections:

- U-235: High thermal fission cross-section (~584 barns).

- U-238: Mainly captures neutrons (~2.7 barns) and undergoes fast fission (~0.02 barns).
- Graphite moderator properties:

- Scattering cross-section: ~4.74 barns.

- Absorption cross-section: very low (~0.0035 barns).

Step 2: Calculate Macroscopic Cross-Sections

\[ \Sigma = N \times \sigma \]

where:

- N = atomic number density (atoms per cm3),
- 0 = microscopic cross-section (cm?).

For uranium and graphite:



- Find N based on density and molar mass.
- Calculate za (absorption), Zs (scattering), and f (fission).

Step 3: Determine the Neutron Spectrum and Moderation

- Use the moderation ratio and resonance escape probability (p) to estimate how many neutrons slow
down to thermal energies.

- Since graphite is a good moderator, most neutrons will thermalize before reaching the fuel.

Step 4: Estimate the Leakage and Reflection

- Leakage depends on the lattice size and geometry.
- Use diffusion theory to estimate neutron leakage based on the lattice pitch and diffusion length.

Step 5: Calculate the Intrinsic Multiplication Factor (k)
This is the multiplication factor assuming no leakage:

\[ k \infty = \frac{\text{number of neutrons from fission} } {\text{number of neutrons absorbed in
fuel}} \]

Expressed as:

\[ k \infty = \eta \times p \times \varepsilon \]

where:

- n: number of neutrons produced per absorption in fuel,

- p: resonance escape probability,

- £: fast fission factor.

Step 6: Adjust for Leakage to Find Effective K

In the real lattice, neutron leakage reduces the effective multiplication:
\[ K = k \infty \times P_{L} \]

where P_L is the leakage probability, often derived from diffusion theory:

\[ P_{L} \approx \frac{1}{1 + \frac{L"~2}{\text{geometry factor}}} \]

Practical Example (Hypothetical Values)
Suppose:

- Lattice pitch (a) = 2.8 cm (implying a close-packed arrangement)
- Neutron diffusion length in graphite = 20 cm

- Resonance escape probability (p) = 0.85

- Fast fission factor (¢) = 1.03



- Average number of neutrons per fission (v) = 2.43

Given the natural uranium composition, the n (neutrons produced per neutron absorbed in U-235) is
approximately 1.9.

Calculations:

\[ k \infty = \eta \times p \times \varepsilon = 1.9 \times 0.85 \times 1.03 \approx 1.66 \]
Estimate leakage factor \( P_L\):

\[ P_{L} \approx 1 - \frac{L_{diff}}{a} \]

Assuming:

\[ P_{L} \approx 0.9 \]

Thus,

\[ K= 1.66 \times 0.9 \approx 1.49\]

This hypothetical value indicates a supercritical state, highlighting the importance of precise
calculations and adjustments for safety margins.

Considerations and Additional Factors

- Temperature effects: As temperature increases, cross-sections change, affecting K.

- Presence of reflectors: Graphite acts as a reflector, reducing neutron leakage.

- Burnup and fuel composition changes: Over time, fuel composition shifts, influencing K.
- Control rods and poisoning: Materials like boron are used to control reactivity.

Conclusion

Calculating K for a hexagonal lattice of 1.4 cm radius natural uranium rods and graphite involves
integrating geometric considerations with nuclear physics principles. By understanding the lattice
structure, material properties, neutron interactions, and applying diffusion theory, one can estimate
whether the system is critical, subcritical, or supercritical.

While the example provided uses hypothetical values for illustrative purposes, real-world calculations
require precise data, often derived from experimental measurements and detailed simulations.
Mastery of these calculations is crucial for safe reactor operation and effective design of nuclear
systems.

Final Remarks



- Always verify the lattice parameters and material properties specific to your reactor design.
- Use computational tools like Monte Carlo simulations for more accurate modeling.
- Consider safety margins in your calculations to account for uncertainties.

Calculating K for a hexagonal lattice of natural uranium rods and graphite is a multi-faceted task that
combines geometry, physics, and engineering. By following the outlined steps and understanding the
underlying principles, you can effectively evaluate the neutron multiplication factor in such systems,
ensuring safe and efficient reactor operation.
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