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When conducting statistical analysis, understanding the variability within a population is
crucial. The population standard deviation (σ) provides insight into how data points spread
around the mean. Estimating this parameter accurately, especially through confidence
intervals, allows researchers to make informed decisions, assess risks, and validate
hypotheses. Among the various types of confidence intervals, the single-sided upper
bounded 90% confidence interval for the population standard deviation is particularly useful
when the goal is to determine an upper limit for variability with a specified level of
confidence. This article provides a comprehensive guide on how to calculate this interval,
its significance, and practical applications in real-world scenarios.

Understanding Confidence Intervals for
Population Standard Deviation

Before diving into calculations, it's essential to comprehend what confidence intervals
represent in the context of the population standard deviation.

What is a Confidence Interval?
- A range of values derived from sample data that is likely to contain the true population
parameter (here, the standard deviation) with a specified confidence level.
- For example, a 90% confidence interval suggests that if the same population is sampled
repeatedly, approximately 90% of such intervals will contain the true standard deviation.

Why Single-sided Intervals?
- Often, researchers are interested in establishing an upper bound on variability rather than
both bounds.
- A single-sided upper confidence limit helps answer questions like, "What is the maximum
possible population standard deviation with 90% confidence?"

Application Contexts
- Quality control: Ensuring variability doesn't exceed a threshold.
- Risk assessment: Estimating the worst-case variability in processes.
- Regulatory compliance: Demonstrating that process variability is below an acceptable



limit.

Statistical Foundations for Calculating the Upper
Bound

The calculation of the confidence interval for the population standard deviation relies on the
chi-square distribution, which is derived from the sampling distribution of the sample
variance.

Key Assumptions
- The sample data are independent and identically distributed (i.i.d.).
- The data follow a normal distribution, which is crucial because the chi-square distribution
applies strictly under the assumption of normality.

Theoretical Basis
- The sample variance \( s^2 \) follows a scaled chi-square distribution:

\[
\frac{(n - 1) s^2}{\sigma^2} \sim \chi^2_{n-1}
\]

where:
- \( n \) is the sample size.
- \( s^2 \) is the sample variance.
- \( \sigma^2 \) is the true population variance.
- \( \chi^2_{n-1} \) is the chi-square distribution with \( n-1 \) degrees of freedom.

- Rearranging for the population variance:

\[
\sigma^2 = \frac{(n - 1) s^2}{\chi^2}
\]

- To find an upper bound for \( \sigma \), we determine the upper critical value of the chi-
square distribution at the desired confidence level.

Calculating the Single-sided Upper Bounded 90%
Confidence Interval

The main goal is to find a value \( U \) such that:



\[
P(\sigma \leq U) = 0.90
\]

which implies that there is a 90% probability that the true standard deviation does not
exceed \( U \).

Step-by-step Calculation Process

Collect Your Sample Data: Obtain a sample of size \( n \) and compute the sample1.
variance \( s^2 \).

Determine Degrees of Freedom: Calculate \( df = n - 1 \).2.

Identify the Critical Chi-square Value: Find the chi-square value \( \chi^2_{1 -3.
\alpha, df} \) corresponding to the upper tail probability \( \alpha = 0.10 \) (for a 90%
confidence level). This is the value such that:

\[
P(\chi^2_{df} \leq \chi^2_{1 - \alpha, df}) = 1 - \alpha
\]

For the upper bound, you look for the chi-square value at the \( 1 - \alpha \) quantile.

Calculate the Upper Bound for Variance:4.

\[
\sigma^2_{upper} = \frac{(n - 1) s^2}{\chi^2_{1 - \alpha, df}}
\]

Note: Since the goal is an upper bound for the standard deviation, take the square
root:

\[
U = \sqrt{\sigma^2_{upper}}
\]

Interpretation: The computed \( U \) is the upper limit for the population standard5.
deviation at 90% confidence.

Practical Example

Suppose a manufacturer takes a sample of 25 items from a production line to assess
variability in item weight.



- Sample size: \( n = 25 \)
- Sample variance: \( s^2 = 4.0 \) (units squared)
- Confidence level: 90% (i.e., \( \alpha = 0.10 \))

Step 1: Degrees of freedom:

\[
df = 25 - 1 = 24
\]

Step 2: Find \( \chi^2_{0.90, 24} \):

Using a chi-square table or calculator,

\[
\chi^2_{0.90, 24} \approx 34.764
\]

Step 3: Calculate the upper bound for variance:

\[
\sigma^2_{upper} = \frac{(24) \times 4.0}{34.764} \approx \frac{96}{34.764} \approx
2.761
\]

Step 4: Determine the upper bound for standard deviation:

\[
U = \sqrt{2.761} \approx 1.661
\]

Interpretation: With 90% confidence, the true population standard deviation of item weights
does not exceed approximately 1.661 units.

Tools and Resources for Calculating Confidence
Intervals

Various statistical tools and software packages facilitate the calculation of chi-square
critical values and confidence intervals:

- Statistical Software:
- R (function: `qchisq()`)
- Python (libraries: SciPy's `scipy.stats.chi2.ppf`)
- SPSS, SAS, Minitab

- Online Calculators:
- Many websites offer free chi-square calculators for quick critical value determination.



- Tables:
- Standard chi-square distribution tables are widely available in statistical textbooks and
online resources.

Practical Considerations and Limitations

While the method outlined is straightforward, certain considerations are essential:

Assumption of Normality
- The validity of the chi-square distribution-based confidence interval hinges on the data
being approximately normally distributed.
- If the data deviate significantly from normality, alternative methods or data
transformations should be considered.

Sample Size
- Smaller sample sizes lead to wider confidence intervals, reflecting greater uncertainty.
- Larger samples produce narrower, more precise intervals.

Data Quality
- Outliers can distort the sample variance, affecting interval accuracy.
- Proper data cleaning and outlier detection are recommended.

Interpretation of the Upper Bound
- The upper bound is a probabilistic statement; there's still a 10% chance that the true
standard deviation exceeds this limit.

Applications in Industry and Research

Calculating a single-sided upper confidence bound for the population standard deviation
has wide-ranging applications:

Quality Control: Ensuring process variability remains below critical thresholds to
maintain product quality.

Process Improvement: Identifying whether changes have successfully reduced
variability.

Regulatory Compliance: Demonstrating that a manufacturing process does not



produce excessive variability.

Risk Management: Estimating worst-case variability scenarios for financial or
operational planning.

Scientific Research: Providing conservative estimates of variability to support
hypothesis testing.

Conclusion

Calculating the single-sided upper bounded 90% confidence interval for the population
standard deviation is a vital statistical tool for researchers and industry professionals
aiming to quantify and control variability. By leveraging the chi-square distribution and
understanding the underlying assumptions, one can derive meaningful upper limits for
population variability with a specified level of confidence. Whether ensuring quality
standards, assessing process stability, or conducting research, mastering this technique
enhances the robustness and reliability of statistical analysis.

Remember: Always verify assumptions, use appropriate tools, and interpret confidence
intervals within the context of your specific application to make informed, confident
decisions.

Frequently Asked Questions

What is a single-sided upper bounded 90% confidence
interval for the population standard deviation?
It is an interval estimate that provides an upper limit for the population standard deviation
with 90% confidence, indicating the maximum value the standard deviation is likely to take
based on sample data.

How do I calculate the upper bound of a 90% confidence
interval for the population standard deviation?
You can calculate it using the chi-square distribution: Upper bound = sqrt((n-1)s² / χ²(α,
n-1)), where s² is the sample variance, n is the sample size, and χ²(α, n-1) is the chi-square
critical value at significance level α for n-1 degrees of freedom.

What is the role of the chi-square distribution in
calculating this confidence interval?
The chi-square distribution determines the critical value used to set the upper bound of the
confidence interval for the population variance (and standard deviation), accounting for



variability in the sample.

How do I choose the significance level for a 90% upper
bound confidence interval?
For a 90% upper bound, you set α = 0.10, meaning there's a 10% probability that the true
standard deviation exceeds the calculated upper limit.

Can this method be used for small sample sizes?
Yes, but the accuracy of the interval depends on the assumption that the data are normally
distributed. Small sample sizes can lead to wider intervals due to increased uncertainty.

What assumptions are necessary when calculating this
confidence interval?
The main assumption is that the data are drawn from a normally distributed population.
Additionally, observations should be independent and identically distributed.

How does the sample size affect the width of the
confidence interval?
Larger sample sizes generally lead to narrower confidence intervals, providing more precise
estimates of the population standard deviation.

Is it possible to calculate a two-sided confidence
interval from this method?
Yes, but the formula differs; for a two-sided interval, you need both lower and upper bounds
based on chi-square critical values at α/2 and 1−α/2 levels.

What are common applications of calculating a
confidence interval for the population standard
deviation?
Applications include quality control, risk assessment, and statistical inference in fields like
manufacturing, healthcare, and social sciences where understanding variability is crucial.

Additional Resources
Confidence Interval for Population Standard Deviation

---



Understanding the Importance of Confidence
Intervals in Statistics

In the realm of statistical analysis, understanding the variability inherent in data is
paramount. When dealing with populations, one key measure of variability is the standard
deviation—a metric that quantifies how spread out the data points are from the mean.
However, because we often work with samples rather than entire populations, estimating
the true population standard deviation involves some uncertainty. This is where confidence
intervals come into play.

A confidence interval provides a range of plausible values for a parameter—in this case, the
population standard deviation (\(\sigma\))—based on sample data. Instead of offering a
single point estimate, it offers an interval within which the true parameter is expected to lie
with a specified confidence level, such as 90%, 95%, or 99%. This approach accounts for
sampling variability, giving analysts a more nuanced understanding of the underlying
population.

---

The Focus: Single-sided Upper Bounded 90%
Confidence Interval

While two-sided confidence intervals provide bounds on both sides of the estimate,
sometimes the interest lies solely in establishing an upper bound—for example,
determining how large the population standard deviation could be with a certain level of
confidence. This is especially relevant in quality control, risk assessment, and safety
analysis, where ensuring the variability does not exceed a certain threshold is critical.

A single-sided upper bounded confidence interval at 90% confidence level effectively
answers the question:

“With 90% confidence, what is the maximum possible value of the population standard
deviation based on our sample?”

This interval takes the form:

\[
\sigma \leq \text{Upper Bound}
\]

with a confidence level of 90%.

---



Statistical Foundations: The Chi-Squared
Distribution

To derive the single-sided upper confidence bound for \(\sigma\), understanding the
distribution that governs the sample variance is essential.

Key Concept:
When sampling from a normally distributed population, the sample variance (\(s^2\)) scaled
appropriately follows a chi-squared (\(\chi^2\)) distribution:

\[
\frac{(n - 1)s^2}{\sigma^2} \sim \chi^2_{n-1}
\]

where:

- \(n\) is the sample size.
- \(s^2\) is the sample variance.
- \(\sigma^2\) is the true population variance.
- \(\chi^2_{n-1}\) indicates that the chi-squared distribution has \(n-1\) degrees of freedom.

This relationship is foundational because it allows us to invert the probability statement and
solve for \(\sigma\), leading to confidence bounds.

---

Deriving the Upper Bound for \(\sigma\)

The goal is to find an upper bound \(U\) such that:

\[
P(\sigma \leq U) = 0.90
\]

for the specified confidence level.

Step-by-step derivation:

1. Express the probability statement:

\[
P\left(\frac{(n-1) s^2}{\sigma^2} \leq \chi^2_{1 - \alpha, n-1}\right) = 1 - \alpha
\]

where \(\alpha = 0.10\) for a 90% confidence level.

2. Rearranged for \(\sigma^2\):



\[
\sigma^2 \leq \frac{(n-1) s^2}{\chi^2_{1 - \alpha, n-1}}
\]

3. Taking the square root:

\[
\sigma \leq \sqrt{\frac{(n-1) s^2}{\chi^2_{1 - \alpha, n-1}}}
\]

This formula provides the single-sided upper confidence bound for the population standard
deviation.

---

Calculating the Upper Bound: Practical Steps

To compute the upper bound, follow these detailed steps:

1. Gather your sample data

- Obtain a sample of size \(n\).
- Calculate the sample mean \(\bar{x}\).
- Calculate the sample variance \(s^2\):

\[
s^2 = \frac{1}{n - 1} \sum_{i=1}^n (x_i - \bar{x})^2
\]

2. Select your confidence level

- For this example, you are interested in a 90% confidence level.
- Set \(\alpha = 0.10\).

3. Determine the chi-squared critical value

- Find \(\chi^2_{1 - \alpha, n - 1}\), the chi-squared value for the upper tail at \(1 - \alpha =
0.90\) with \(n - 1\) degrees of freedom.
- Use statistical tables, software like R, Python, or calculator functions:

```python
from scipy.stats import chi2

df = n - 1
chi2_upper = chi2.ppf(0.90, df)
```

4. Calculate the upper bound



- Plug into the formula:

\[
U = \sqrt{\frac{(n-1) s^2}{\chi^2_{0.90, n-1}}}
\]

- This provides the maximum plausible \(\sigma\) with 90% confidence.

---

Example Calculation

Suppose you have a sample of size \(n = 25\), with a sample variance \(s^2 = 4\).

Step 1:
Sample size: \(n = 25\)
Sample variance: \(s^2 = 4\)

Step 2:
Confidence level: 90% (\(\alpha=0.10\))

Step 3:
Find \(\chi^2_{0.90, 24}\):

```python
from scipy.stats import chi2

df = 24
chi2_upper = chi2.ppf(0.90, df)
print(chi2_upper)
```

Suppose this returns approximately 34.764.

Step 4:
Calculate the upper bound:

\[
U = \sqrt{\frac{(25 - 1) \times 4}{34.764}} = \sqrt{\frac{96}{34.764}} \approx
\sqrt{2.762} \approx 1.661
\]

Interpretation:
With 90% confidence, the true population standard deviation \(\sigma\) does not exceed
approximately 1.661.

---



Assumptions and Limitations

While this methodology is robust under typical conditions, it hinges on certain assumptions:

- Normality: The underlying population distribution must be approximately normal.
Deviations can affect the validity of the chi-squared approximation.
- Independence: The sample observations must be independent of each other.
- Random Sampling: The sample should be representative of the population to avoid bias.

Violations of these assumptions can lead to inaccurate confidence bounds. For non-normal
data, alternative approaches or transformations may be necessary.

---

Applications and Practical Considerations

Calculating a single-sided upper confidence bound for \(\sigma\) is invaluable in various
fields:

- Quality Control: Ensuring process variability does not exceed acceptable limits.
- Safety Certification: Confirming that the variability in measurements (e.g., in
manufacturing tolerances) remains within safe bounds.
- Risk Management: Estimating worst-case variability scenarios in financial models or
engineering systems.
- Environmental Monitoring: Assessing the maximum possible variability in pollutant
measurements.

Practical tips:

- Always verify the normality assumption; consider normality tests or visual assessments.
- Use software tools for calculations to avoid errors, especially with large datasets.
- Remember that the confidence level corresponds to the proportion of such intervals that
would contain the true \(\sigma\) over repeated sampling.

---

Conclusion

Calculating the single-sided upper bounded 90% confidence interval for the population
standard deviation is a vital statistical procedure for practitioners who need to limit their
maximum uncertainty in variability estimates. By leveraging the properties of the chi-
squared distribution, analysts can derive a meaningful upper bound that encapsulates the
inherent uncertainty in sample data, providing a conservative estimate to inform decision-
making.



In practice, meticulous data collection, adherence to assumptions, and accurate
computation are essential to ensure the validity and utility of the confidence bounds.
Whether in quality assurance, safety evaluations, or risk analysis, this statistical tool offers
a rigorous way to quantify the maximum plausible variability in a population, empowering
stakeholders with confidence and clarity.
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