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INTRODUCTION

CALCULATING THE CIRCULATION OF A VECTOR FIELD AROUND A CLOSED CURVE IS A FUNDAMENTAL CONCEPT IN VECTOR
CALCULUS, WITH WIDESPREAD APPLICATIONS IN PHYSICS, ENGINEERING, AND MATHEMATICS. THE CIRCULATION PROVIDES
INSIGHTS INTO THE ROTATIONAL BEHAVIOR OF THE FIELD AND HELPS IN UNDERSTANDING PHENOMENA SUCH AS FLUID FLOW,
ELECTROMAGNETIC FIELDS, AND MORE. IN THIS ARTICLE, WE WILL EXPLORE HOW TO COMPUTE THE CIRCULATION OF THE VECTOR
FIELD F = X2 v3 1+ X2 v® ) AROUND A SPECIFIC CLOSED CURVE C.

UNDERSTANDING THE VECTOR FIELD F

DerINITION OF THE FIELD F

THE VECTOR FIELD F IS GIVEN AS:

\[
F(x, ) =x"2 v*3 \MATHBr{1} + x"2 ¥"3 \MaTHEF{J}

\]

WHICH CAN BE EXPRESSED COMPONENT-WISE AS!

\[
F(x,v)=(P, Q) =(x"2vy"3,x"2v"3)
\]

THIS INDICATES THAT BOTH THE X AND Y COMPONENTS ARE IDENTICAL FUNCTIONS OF X AND Y.

PROPERTIES OF THE FIELD

- SYMMETRY: THE FIELD HAS SYMMETRIC COMPONENTS IN | AND J, SIMPLIFYING CERTAIN CALCULATIONS.

- DIFFERENTIABILITY: THE FUNCTIONS INVOLVED ARE POLYNOMIAL AND INFINITELY DIFFERENTIABLE, WHICH MAKES THE FIELD
SMOOTH AND SUITABLE FOR APPLYING CALCULUS THEOREMS SUCH AS GREEN'S THEOREM.

- BEHAVIOR: THE FIELD'S MAGNITUDE INCREASES WITH LARGER X AND Y VALUES, ESPECIALLY IN REGIONS WHERE BOTH ARE
POSITIVE.



UNDERSTANDING THE CURVE C

NATURE OF THE CURVE

THE PROBLEM STATEMENT INDICATES THAT C IS A CLOSED CURVE. TYPICALLYI IN SUCH PROBLEMS, C CANBEA CIRCLE, ELLIPSE,
OR ANY OTHER SIMPLE CLOSED CURVE. FOR CLARITY AND ILLUSTRATIVE PURPOSES, WE'LL CONSIDER C AS A CIRCLE CENTERED
AT THE ORIGIN WITH RADIUS R, I.E.,

\[
Cx"2+v"2 =r"2
\]

THIS CHOICE SIMPLIFIES CALCULATIONS AND IS COMMON IN VECTOR CALCULUS PROBLEMS.

PARAMETERIZATION oF C

To COMPUTE THE CIRCULATION, WE NEED A PARAMETERIZATION OF C

\[
\MATHBF{R}(T) = r \cos T\, \MATHBF{1} + r \sin T\, \MATHEF{J}, \QuAD T \in [0, 2\PI]

\]

DIFFERENTIAL ELEMENTS:

\[
p\MaTHBF{R} = \FRAC{D\MATHBF{R}}DT} DT = (-r \sin T\, \MATHEF{1} + r \cos T\, \MATHBF{J}) DT

\]

CALCULATING THE CIRCULATION oF F ArRounDp C

DeriNITION OF CIRCULATION

THE CIRCULATION [T OF A VECTOR FIELD F AROUND A CLOSED CURVE C IS GIVEN BY THE LINE INTEGRAL:

\l

\Gamma = \oinT_{C} \mMaTHBF{F} \cDOT D\MATHBF{R}

\]

WHICH EXPANDS TO:!:

\[
\Gamma = \oint_{C} P bx + Q DY
\]

\WHERE DX AND DY ARE DIFFERENTIALS ALONG THE PARAMETERIZED CURVE.



APPLYING GREEN'S THEOREM

GREEN'S THEOREM RELATES THE LINE INTEGRAL AROUND C TO A DOUBLE INTEGRAL OVER THE REGION D ENCLOSED BY C:

\[
\oinT_{C}Pox + Qovy = \iNnT_{D} \LerT( \rrac{\PArTIAL Q}{\PARTIAL X} - \rRAC{\PARTIAL P} \PARTIAL Y} \RIGHT)
DX DY

\]

THIS APPROACH SIMPLIFIES CALCULATIONS, ESPECIALLY WHEN Cisa SIMPLE, CLOSED CURVE LIKE A CIRCLE.

CALCULATING THE PARTIAL DERIVATIVES

GIVEN:

\[
P=x"2v"3, \Quap Q = x"2 vy"3
\]

CoMPUTE:

\l

\rrac{\PaArTIAL Q}H\PARTIAL X} = \rRAC{\PARTIAL}{\PARTIAL X} (X2 ¥"3) = 2x ¥"3

\]

\[

\rrAac{\ParTIAL P}{\PARTIAL Y} = \rrRAc{\PARTIAL}{\PARTIAL Y} (X2 ¥"3) = 3 x"2 ¥v"2

\]

THEREFORE,

\l

\rrac{\PaArRTIAL Q}{\PARTIAL X} - \FRAC{\PARTIAL P}{\PARTIAL Y} =2 x Y3 - 3 x"2 ¥v"2

\]

EVALUATING THE DOUBLE INTEGRAL

ReGioN D: THe Disk x2 + v2 < r?

SINce C IS A CIRCLE OF RADIUS R, THE REGION D IS THE DIsk:

\[
D=\{(x, y)\MDx"2+v"*2 \Leqr"2 \}
\]

SWITCHING TO PoLAR COORDINATES

USING POLAR COORDINATES:



\[
x = \rHO \cos \THETA, \QUAD Y = \rHo \siN \THETA, \QUAD \rHO \IN [0, ], \QUAD \THETA \IN [0, 2\PI]

\]

THE JACOBIAN DETERMINANT:

\[

DX DY = \RHO D\RHO D\THETA

\]

EXPRESS THE INTEGRAND IN POLAR COORDINATES:
\[

2xvy"3-3x"2v"2

\]

SUBSTITUTE:

\[

x = \rHO \cos \THETA, \QUAD Y = \rHO \sIN \THETA
\]

COMPUTE EACH TERM:

\[
2 x v"3 =2 (\rHo \cos \THeTA) (\RHO \sIN \THETA)"3 = 2 \rHO \cos \THETA \TIMeS \RHO"3 \SIN"3 \THETA = 2
\rHO"4 \cos \THETA \sIN"3 \THETA

\]
\[

3 x*2 v"*2 =3 (\rHo \cos \THeTA)"2 (\rHO \sIN \THETA)"2 = 3 \rHO"2 \cos"2 \THETA \TIMES \RHO"2 \SIN"2
\THeTA = 3 \RHO™4 \cOS"2 \THETA \SIN*2 \THETA

\]

THE INTEGRAND BECOMES:

\l

2 \rHO"4 \cos \THETA \sIN*3 \THETA - 3 \rHO"4 \cos™2 \THETA \SIN*2 \THETA

\]

THE DOUBLE INTEGRAL:

\[
\INT_D \LerT( ... \RIGHT) bx DY = \INT_O"{2\P1} \iINT_0"r \LEFT( 2 \RHO"4 \cOs \THETA \SIN"3 \THETA - 3 \rRHO"4
\cos™2 \THeTA \sIN*2 \THETA \RIGHT) \RHO D\RHO D\THETA

\]

SIMPLIFY:

\[
= \INnT_O™{2\Pi} \INT_O"r \LEFT( 2 \RHO"5 \cos \THeTA \sIN*3 \THETA - 3 \RHO"5 \cos”2 \THETA \sIN*2 \THETA
\RIGHT) D\RHO D\THETA

\]



SOLVING THE INTEGRAL

INTEGRAL OVER P

\[

\INT_0"r \rHO"5 D\rHO = \FrAC{R"6}{6}
\]

THUS, THE EXPRESSION BECOMES:

\[

\rRAC{R"63}{6]} \INT_O0"*{2\P1} \LerT( 2 \cos \THeTA \sIN*3 \THETA - 3 \cos™2
\THETA \sIN*2 \THETA \RIGHT) D\THETA

\]

NO\X/, FOCUS ON THE ANGULAR INTEGRAL:

\[
| = \iNnT_O*{2\P1} \LerT( 2 \cos \THETA \SIN*3 \THETA - 3 \cos"2 \THETA
\siIN*2 \THETA \RIGHT) D\THETA

\]

BREAK INTO TWO INTEGRALS:

\[
| = 2 \INT_O"{2\P1} \cos \THeTA \sIN*3 \THETA D\THETA - 3 \INT_O"{2\P1}
\cos”2 \THeTA \sIN*2 \THETA D\THETA

\]

EVALUATING THE ANGULAR INTEGRALS

FIRST INTEGRAL:

\l



| 1 =\inT_O"2\p1} \cos \THETA \SIN"3 \THETA D\THETA

\]

USE SUBSTITUTION:

\[

u = \siNn \THETA \RIGHTARROW DU = \cos \THETA D\THETA
\]

WHen \(\THETA = 0\), \(U=0\); WHen \(\THETA=2 \P1\), \(U=0\) (SINCE SINE IS
PERIODIC). THE INTEGRAL OVER A PERIOD:

\[
|_1=\inT_{u=03}*{0} u"3 U
\]

WHICH IS ZERO, AS THE LIMITS ARE THE SAME. BUT TO BE MORE PRECISE , NOTE THAT THE
INTEGRAL OVER A FULL PERIOD CANCELS OUT DUE TO SYMMETRY.

ALTERNATIVELY, NOTE THAT \(\cos \THETA\) Is SYMMETRIC AND

FREQUENTLY AskeD QUESTIONS

How DO YOU COMPUTE THE CIRCULATION OF THE VECTOR FIELD F = x2v3 | + x2v3
AROUND A CLOSED CURVE C?

To COMPUTE THE CIRCULATION , YOU EVALUATE THE LINE INTEGRAL OF F ALonG C:
B _C F - bR. DEPENDING ON THE CURVE , YOU MAY PARAMETRIZE C AND COMPUTE THE
INTEGRAL DIRECTLY OR APPLY GREEN'S THEOREM TO CONVERT IT INTO A DOUBLE
INTEGRAL OVER THE REGION ENCLOSED BY C.

\WHAT ROLE DOES GREEN'S THEOREM PLAY IN CALCULATING THE CIRCULATION OF F =
x2Y3 | + x2v3 ) AROUND A CLOSED CURVE C?

GREEN’S THEOREM RELATES THE LINE INTEGRAL AROUND A CLOSED CURVE C TO A
DOUBLE INTEGRAL OVER THE REGION D ENCLOSED BY C. FOR THIS FIELD, IT SIMPLIFIES



THE CALCULATION BY CONVERTING THE CIRCULATION INTO A DOUBLE INTEGRAL OF
B Q/A x-@ P/E Y)over D, wHere P AND Q ARE THE COMPONENTS OF F.

Is THE VECTOR FIELD F = x2v2 | + X?Y® ) CONSERVATIVE, AND HOW DOES THAT
AFFECT THE CIRCULATION AROUND CLOSED CURVES?

SINCE THE COMPONENTS P AND Q OF F ARE BOTH X2Y2, THEIR MIXED PARTIAL

DERIVATIVES ARE EQUAL (B] Q/Bl X =[] P/Bl Y). THIS INDICATES F IS CONSERVATIVE IN
SIMPLY CONNECTED REGIONS, MEANING THE CIRCULATION AROUND ANY CLOSED CURVE C

IS ZERO.

How DOES THE SHAPE OF CURVE C INFLUENCE THE CALCULATION OF THE CIRCULATION
FOR THE GIVEN FIELD?

THE SHAPE AND POSITION OF CURVE C DETERMINE THE REGION D OVER WHICH GREEN'S
THEOREM APPLIES. FOR SIMPLE SHAPES LIKE CIRCLES OR RECTANGLES , THE DOUBLE
INTEGRAL IS EASIER TO EVALUATE, FOR COMPLEX CURVES, PARAMETRIZATION OR
NUMERICAL METHODS MIGHT BE NECESSARY.

CAN THE CIRCULATION oF F = x2y3 | + x2v® ) BE ZERO, AND UNDER WHAT CONDITIONS?

YES , IF F IS CONSERVATIVE OR THE ENCLOSED REGION HAS SYMMETRY LEADING TO
CANCELLATION, THE CIRCULATION AROUND C CAN BE ZERO. SPECIFICALLY , IF THE CURL
OF F IS ZERO OR THE INTEGRAL OVER THE REGION CANCELS OUT , THE CIRCULATION WILL
BE ZERO.

ADDITIONAL RESOURCES

CALCULATING THE CIRCULATION oF A VECTOR FIELD AROUND A CLoSED CURVE: AN
ExPERT ANALYSIS

IN THE REALM OF VECTOR CALCULUS , UNDERSTANDING HOW A VECTOR FIELD BEHAVES



AROUND CLOSED CURVES IS FUNDAMENTAL, ESPECIALLY IN APPLICATIONS SPANNING
FLUID DYNAMICS, ELECTROMAGNETISM, AND ENGINEERING. A KEY CONCEPT IN THIS DOMAIN
IS CIRCULATION, WHICH QUANTIFIES THE TENDENCY OF A VECTOR FIELD TO
“CIRCULATE” AROUND A GIVEN LOOP. THIS ARTICLE PROVIDES AN IN-DEPTH, STEP-BY~-
STEP EXAMINATION OF CALCULATING THE CIRCULATION OF A SPECIFIC VECTOR FIELD, \(
\MATHBF{F} = X2 v"3 \MATHBF{1} + X2 v"3 \MATHBF{)} ), AROUND A CLOSED
cUrRVE \( C \). WE AIM TO DISSECT THE PROBLEM THOROUGHLY, OFFERING DETAILED
INSIGHTS WHILE MAINTAINING CLARITY FOR BOTH STUDENTS AND PRACTITIONERS.

UNDERSTANDING THE PROBLEM:; VECTOR FIELD AND CURVE DESCRIPTION

BEFORE DELVING INTO CALCULATIONS , IT IS ESSENTIAL TO UNDERSTAND THE
COMPONENTS INVOLVED:

THe VecTor FieLo \( \MaTHer{F} \)

THE GIVEN VECTOR FIELD:

\[

\MATHBF{F}(X, Y) = x"*2 v"3 \MATHBF{1} + X2 v"3 \MATHEF{)}

\]

CAN BE INTERPRETED AS A TWO-DIMENSIONAL FIELD WHERE BOTH COMPONENTS ARE
IDENTICAL FUNCTIONS \( X*2 ¥*3 \). SUCH SYMMETRY SUGGESTS INTERESTING
CIRCULATION BEHAVIOR, ESPECIALLY AROUND SYMMETRIC CURVES.

The Curve \(C\)

THe PROBLEM STATEMENT MENTIONS “CURVE \( C \) Is THE,” BUT APPEARS
INCOMPLETE. COMMONLY IN VECTOR CALCULUS PROBLEMS, \( C \) IS A SIMPLE,
CLOSED, AND SMOOTH CURVE SUCH AS:

- THe circLe \( x*2 + Y*2 =R*2\)
- THE SQUARE WITH VERTICES AT SPECIFIC POINTS
- AN ELLIPSE OR OTHER SYMMETRIC BOUNDARY



FOR THIS ANALYSIS, WE'LL CONSIDER THE MOST TYPICAL AND ILLUSTRATIVE CASE: THE
CIRCLE oF RADIUS \( R \) CENTERED AT THE ORIGIN:

\(
C:x*2 +vy*2=R"2
\]

THIS CHOICE SIMPLIFIES CALCULATIONS WHILE EXEMPLIFYING KEY CONCEPTS. IF THE
ORIGINAL PROBLEM INTENDED A DIFFERENT CURVE, THE METHODOLOGY REMAINS SIMILAR,
WITH ADJUSTMENTS FOR THE SPECIFIC PARAMETERIZATION.

FUNDAMENTALS OF CIRCULATION AND ITS CALCULATION

WHAT IS CIRCULATION?

IN VECTOR CALCULUS, CIRCULATION OF A VECTOR FIELD \( \MATHBF{F} \) AROUND A
cLosep cURVE \( C \) Is DEFINED As:

\[

\TexT{CircuLAaTION} = \oINT_C \MATHBF{F} \cpOT D\MATHBF{R}

\]

\WHERE:

- \(\oINT_C \) INDICATES A LINE INTEGRAL OVER THE CLOSED CURVE \( C \)
- \( b\MATHEF{R} \) IS AN INFINITESIMAL DISPLACEMENT VECTOR ALONG \( C \)

PHYSICALLY, CIRCULATION MEASURES THE TOTAL “ROTATION” OR “TWIST” INDUCED
By \( \mMaTHBr{F} \) AROUND \( C \).

MeTHoDS To CoMPUTE CIRCULATION
TwO PRIMARY METHODS ARE EMPLOYED:

1. DIRecT LINE INTEGRAL CALcULATION: PARAMETERIZE \( C \) AND EVALUATE THE



INTEGRAL EXPLICITLY.
2. Usk oF GreeN's THEOREM: CONVERT THE LINE INTEGRAL INTO A DOUBLE INTEGRAL
oVEr THE REGION \( D \) encLosep BY \( C \), WHICH SIMPLIFIES CALCULATIONS IN
MANY CASES.

GIVEN THE SYMMETRY AND NATURE OF \( \MATHer{F} \), GREEN'S THEOREM PROVIDES
AN EFFICIENT PATHWAY.

APPLYING GREEN'S THEOREM: TRANSFORMING THE LINE INTEGRAL

GREEN'S THEOREM OVERVIEW

GREEN’S THEOREM RELATES A LINE INTEGRAL AROUND A SIMPLE cLOSED cURVE \( C \)
TO A DOUBLE INTEGRAL OVER THE REGION \( D \) IT ENCLOSES:

\[

\oinT_C \mMaTHEF{F} \cooT D\MATHBF{R} = \IINT_D \LerT( \rrAc{\PARTIAL
QX \PArTIAL X} - \FrRAC{\PARTIAL P}{\PARTIAL Y} \RIGHT) DX DY

\]

\WHERE:

- \( \MATHBF{F} = P \MATHBF{1} + Q \MATHBF{)} \)
-\(P=x"2vy"3\)
-\(Q=x"2v"*3V)

THIS THEOREM HOLDS FOR POSITIVELY ORIENTED , SIMPLE, CLOSED CURVES THAT ARE
PIECEWISE SMOOTH.

CALCULATING THE CURL (OR THE INTEGRAND)

THE EXPRESSION INSIDE THE DOUBLE INTEGRAL:

\[

\rrAac{\PARTIAL Q}{\PARTIAL X} - \FRAC{\PARTIAL P}{\PARTIAL Y}



\]

BECOMES THE KEY TO SIMPLIFYING THE CIRCULATION CALCULATION.

STeEP-BY-STEP CALCULATION OF CIRCULATION

ST1ep 1: CoMPUTE THE PARTIAL DERIVATIVES

GIVEN:

\[
P=x"2v"3, \quap Q =x"2 v*3
\]

CALCULATE:

\[

\rrAac{\PARTIAL Q}{\PARTIAL X} = \rrRAC{\PARTIAL}{\PARTIAL X} (X*2 Y*3) =
2x Y3
\]

\[

\FrAC{\PARTIAL P}{\PARTIAL Y} = \FrrRAC{\PARTIAL}{\PARTIAL Y} (x*2 Y*3) =3
x"2 vy*2

\]

STeEP 2: FORMULATE THE INTEGRAND

SUBTRACT:

\[

\rrAac{\PARTIAL Q}{\PARTIAL X} - \FRAC{\PARTIAL P}{\PARTIAL Y} = 2X Y*3 - 3
x*2 Y"2

\]



THIS IS THE INTEGRAND FOR GREEN'S THEOREM.
Step 3: DeriNe THE Recion \( D \)

AssuMING \( C \) 1s THE circLE \( X2 + ¥*2 =R"2\), THE REGION:

\[
D: x*2 + vy*2 \Le R*2
\]

IS A DISK CENTERED AT THE ORIGIN.
STeP 4: SwiTCH TO PoLAR COORDINATES

TO EVALUATE THE DOUBLE INTEGRAL:

\[

\iNT_D (2% ¥*3 - 3 x*2 Y*2) bx DY

\]

CONVERT TO POLAR COORDINATES:

\[

X =R \cos \THETA, \QUAD Y =R \sIN \THETA
\]

AND THE JACOBIAN:

\[

DX DY = R DR D\THETA

\]

ExPReSS THE INTEGRAND IN TERMS OF \( R \) anp \( \THETA \):
\[

2% Y*3 = 2 (r \cos \THeTA) (R \SIN \THETA)*3 = 2 R \cOs \THETA \cDOT R"3
\siN*3 \THETA = 2 R4 \cos \THETA \SIN*3 \THETA

\]



\[
-3 x*2 v*2 =-3 (R \cos \THETA)"2 (R \sIN \THETA)"*2 = -3 R"2 \cOs"2
\THETA \cooT R*2 \sIN*2 \THETA = -3 R4 \cos”"2 \THETA \SIN*2 \THETA

\]

THUS, THE INTEGRAND BECOMES:

\[
R4 \LerT[ 2 \cos \THeTA \sIN*3 \THETA - 3 \cos”2 \THETA \SIN*2 \THETA
\RIGHT]

\]

THE DOUBLE INTEGRAL.:

\[
\INT_0?*{2\P1} \INT_O"R R4 \LerT[ 2 \cos \THETA \SIN*3 \THETA - 3 \cos"2
\THETA \SIN*2 \THETA \RIGHT] R DR D\THETA

\]

SIMPLIFIES TO:

\[
\INT_0*{2\P1} \LerT[ \INT_O”"R r"5 DR \RIGHT] \LEFT[ 2 \cos \THETA \sIN*3
\THeTA - 3 \cos”"2 \THeTA \SIN*2 \THETA \RIGHT] D\THETA

\]

Step 5: INTEGRATE oVER \( R \)

\[
\INT_O”R r"5 bR = \rrRAC{R"6}{6}
\]

THIS YIELDS:

\[
\FrRAC{R*6}{ 63 \INT_0*{2\P1} \LerT[ 2 \cos \THETA \sIN*3 \THETA - 3 \cos"2
\THETA \sIN*2 \THETA \RIGHT] D\THETA

\]



STep 6: EVALUATE THE ANGULAR INTEGRAL

DEFINE;

\[
| = \iNT_O"{2\P1} \LerT[ 2 \cos \THETA \SIN*3 \THETA - 3 \cos™2 \THETA
\siN*2 \THeTA \RIGHT] D\THETA

\]

BREAK INTO TWO INTEGRALS:

\[
| = 2 \INT_O"{2\p1} \cos \THeTA \sIN*3 \THETA D\THETA - 3 \INT_O"{2\P1}
\cos”2 \THeTA \sIN*2 \THETA D\THETA

\]

INTEGRAL 1: \( \INT_O"{2\P1} \cos \THETA \sIN*3 \THETA D\THETA \)

USE SUBSTITUTION:

\l

U = \sIN \THETA \IMPLIES DU = \cos \THETA D\THETA

\]

WHeN \( \THETA =0 \), \(U=0\); wHen \( \THeTA = 2\P1 \), \(U=0 \). Since \(
U \) 1s periobic over \( 2\pi \), THE INTEGRAL OVER THE FULL PERIOD:

\[

\INT_0"{2\p1} \cos \THeTA \sIN*3 \THETA D\THETA = \INT_{U=03}"{0} U"3 bU

\]

\WHICH
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